FUNDAMENTALS OF OBJECT TRACKING

Kalman filter, particle filter, IMM, PDA, ITS, random sets . .. The number of useful
object tracking methods is exploding. But how are they related? How do they help
to track everything from aircraft, missiles and extra-terrestrial objects to people and
lymphocyte cells? How can they be adapted to novel applications? Fundamentals
of Object Tracking tells you how.

Starting with the generic object tracking problem, it outlines the generic
Bayesian solution. It then shows systematically how to formulate the major track-
ing problems — maneuvering, multi-object, clutter, out-of-sequence sensors —
within this Bayesian framework and how to derive the standard tracking solutions.
This structured approach makes very complex object tracking algorithms accessi-
ble to the growing number of users working on real-world tracking problems and
supports them in designing their own tracking filters under their unique application
constraints. The book concludes with a chapter on issues critical to the successful
implementation of tracking algorithms, such as track initialization and merging.
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William of Ockham

Frustra fit per plura, quod fieri potest per pauciora
(It is vain to do with more what can be done with less)
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Preface

Tracking the paths of moving objects is an activity with a long history. People
in ancient societies used to track moving prey to hunt and feed their kith and
kin, and invented ways to track the motion of stars for navigation purposes and
to predict seasonal changes in their environments. Object tracking has been an
essential technology for human survival and has significantly contributed to human
progress.

In recent times, there has been an explosion in the use of object tracking tech-
nology in non-military applications. Object tracking algorithms have become an
essential part of our daily lives. For example, GPS-based navigation is a daily tool
of humankind. In this application a group of artificial satellites in outer space con-
tinuously locate the vehicles people drive and the object tracking algorithms within
the GPS perform self-localization and enable us to enjoy a number of location-
based services, such as finding places of interest and route planning. Similarly,
tracking of objects is used in a wide variety of contexts, such as airspace surveil-
lance, satellite and space vehicle tracking, submarine and whale tracking and intel-
ligent video surveillance. They are also used in autonomous robot navigation using
lasers, stereo cameras and other proximity sensors, radiosonde-enabled balloon
tracking for accurate weather predictions, and, more recently, in the study of cell
biology to study cell fate under different chemical and environmental influences by
tracking many kinds of cells, including lymphocyte and stem cells through multi-
ple generations of birth and death.

This book is an introduction to the fascinating field of object tracking and
provides a solid foundation to the collection of diverse algorithms developed
over the past 60 years by academics, scientific researchers and engineers. His-
torically, advances in the field of object tracking were a result of the systematic
extension of methods that worked under severely restrictive ideal-world condi-
tions to less restrictive real-world conditions. The advances were often a result
of inspired innovations by scientists incorporating either more descriptive object
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dynamics models and/or sensor measurement models and associated statistical
methods/approximations to deal with them. This led to a repertoire of extremely
valuable, sometimes apparently unrelated techniques and tools to solve real-world
object tracking problems. Most of the books on object tracking present the meth-
ods as a collection of these diverse algorithms.

However, all these techniques have firm foundations in recursive Bayesian logic.
They can be formulated and derived in a Bayesian probabilistic framework. The
aim of this book is to present such a unifying approach along with the latest
advances in efficient computational algorithms for real time implementation. We
have designed this book to provide a thorough understanding of object tracking
to the growing number of engineers and researchers working on or contemplat-
ing working on real-world object tracking problems and to students in university
programs in engineering and statistics.

In Chapter 1, we introduce the generic object tracking problem and propose
a generic Bayesian solution. We refer to an object being tracked as a target, to
use the common engineering language, and develop a general approach to solve
the problems considered in the book. At the end of the chapter we briefly review
the major tracking algorithms used by practitioners in the field. All object track-
ing algorithms use estimation or filtering as a core component. The Kalman fil-
ter, extended Kalman filter, unscented Kalman filter, point mass filter and particle
filter are examples of algorithms developed to solve several generic estimation
and filtering problems. In Chapter 2, these algorithms are derived as approxima-
tions to the recursive form of Bayes’ theorem. These algorithms also form the
basis of tracking a single target that is moving at approximately constant speed.
Tracking a maneuvering target has led to a rich literature on filtering, including
the generalized pseudo-Bayesian filter, the interacting multiple model filter, and
many others. These approaches and their Bayesian foundations are considered in
Chapter 3.

A unique feature of tracking arises because the sensor measurements from
which track estimates must be extracted contain “false” detections. A plethora of
techniques aimed at addressing this problem are described in the literature. The
nearest neighbor filter, probabilistic data association filter and the like are derived
in Chapter 4. Most of these techniques assume that the target exists. However, in
reality, there can be uncertainty about whether a target exists or not. A class of
object tracking algorithms introduces the concept of the existence of objects as
a random jump Markov process and estimates its probability from the available
observations. Integrated track splitting (ITS) and its derivatives (e.g., integrated
probabilistic data association) fall into this category and we introduce them in
Chapter 5. These algorithms are applicable for both single- and multiple-object
tracking.
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The task of the multiple-object tracker is not only to estimate the state of each
object, but also to provide an estimate of the number of objects. The number
of objects can be inferred from ITS- or IPDA-type algorithms (see Chapter 5);
the process is not part of the algorithm itself. The randomly varying finite set
gives a method to model the multi-object tracking problem in such a way that
the tracker can estimate the number of objects along with the state of each invid-
ual object. Random-set-based modeling is introduced in Chapter 6. The resulting
Bayesian random-set-based trackers and their approximations, such as probability
hypothesis density (PHD) and cardinalized PHD, are introduced in the chapter. It
also demonstrates how the random set formalism leads to object-existence-based
filters, such as the IPDA and joint IPDA algorithms introduced in Chapter 5.

Most target tracking systems use filtering and/or prediction techniques that use
the current sensor measurements to obtain best estimates at the current time or into
the future. However, significant situational awareness can be gained by improv-
ing the estimates of the past target states using current measurements. Such an
approach is traditionally referred to as smoothing. Chapter 7 presents the Bayesian
foundations of smoothing as well as certain approximations. The smoothing frame-
work of this chapter is extended in Chapter 8 to deal with out-of-sequence mea-
surements. Finally, Chapter 9 introduces key tricks and methods in implementing
object tracking algorithms, e.g., track initiation, merging and termination, and pro-
vides insights into how object tracking methods are realized in real applications.
The chapter gives a systematic framework to design these practical object tracking
methods.

A useful way of assessing an algorithm’s performance in the real world is to
compare its performance with the best achievable performance. Indicators of best
achievable performance include the Cramér—Rao bound (CRB), Barankin bound
(BB) and Weiss—Weinstein bound (WWB), and others. We present the perfor-
mance bounds for all the real-world scenarios in their respective chapters.

The object tracking algorithms described in the book are at times elaborate and
mathematically and notationally extensive due to the realistic engineering situ-
ations they address. We provide illustrative examples on how to use the meth-
ods presented in each chapter on representative real-world problems, and these
are also expected to help the reader with a better understanding of these algo-
rithms. We hope that the unification of all the object tracking approaches under
the Bayesian probabilistic paradigm makes it possible for any reader at the first-
year university level in statistics to comprehend the material and master the
techniques.

We are grateful to the many colleagues and students who have helped us through
the years in developing some of the material in this book. Specifically, we wish to
mention Dr. Khalid Aboura and Dr. Rajib Chakravorty, who helped us in pulling
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together some of the elements of this book. We also wish to thank Prof. Nozer
Singpurwalla for introducing us to the editors of Cambridge University Press and
encouraging us to undertake the mammoth task of writing this book. We would
like to express our deepest gratitude to all of these wonderful people and also to
our families, who had to sacrifice a lot to help transform this book from a figment
of our imagination into reality.
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Introduction to object tracking

Object/target tracking refers to the problem of using sensor measurements to deter-
mine the location, path and characteristics of objects of interest. A sensor can be
any measuring device, such as radar, sonar, ladar, camera, infrared sensor, micro-
phone, ultrasound or any other sensor that can be used to collect information about
objects in the environment. The typical objectives of object tracking are the deter-
mination of the number of objects, their identities and their states, such as posi-
tions, velocities and in some cases their features. A typical example of object/target
tracking is the radar tracking of aircraft. The object tracking problem in this con-
text attempts to determine the number of aircraft in a region under surveillance,
their types, such as military, commercial or recreational, their identities, and their
speeds and positions, all based on measurements obtained from a radar.

There are a number of sources of uncertainty in the object tracking problem
that render it a highly non-trivial task. For example, object motion is often sub-
ject to random disturbances, objects can go undetected by sensors and the number
of objects in the field of view of a sensor can change randomly. The sensor mea-
surements are subject to random noises and the number of measurements received
by a sensor from one look to the next can vary and be unpredictable. Objects
may be close to each other and the measurements received might not distinguish
between these objects. At times, sensors provide data when no object exists in
the field of view. As we will see in later chapters of this book, the problems in
object tracking can be classified according to the various types of uncertainties
involved.

In this chapter, we introduce Bayes’ rule, a deceptively simple yet extremely
powerful tool from statistical inference, which facilitates recursive reasoning and
estimation in the presence of uncertainty. This, in conjuction with the Chapman—
Kolmogorov theorem, provides the foundation used to derive the object tracking
algorithm presented in this book.
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Figure 1.1 Typical object tracking system.

1.1 Overview of object tracking problems

The typical object tracking problem is essentially a state estimation problem where
the object states to be estimated from noisy corrupted and false measurements
are kinematic states such as position, velocity and acceleration. The tracking sys-
tem consists of an object or objects to be tracked, a sensor which measures some
aspect of the object, a signal processor and an information processor, as shown in
Figure 1.1.

There are a number of applications for object tracking. Some of these are
reviewed here.

1.1.1 Air space monitoring

An important tracking problem is the tracking of aircraft using radar (Krause,
1995), such as for air traffic control. Radar tracking is also used in military surveil-
lance systems, where the problem involves identifying aircraft, their type, identity,
speed, location, and the likely intentions of the object in order to determine, for
example, if the object is a threat. Radar comes with a wide variety of measurement
capabilities ranging from simple range measurements to high-resolution imaging.
Radar uses reflected radio waves to measure the direction, distance and radial
speed of the detected object. A radar transmitter emits electromagnetic waves,
which are reflected by the object and detected by a receiver (Figure 1.2). The
measured data are used to extract tracks, which are often displayed along with
the object reflections on a display screen.

The tracking of aircraft using radar data is made particularly difficult because
of uncertainties in the origin of the measurements. Birds, animals, vegetation, ter-
rain, clouds, sea, rain, snow and signals generated by other radars create radar
signal noise, known as clutter. Clutter consists of those detections which are not
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Figure 1.2 Radar sensors.

the objects of interest. The problem of determining which detections belong to
the object of interest and should be used to extract the track of the object is
called the data association problem and is discussed in Chapter 4 and subsequent
chapters.

Aircraft display maneuvering behaviors. Tracking such objects requires elabo-
rate solutions that can adaptively change the model of the dynamics being used to
represent the object behavior. Chapter 3 presents several approaches for dealing
with maneuvering object tracking and discusses efficient algorithms to solve this
problem.

Very often, air surveillance is conducted in areas where a large number of often
closely spaced aircraft are present. This leads to the multi-object tracking problem
(see, for example, Hwang et al., 2004). A major difficulty in such situations is
deciding which measurement belongs to which object in an environment where
the radar produces false measurements and furthermore does not always produce a
measurement for every object. This generalizes the single object tracking problem
and involves consideration of more complex probabilistic models. Chapters 5 and
6 introduce solutions to multi-object tracking.
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1.1.2 Video surveillance

The use of digital-video-based surveillance is growing significantly. Video surveil-
lance is now instrumental in implementing security at airports, buildings, banks,
department stores, casinos, railway stations, highways, streets, stadiums, crowd
gathering places and all government institutions. In practically all sectors of soci-
ety, video surveillance is used as a means to increase public safety and security and
deter criminal acts. With the proliferation of high-speed broad band wired/wireless
networks, many institutions now deploy large networks of cameras for surveil-
lance. A typical large building in a major city owns a large network of cameras
deployed at major entrances, floors, large gathering places, elevators, hallways,
labs and offices. While such surveillance systems allow trained security guards to
visually monitor the protected areas, intelligent software is needed to make use of
the huge amount of information collected by the cameras. An increasingly large
part of research and development is devoted to intelligent visual surveillance soft-
ware (Olsen and Brill, 1997; Wren et al., 1997; Boult, 1998; Lipton et al., 1998;
Tan et al., 1998; Collins et al., 2000; Haritaoglu et al., 2004).

To detect and track a person or vehicle in video images, and furthermore to infer
their behavior, such as unusual, loitering or even criminal behavior, one must solve
non-trivial problems (Hu ef al., 2004). For example, the US military supported the
Visual Surveillance and Monitoring (VSAM) project (Collins et al., 2000) in 1997.
The purpose of VSAM was to enable an operator to monitor behavior over complex
areas such as battlefields. Another project, called the Human Identification at a
Distance (HID) project, followed in 2000. HID aimed to develop a full range of
multi-modal surveillance technologies for detecting and identifying humans from
a distance. Some intelligent systems have been implemented for crowd estimation.
Real-time systems for crowd estimation have been implemented based on existing
closed circuit television (CCTV) at railway stations in London (Davies et al., 1995)
and Genova (Regazzoni et al., 1993; Regazzoni and Tesei, 1996).

The tracking algorithm often breaks down when people or objects move in
unusual ways. Other problems hinder traditional tracking in the visual context.
Distraction occurs when some motion or light comes across the object and cre-
ates distorted measurements. Obstruction is another case when an object appears
between the camera and another object. The measurements are not produced for
the hidden object, which results in the termination of the track. In case both tracks
do not terminate, then, as the two people separate, it is not easy to associate the
new measurements with the objects.

A myriad of other problems not usually found in radar tracking situations lead
to difficulties in establishing a robust approach for visual tracking. Interesting
research challenges result. For example the probabilistic data association filter
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(c) (d)

Figure 1.3 Sensor measurement extraction in video images: (a) background
image, (b) background and foreground, (c) blobs, (d) bounding boxes as sensor
measurements.

(PDAF) and the joint probabilistic data association filter (JPDAF) described in
later chapters are excellent methods for dealing with data association problems in
tracking. These are problems in which the measurements come with significant
noise, or clutter. Rasmussen and Hager (2001) make good use of these filters by
adapting them to visual tracking problems.

1.1.3 Weather monitoring

In order to provide weather forecasts, weather bureaus use several techniques. One
technique is to track weather balloons, which provide information on high-altitude
wind velocities, pressure, humidity and temperature. Weather bureaus release 50 to
70 balloons each day with the release time spaced throughout the day. In extreme
weather conditions, the number of releases increases because more information is
needed for accurate weather prediction. In order to get weather-related parameters
at different levels of atmosphere, each weather balloon needs to be tracked.

A simple approach is to track the balloon using ground-based radars. But this
approach has limitations as the initial trajectory is not in the line-of-sight of the
radar. So an operator needs to track the balloon manually until it reaches a specific
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Figure 1.4 Balloon for weather monitoring (NASA/courtesy of nasaimages.org).

height from which the ground-based radar can track it automatically. A second
approach is to use GPS devices in the balloon. But as the balloon is unrecoverable,
the cost of the device adds to the cost of the whole process. Moreover, as this
process is repeated throughout the day, using a GPS device becomes extremely
costly.

A clever solution is to build a system that tracks the initial stages of the balloon
trajectory and then hands it over to the ground radar once the balloon reaches a
specified height. In order to do so, a radiosonde device is attached to the balloon.
This device sends a synchronization pulse to three base stations. The location of
the balloon is estimated by a filter that works on the principle of triangulation
using the time-of-arrival of the synchronization pulse in three base stations. Once
the balloon crosses a pre-specified height, a ground-based radar is locked onto the
balloon and tracks it further into the atmosphere.

1.1.4 Cell biology

In studies of humans, animals, plants and insects, medical researchers and pathol-
ogists routinely study birth and death rates and the movement of biological cells.
In immunology, the organism’s immune response is correlated with the life cycle



1.2 Bayesian reasoning 7

Figure 1.5 Tracking of lymphocyte cells.

of lymphocytes. The parameters of interest are the division/birth and death time of
each generation of cells. In fertility studies, the interesting parameter is the velocity
or shape of sperm cells. In the case of anti-inflammatory diseases, researchers
look for the speed and acceleration of lymphocyte cells (Figure 1.5). Medical
researchers carefully prepare the cells and take sequential images at regular inter-
vals. In some cases, the images can be collected over several days. These images
are then examined manually. The process of going through the set of images and
finding out the required parameters, i.e., speed, division and death, of each cell is
both time-consuming and prone to error and in some cases is almost impractical.
The problem can be formulated as the problem of tracking cells over a sequence
of images. The events of cell division and death are observed by looking at the
track initiation and termination probabilities. The process is not only faster and
reliable but also enables the discovery of previously unobserved phenomena. The
key concept is to define the “data association” parameters for cell identification and
tracking and then using the domain knowledge of cell immunology to model the
“division/birth” and “death” of cells and integrate those into the recursive Bayesian
solutions.

1.2 Bayesian reasoning with application to object tracking

The Bayesian approach is a well-developed probabilistic and statistical theory that
can be applied to the modeling and solution of problems encountered in object
tracking. Bayesian methods are widely used in the statistical and engineering com-
munities, and engineers have long made use of them in solving a large variety of
problems.

In most object tracking problems, like the ones introduced in Section 1.1, mea-
surements from sensors are received in a sequential manner over time. At each
measurement stage, new estimates of the object state are made by combining new
information with current estimates of the object state. These latest estimates are



8 Introduction to object tracking

updated in light of new information received at the next stage and so on. The recur-
sive form of Bayes’ theorem is an appropriate framework for handling the sequen-
tial nature of the measurement data and the associated uncertainties. The Bayesian
recursive approach is based on Bayes’ theorem, the mathematical and conceptual
basis upon which the Bayesian paradigm is built. The Bayesian paradigm is a the-
oretical framework for reasoning under uncertainty. The history of Bayes’ theorem
goes back to the eighteenth and early nineteenth centuries with the work of Thomas
Bayes (1764) and Pierre-Simon de Laplace (1812). The theorem was ignored for
a long time. In the latter half of the twentieth century interest in the Bayesian
approach grew rapidly finding application in many areas of science, engineering
and statistical inference. Stigler (1986) provides an historical account of Bayesian
thinking.

1.2.1 Bayes’ theorem

Bayes’ theorem is the encapsulation of a philosophy to consistently reconcile past
and current information by exploiting the conditional probability concepts of prob-
ability theory. It may be stated as follows: given two related events x and y, the
conditional probability of event x given observation of event y is

p(X,y)

. 1.1
p(y) (-

p(xly) =

It is equal to the joint probability of events x and y, p(x,y), normalized by the
unconditional probability of event y, p(y). Using (1.1) twice, Bayes’ theorem can
be rewritten as

pxly) = M. (1.2)
p(y)
Various aspects of the object tracking problem, e.g., the number of objects and
their states, can be modeled as events x and many types of sensor outputs, e.g.,
radar returns or infrared images, as events y. Bayes’ theorem in (1.2) can then be
applied to obtain the conditional probabilities p(x|y) as a probabilistic answer to
the object tracking problem.

Interpretation of Bayes’ theorem

Let x be a random variable of interest. In object tracking, x is often the state of
the object under consideration. Let y be a measurement related to x. Given knowl-
edge of y, we want to update our existing knowledge about x. Since x is a random
variable, and using a probabilistic approach in dealing with uncertainty, we repre-
sent our knowledge about x with a probability distribution or a probability density
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function (pdf) p(x), depending on whether x takes discrete values or is continu-
ous. p(x) is a function of x that attributes probability values to x. The problem
at the core of most tracking problems is how to update p(x) to take into account
the new information y. The answer is provided in (1.2) by p(x|y), the conditional
distribution of x given y. Viewing x as a random variable that can take a range of
values, we can see that for a fixed y, p(x) is altered by p(y|x) to become p(x]y).
We can ignore the effect of p(y), since it is the same for all x values, once y is
known. It is this, theoretically sound, alteration of p(x) for each possible value
x that makes us change our probability representation of x, from p(x) to p(x]y).
It is done with a re-weighting of the initial probability distribution with the term
p(y|x) for each x value. This deceptively simple operation is at the heart of many
complex algorithms for estimating parameters of dynamic processes. The term
L(x) = p(y|x) is known as the likelihood function when viewed as a function of x.
We write

p(x]y) o p(y|x) p(x)

to mean that p(x|y) is proportional to the product of p(y|x) and p(x). The term
p(y) is a constant when viewed as a function of x and is called the normalizing
constant or normalization factor which ensures that p(x|y) as a function of x sums
up or integrates to 1. The initial distribution p(x) is called the prior distribution.
The new distribution of x, p(x|y), is called the posterior distribution.

Consider the single object whose state can be represented by the one-
dimensional vector x. Suppose that given all past history, our current knowledge
about x is contained in the probability density function

_ (x—xo)2

2
e 2):0

p(x) = ST

This means that we think that x is near X, with an estimation error quantified
by Xp. We may have arrived at this normal distribution (Gaussian distribution)
through some previous calculations. We write p(x) = N (X; X, 22). The bigger
Yo the less certain we are about x. Assume that a sensor produces an observation
y about x. Knowing that the sensor output has measurement error, we write the
following equation:

y=x+w, p(w)=N(w;DO0, 22).

The measurement error w is modeled probabilistically using a Gaussian distribu-
tion with zero mean and variance X2. Using the basic properties of the Gaussian
distribution (see Hogg and Craig, 1995), the likelihood function L(x) = p(y|x)
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Figure 1.6 Prior p(x) (grey line), likelihood L£(x) = p(y|x) (black line) and
posterior p(x]y) (grey line) for data values (a) y =4, (b) y =15, (c) y =21,
(dy=30,(e)y =40, (f)y=45.
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Following Bayes’ theorem, we can easily show that p(x|y) = N(x; X, 32), where
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where p(x) is the prior distribution and p(x|y) is the posterior distribution.
Figure 1.6 shows how the likelihood function, which differs for different values
of the sensor measurement, affects the prior to produce a posterior distribution.
Xo = 23, X9 = 4 and X = 3 are assumed to be the parameter values in this exam-
ple. In Figure 1.6(a), y = 4 leads to an estimate X = 10.84 with a posterior variance
32 — 5.76. As the value of y increases, the likelihood function drifts to the right,
pulling with it the posterior distribution. Table 1.1 lists the estimates of x for differ-

ent values of y. This result is intuitive, and Bayes’ theorem provides the equation
that computes the posterior distribution.
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Table 1.1 Mean estimate of X, with variance, for different measurements'y.

Estimators for
different data y=4 y=15 y=21 y =30 y=40 y=45

X 10.84 17.88 21.72 27.48 33.88 37.08
32 5.76 5.76 5.76 5.76 5.76 5.76
x10t — |
6
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Figure 1.7 Illustration of the prior and posterior.

Figure 1.7 illustrates an example of a prior distribution in two dimensional space
with two successive posterior distributions, in the case of a recursive estimation
solution. The two dimensions considered are the location coordinates of the object
on a plane. The flatter curve is the prior distribution. It represents the prior knowl-
edge about the vector of interest x. When the first set of data is received, the poste-
rior distribution is computed via Bayes’ theorem. In this example, it is sharper and
more concentrated around the estimates than the prior distribution. Yet, it is not as
sharp, or as focused, as the second posterior distribution. This second distribution
is computed after more data are received.

In many industrial, engineering, economic and other settings, one repeti-
tively receives measurements. Assume that at times ¢, fp, ..., %, .. ., we observe
Yi,¥2, -, Yk, - - .. For example, while testing a machine for its reliability, one
observes the times of failures of the machine. Similarly when sampling for quality
control, we obtain values for the number of defects in batches of products tested
for quality. In object tracking, the y values are sensor measurements about the state
of the object. Treating the data one value at a time, and each time treating the old
posterior distribution as the new prior distribution, creates a recursive process:

e at time 0, before any measurement value arrives, p(X) represents our knowledge
of x;
e attime 71, p(x]y1) o p(y1|x)p(x);
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e attime 2, p(X|]y1, y2) x p(y21y1, X) p(X|y1);
e attime tr, p(X|y1,¥2, .-, Ye—1, YO) X P(Yi|Yk—1, - - - Y1, ) pX|Y1, ..., Yi—1)-

Applying (1.1) in the case of three random events X, y and z,

p(X,y,z)
p(y.z)

Switching the order in which we write the events,

p(xly,z) =

p(x,y,z) = p(y.x,z) = p(ylx, 2) p(x,2) = p(yIX, 2) p(X|2) p(2).
Similarly, p(y, z) = p(y|z) p(z), leading to

p(yIx, z) p(x|z) p(z)
p(ylz)p(z)

p(xly,z) =

Canceling p(z) in both the numerator and denominator and noting that p(y|z) does
not depend on X, we can write p(X|y, z) x p(y|x, z) p(x|z). Foreachk = 1,2, ...,
lettingxbe X,y =y, and z = {y1, ..., Yx—1}, we have that

PXIy1,¥2, -+ Ye—1, Yk) X p(Y&lYk—15 - > YL, X) pX[Y1, - ooy Yi—1)s

or rearranging terms,

PXIYe, ¥1s - Ye—1)) X p(YelX, {y1, - - Ye—1 D P Xy, -0 Ye—1D).

A recursive Bayesian solution is applied by taking the posterior distribution
p(X|y1, ..., yx—1) at time f;_; and using it as a prior distribution to compute the
posterior distribution at time ¢, p(X|y1, ..., Yx—1, Y&)- It is this recursive approach
that is used in the remainder of this book to derive tracking algorithms. In object
tracking, x changes with time, and therefore another step is introduced to derive
the posterior distribution. Nevertheless, it is this idea of using a posterior at one
stage to derive the posterior at the next stage that is used in the general Bayesian
solution to object tracking. The optimal Bayesian solution for object tracking in
such recursive form will be derived in the next section.

1.2.2 Application to object tracking

In object tracking, the complete probabilistic knowledge of the object states
is described by the joint pdf p(Sk) = p(Sk,Sk—-1,...,S0), where Sy denotes a
generic object state that represents the single- or multiple-object states, or the
number of objects, or the identity of an object/objects, or a combination of these
at time #;. Often, we will refer to time #; as simply time k, or stage k. Let
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y* = (y1,¥2, ..., yx), where y; is the measurement at time i, be the sensor out-
puts. When a physical relationship governing y* and the object states S* is known
and the knowledge of the object states is available in the form of a probability den-
sity function p(SK), then Bayes’ theorem provides a fundamentally sound method
to update the knowledge of these states. Bayes’ theorem (1.2) derives p(S¥|y*) as

p(Y*IS®) p(S5)

Sk vy =
p(S°y") G5

(1.3)
The conditional probability distribution p(S*|y*) is the posterior distribution of the
object state. The term p(y¥|S¥) is the likelihood function, which is the probability
that the observed sequence of measurements is y* given that the underlying state
sequence is S¥. The second term in the numerator p(S¥) is the prior distribution of
Sk. The denominator p(y¥) is the normalization factor that ensures that the resul-
tant probability distribution p(S¥|y¥) satisfies the axioms of probability and sums
up to 1. The normalization factor can be computed using the following integral
equation:

”(yk):/s /S PO 1Sk S0 p(Sk ., So)dS - - - dSo.
k 0

We are using [ to represent a generic integral which has all the operations of
summation and conventional integrals as appropriate. For example, if S is a hybrid

state consisting of a continuous state x; = {x1,..., x;} and a discrete state ry =
{ri,....rj}, S ={x1, ..., x;,r1, ..., rj}, the integral f is meant as
/ (.) dSk :/ / / D> (dxidxy - dx.
Sk x1 Jxp Xy r;

The application of Bayes’ theorem in the context of object tracking leads
to a process where the updated knowledge of the states of the objects can be
obtained by multiplying the prior joint density with the likelihood function and
re-normalizing it with the normalizing factor. In theory (1.3) provides a solution
for computing the distribution of S¥ based on the knowledge of the sequence of
measurements y*. However, the measurements are received in a sequence over
time. At each stage of the measurement process, the distribution of the object
state can be updated. This is done to ensure that all information is used as soon
as received and that the most accurate estimations and predictions are made in the
object tracking problem. The Bayesian solution of (1.3) can be further expanded to
provide a recursive solution. In it, the conditional distribution p(S¥|y*) is obtained
at time k, after receiving the last measurement yi, by updating the conditional
distribution of the object state p(SK~!|y*~!) assessed at time k — 1. Recall that
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y* = (y1,¥2, ..., yx), where y; is the measurement at time i. It can be written as
yk = (Y&, yk_l). Using (1.1) we can rewrite the terms in the solution equation (1.3)
as

PS5 = pyr, ¥ 1ISY) = pyaly* L S p(yF1Sh),
(S = p(Sk, S5 = p(SkISFHpsk,
P = p(yi, Y = pely* " HpF ).

From the causality principle, it is clear that the measurements at time k — 1 do
not depend on object states at times > k. Thus p(y*~'|S¥) = p(y*~1|S*~1). This
leads to a simplification of the likelihood function:

P IS = pyly* " SHpy* T IsFh.
Substituting into the Bayes’ rule of (1.3) gives
p(yly* =1, SO p(y 1S p(SkISFH p(SF)
p(ykly* D py*—h

Regrouping the right-hand side of the above equation, the Bayes’ solution can be
written as

pSFIy") =

p(SkyH) =

p(ykly¥=!, S5 p(SkISF1) {p(yk—l ISE=1 p(Sk=1 }
pyrly—1) p(ys—1 ’

Recognizing that the term in the braces is the prior joint pdf of the object
state, i.e.,

k=1 gk—1 Sk—1
p{y L(yk_)lz)a( ) _ P81 yE D,

the recursive form of the Bayesian solution is

POy L SHPSUSTH et ke
POyKly D) ey

p(SF Iy =

Under the assumption that the measurements at a given time depend only on the
object states at the corresponding time and are conditionally independent of mea-
surements taken at other times, i.e., the measurements at time k are independent of
the measurements at times < k — 1, and that they depend only on the current states
of objects via Sy and not on its entire state sequence, the measurement likelihood
pykly*~", §5) simplifies to p(yi|Si).

In object tracking, it is usual to make simplifying assumptions in order to model
adequately the problem at hand in a probabilistic framework. Many real-world
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systems obey the Markov property where the present state does not depend on
previous states, given the last state. In object tracking this translates to Sy depend-
ing only on Sg_1 and noton (Sx—2, . .., Sp). Therefore, p(Sk|Sk_1) = p(SkISk—1),
and we obtain the recursive form of the Bayesian solution for the object tracking
problem:

Recursive Bayesian solution

P(¥kISk)

p(yk|yk,1)p(sk|sk_1>p(sk*1|yk*1). (1.4)

pSFIy") =

The recursive Bayesian solution (1.4) provides the posterior conditional distri-
bution p(S¥|y*) at time k, after receiving the last measurement yy. In object track-
ing, it is important to know the sequence of objects and their states and also to
know the number of objects and their states at a particular time k. This knowl-
edge can be derived from p(S*|y*) by integrating out objects and their states
as follows:

p(SclY) = / / p(SF Y So - dSp_y
Sk—1 So

=f f DSk, Sk—1, -+, Soly*)dSp - - - dSk—1.
Sk—1 So

Using (1.4), the above equation becomes

S — —
p(Silyt) = LI / / P(SKISe_ ) S 1y )dSy -+ dS
P(Yk|y ) Sk—1 So
P (YkISk) T
= k—1 P(Sk|Sk—1) P(S |y )dSO"'dSk_l.
P(Yk |y ) Sk—1 Si_2 So

The inner integrals fsk_2 - fSo p(SKNy*=1dSq - --dSk_> simplify to
p(Sk—1]y*™1) since p(S¥|y*~1) = p(Sk_1, Sk72|y*~1), leading to the posterior
pdf of the object state Sy conditioned on the available measurement data y*:

The state conditional density

1
p(Sily") = ﬁP(YHSk)/ PSSk pSialy " HdSi-1. (15)
pYEY) St-1
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It is this conditional density that most object tracking algorithms compute
or seek to approximate. The integral -[Sk—l p(Sk|Sk_1)p(Sk_1|yk_1)dSk_1 is the
Chapman-Kolmogorov equation. The solution of this integral gives the predicted
state of the elements of S, given all the measurements up to time k£ — 1 and the
state at time k — 1. Upon receipt of measurement yy, at time &, the predicted state
is corrected by likelihood factor p(yx|Sk) and re-normalized. Solving the recursive
relation in (1.5) is at the core of solving object tracking problems. Different object
tracking problems differ in their problem requirements and manifest in different
forms of the likelihood function p(yx|Sk) and the transition density p(Sk|Sk—1),
and pose different challenges in solving this recursion.

1.3 Recursive Bayesian solution for object tracking
1.3.1 The generalized object dynamics equation

Before applying Bayes’ theorem, a significant effort must be spent on modeling the
dynamics of the processes which describe the problem. In object tracking this cor-
responds to developing object dynamical models and sensor measurement models.

Object motion is usually described by characteristics such as position, velocity,
acceleration and other kinematic components, like angular velocity and its rate
of change. These kinematic components constitute the object state. Using simple
definitions like the rate of change of position is equal to velocity, it is possible to
relate one component of object state to the other. Such models can be elegantly
derived using the state space approach in either discrete or continuous time. The
ideas and concepts in this book all refer to discrete-time. For example, in the case
of the single-object tracking problem, we may consider the state Sy to represent
only the position x; of a single object. In the state-space approach, the components
of the state are grouped as a single vector called the state vector xz. An example
state vector of the object is

X; = [position, velocity, acceleration]kT.

The dimension of the object state is equal to the number of components of the
vector and in this case it is 3. Another example of the object state vector is

X; = [position, velocity, acceleration, angular velocity, angular accelaration],{,

where the dimension of the state vector is 5. Thus the object state is a finite-
dimensional vector of those kinematic components of the object motion that
explain its motion.

Many physical processes, such as the motion of an object, which is subject to
random disturbances, and whose state can be represented by a finite-dimensional
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vector, can be modeled using a vector difference equation. Suppose Sy is an n-
dimensional state vector at time k and vy is the m-dimensional vector of random
disturbances (m < n). We can write a difference equation

Sk = g(Sk—1, Vi), (1.6)

where g is a real, in general non-linear, n-vector function, which, we suppose, is a
twice continuously differentiable function of its arguments. The disturbance vy is
often called the random noise input to the system.

1.3.2 The generalized sensor measurement equation

Sensors are devices which observe aspects of the object state and the measure-
ments made by sensors are used to make inferences about the entire object state.
Measurement or sensor models enable one to determine the likelihood function
p(¥xISk, Y¥¥~1). Hence one of the primary properties of the sensor model is that it
must be a function of the object state. Moreover, as presented earlier, the Bayes’
recursion is based on another sensor measurement characteristic, i.e., the mea-
surements originated from the object state at a particular time are conditionally
independent of measurements from other times. Sensor models of the form

Y& = 1(Sk, wi), (1.7)

where wy is a white noise (measurement error), satisfy the conditions needed for a
recursive Bayesian solution.

1.3.3 Generalized object state prediction and conditional densities

In the case where the state and measurement equations do satisfy (1.6) and (1.7),
and under certain regularity conditions the solution (1.5) can be further expanded
to obtain the object state prediction and conditional densities. The state prediction
density is p(Si|y*~') at time k. It represents knowledge about the state Sy given
all measurements up to time k — 1. The state conditional density, or posterior pdf
of Sy, is p(Sk|y*), and represents the updated knowledge at time k after receiving
the measurement yi. In complex tracking problems the state dynamics equation
may not be captured in an equation of the form of (1.6), or it may not satisfy
some regularity conditions. Similarly, the measurement equation in some track-
ing problems may not be in the form of (1.7) with the regularity conditions met.
Even in these cases, the solution to the object tracking problem is derived from
the recursive solutions (1.4) and (1.5). The derivation of the solution differs for
each problem.
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1.3.4 Generalized object state prediction and update

The generalized object state transition density

Using the object dynamics model of (1.6) we derive the transition density
p(SkISk—1) needed in the Bayes’ solution (1.5). If the random input is absent from
(1.6), we have an ordinary difference equation and we speak of S as its solution.
However, in the presence of the random input term, we refer to (1.6) as a stochastic
difference equation (SDE). In using the SDE, it is the pdf of Sy which is of interest.
If the probability law of v is arbitrary, little can be said about the dynamic system
(1.6). However, by modeling v as a white noise sequence, we can make the fol-
lowing observation. Since Sx_1, Sy depends only on v, which is independent of
Sk—2, ..., So, the solution of (1.6) is a Markov sequence. It is well known that the
Markov sequence is defined using its transition density and an initial condition for
its states. In the context of the SDE in (1.6), the transition density is p(Sg|Sk—1)
and the initial condition is p(Sg—1).

Assume that the SDE in (1.6) can be solved for vi. In other words, for a given
Sk—1, 8(Sk—1, -) has an inverse g*1 which is continuously differentiable. Then
given Sy_1, the pdf of S, the transition density p(Sg|Sk—1) is

_ g~
P(SkISk—1) = pv, (8 I(Sk,sk—l))‘ang : (1.8)

Here it is assumed that g_1 (-) exists (i.e., itis assumed m = n). If m < n, the above
direct derivation of the transition density is not possible. However, by partitioning
S into

sf =stV" ST,
and with the aid of the implicit function theorem (Kudryavtsev, 2001), (1.6) can

be put in the form of S,El) = g(l)(Sk_l, wy) and S,(CZ) = g(z) (Sk_1, S,(Cl)) and the
transition density can be derived as follows:

p(SkISk—1) = pSY, S ISk-1)
= pSPIS", Sk pS ISk-1).

Since S,EZ) depends only on S,El) and S, the first term in the above equation is given
by the following dirac delta function:

PS8, 8 1) =562 —g?Si_1,SM)).
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The second term depends on wy and is given by

9g(”"

pS"1Sk-1) = py, €D Sk, Sk-1)) 0
oS,

Thus the transition density when m < n is given by

ag(”"

pSeIS-1) =58 — g@ St SN py @D Sk, Sk-1)) s

(1.9

The generalized object state prediction density

Substituting the state transition density p(Sx|Sk—1) from either (1.8) or (1.9), we
obtain the state prediction density

pSely*) = / P(SEISk1) P Skl S,
k—1

where p(Si_1]y*™") is the prior pdf of the object state, or the state conditional
density at time k — 1. It is assumed known at time k — 1, having been derived
recursively, based on all measurements y*~! up to time k — 1.

1.3.5 Generalized object state filtering
The likelihood function

The sensor model (1.7) satisfies the two measurement related assumptions required
by (1.5). The whiteness property of wy is what gives the measurements, yy, the
property of conditional independence and the fact that 1(-) is a function of Si
enforces the property that the measurements at time k£ depend on the object state
at time k. To infer about Sy using yy, the function 1(-) must be invertible. Under
these assumptions the likelihood function in (1.5) can be derived by treating (1.7)
as a transformation of the random variable wy:

-1

d
POKISH = pw 7 (6 S | 5| (1.10)
Yk

The normalization factor

The normalization factor is given by:

P(Yelyk—1) = / P(yeISo) p(Sely*HdSy.

Sk
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Desired conditional density
P(Skly")

Expand measurement history

p(Sklyr,y* ™)

i Simplifying i Invoke Bayes’ rule i Simplifying i
' assumptions +p(yk[Sk: Y Hp(Skly* ™) ' assumptions
Likelihood Prediction
p(yk/Sk) p(Skly"™1)

Normalization
6 = [ p(yrlSk)p(Skly"")dSy

Find approximate solution for

p(Skly®) = tp(ye|Sk)p(Skly*~1)

Recursive Bayesian solution

Summary of the recursive Bayesian framework for object tracking.

Substituting for the likelihood function p(yx|Sx) from (1.10) and for the predicted
density p(Sg |yk_1 ), the normalization factor becomes

pSkly*1dSk. (1.11)

1!
P(Yklyx-1) = f P 7 vk, Sp)) 'a_
Yk

Sk

The generalized object state conditional density

The conditional density of the general single-object tracking problem can be
obtained by substituting the transition density of (1.8) or (1.9), the likelihood
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function of (1.10) and the normalizing factor of (1.11) into the recursive Bayes’
formula in (1.5), and simplifying it.

1.3.6 Generalized object state estimates

In object tracking, the expected value Sk of the object state Sy is often used as an
estimate of the object state at time k. To assess the accuracy of this estimate, the
covariance matrix Py of Sy is computed. These are the first two moments of the
conditional density (1.5) of the object state Sy, at time k,

1 _
PO =~ pulS) [ PSSPy S,
PYkIY ™) S

P(Sk |yk ) is obtained after all the terms have been computed in the above equation,
using (1.8) or (1.9), (1.10) and (1.11). The track estimate is Sy = E (Sx|y%),

S = [ Spsihas.
Sk
The covariance matrix is Pyjx = E((Sx — Sk)(Sk — Sk)lek),

Pk = ,/s (Sk — S Sk — S0 T p(Skly“)dSs.
k

1.4 Summary

This chapter introduced the various important areas where object tracking forms
the core part. It has discussed the application of Bayesian reasoning in object track-
ing problems. The recursive form of the Bayesian formulation is presented as a
useful format that can be applied to any object tracking problem and will be used
in later chapters.
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Filtering theory and non-maneuvering object tracking

In this chapter we introduce and derive several well-known Bayesian algorithms
for recursive state estimation. These algorithms, known as filters, result from the
general Bayesian recursive equation (1.5) presented in Chapter 1. Well-known fil-
ters like the Kalman filter (KF), the extended Kalman filter (EKF), the unscented
Kalman filter (UKF), the point mass filter (PMF) and the particle filter (PF) are
developed as approximations to the optimal Bayesian filter under different model-
ing constraints. These filtering algorithms can also be viewed as algorithms for the
single non-maneuvering object tracking problem.

2.1 The optimal Bayesian filter

The goal of all Bayesian estimation problems is to compute the posterior density
of the parameter of interest. The posterior density encapsulates the information
contained in the measurements and can be used to compute optimal parameter
estimates. In object tracking the parameter of interest is the dynamic random vari-
able referred to as the object state. The optimal Bayesian filter is a procedure for
computing the posterior density of the object state in a recursive manner. Estima-
tion problems in the Bayesian framework are defined by the prior density and the
likelihood function of the parameter of interest. In the context of object tracking
the prior density is determined by the object dynamic equation and the likelihood
can be found from the measurement equation.

2.1.1 Object dynamics and sensor measurement equations

Object dynamics equation

Let x; € R™ denote the object state at time k. The object dynamics are often
adequately modeled using a stochastic difference equation of the form

Xi = 8(Xk—1, Vi), (2.1

22
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where g : R"™ x R"™ — R is assumed to be a twice continuously differentiable
function of its arguments. The disturbance v is a random noise input to the system
which is used to account for modeling errors. The stochastic difference equation
(2.1) defines the prior density for the object state.

Sensor measurement equation

Lety; € R denote the observed measurement at time k. Most of the sensors used
for object tracking can be adequately described using sensor models of the form

Vi = 1(Xk, W), (2.2)

where 1 : R"x x R"» — R" is assumed to be a twice continuously differentiable
function of its arguments. The random variable w; models the measurement
error. The sensor measurement equation (2.2) establishes the quantitative relation-
ship between the object state x; and the observation yi. The likelihood function
P (¥r|Xx) is derived from the sensor measurement equation.

When the functions g and 1 of (2.1) and (2.2) are linear and the random variables
v and wy are Gaussian, the posterior density of Xy is Gaussian and can be found
using the Kalman filter. More generally, approximations or numerical techniques
are required.

Prediction and filtering

The transition density function p(xx|Xx—1) derived from the object dynamics equa-
tion, along with the likelihood function p(yi|xx) derived from the sensor measure-
ment equation, are used for the recursive estimation of the conditional density
function as follows:

1 _
pxly) = — ) [ pix )ty D dner, 23
PYKIY™) Xk—1

where:

o p(Xg—1 |yk_1) is the posterior density at time k — 1;
o p(ykly*~1) is the normalization factor.

Attime k — 1, after processing measurement set yx_1, p(Xk—1 |yk*1) represents the
probabilistic knowledge about the object state. It is referred to as the prior proba-
bility density function or prior distribution in the Bayesian recursive solution. After
yi is observed, the conditional density p(xx|y¥) of the object state at time k given
all the observed sensor measurements yk = (Y1, ..., Yk), is obtained using 2.3. It
is known as the posterior probability density function of the object state. We also
refer to it at times as the conditional distribution or the filtering distribution. The
recursion (2.3) computes the posterior density of the object state in two stages:
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1. The prediction step takes the conditional density at the previous stage
p(Xi—1]y*™1) through the transition density to form the predicted density via
the Chapman—Kolmogorov equation (CKE),

pxely*™h = / P [Xk_ 1) p i1 YY) dxi 1. (2.4)

The predicted density p(x|y*~!) encapsulates the current knowledge about x;
gathered up to and including time k — 1, before incorporating the new informa-
tion yx. The predicted density can be used to infer and predict in any problem
involving X¢. In object tracking, the problem of interest is the value of x¢, and
the predicted mean of x; is obtained from p(xx|y*~') as an estimate, along with
the accuracy value for that estimate in the form of the covariance matrix of x.

2. The filtering step uses the new data yi through the likelihood function p(yg|xx)
to form the filtering distribution p(xklyk ) in (2.3). The filtering distribution or
posterior distribution of X; contains all the information about x; given all the
received measurements y*. The posterior mean and covariance matrix of X can
be computed from the filtering density.

2.1.2 The optimal non-maneuvering object tracking filter recursion

The transition density

Most object tracking algorithms generally impose an additive noise assumption on
the object dynamics equation, yielding an equation of the form

Xp = f(Xp—1) + Vg. (2.5)

Under such an additive noise assumption, the inverse of the function g of the object
dynamics equation (2.1) is g_1 (Xg, Xi—1) = X; — f(X¢_1). From the basic result of
transformation of random variables, the transition density function is

PXiIXk—1) = Py (8 Xk, Xe—1)) [V 8 Xk, Xe—1)| = Py (%% — £(xg—1)).
(2.6)
The likelihood function

Most object tracking algorithms impose an additive assumption on the measure-
ment noise, yielding the measurement equation of the form

Y& = h(X¢) + wi. (2.7

Under such an additive noise assumption, the inverse of the function 1 of the
measurement equation (2.2) is 1! (Yk, Xx) = ¥r — h(x¢). From the basic result of
transformation of random variables, the likelihood function is

PYEXE) = pw, 7 Ve, x0)) [Vl (96, X0) | = pw (v —h(x)).  (2.8)
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The filter recursion

Substituting the transition density (2.6) and the likelihood function (2.8) in (2.3),
the posterior density p(xx|y¥) of the object state (or filtering density) is

P 3k — h(x0) / P — FO—1) Pkt [ dxiy

pxely®) = . (2.9

/ Pwe (V& — h(x0) p(xic [y~ dx

where p(x¢|y¥™!) = [ py, (xk — £(xk—1)) pKe—1 [y* 1) dxp_1.

Equation (2.9) summarizes, in mathematical form, the Bayesian approach
to non-maneuvering object tracking. This is the starting point for the various
Bayesian tracking algorithms which have been proposed in the literature. Differ-
ences in these algorithms arise due to the different assumptions used in the evalu-
ation of (2.9). Some of the commonly used assumptions include:

A1 The object dynamics and measurement equations are linear:

Xy = Fxp_1 + vg, (2.10)
Vi = Hxg + wy. (2.11)

A2 v; and wy are white, uncorrelated, Gaussian noise sequences with zero mean
and covariance Qy and Ry, respectively.

A3 The posterior density of the object state p(xx_|y*~!) at time k — 1 is Gaus-
sian with mean X;_1x—1 and covariance Py_jx—1.

In the following sections these assumptions will be used as required to derive sev-
eral of the more prominent methods for evaluating (2.9).

2.2 The Kalman filter
2.2.1 Derivation of the Kalman filter

Assumptions of the Kalman filter

The KF can be derived by assuming A1, A2 and A3, i.e., the object dynamic and
measurement equations are linear/Gaussian and the posterior density at time k — 1
is Gaussian.

Example 2.1 Consider an object moving in one dimension at a fairly constant
velocity, without any maneuvering. Let x; be its one-dimensional position, and x
be its velocity, at time #¢, k = 1, 2, .. .. The two-dimensional vector x; = [xg, i’
represents the state of the object. The object dynamics equation can be found in a
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Desired conditional density
p(xky")

Expand measurement history

p(xk|yr, y* ")

i Simplifying i Invoke Bayes’ rule i Simplifying i
' assumptions %p(yk|x;€7 v D p(xply*h) ' assumptions
Likelihood Prediction
P(yklxk) p(xxly* )
Normalization

6 = [ plyrlxe)p(xkly* 1) dxp

Find approximate solution for
p(xkly®) = sp(yelxie)p(xrly* )

Recursive Bayesian solution

Summary of the recursive Bayesian framework for object tracking.

straightforward way. Assuming the velocity of the object motion is constant, the
position x; of the object at time #; can be written in terms of the position and
velocity at time #;_1:

Xk = Xk—1 + Xp—17T,

where T = t; — tx_1 is the interval between measurements and is assumed to be
the same for all k. Also, since the object velocity is assumed constant X = X;_1.
The assumption of a perfectly constant object velocity will rarely be met in
practice. Departures from constant velocity motion can be allowed for by the
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introduction of additive process noise. We thus have the equation (2.10) for the
object dynamics with
1 T
[0 7],

The sensor provides measurements of the object position embedded in zero-mean
additive Gaussian noise at times 7 = 1, 2, . ... The measurement equation is then
given by (2.11) with

H=[1 0].
This example introduces typical, yet simple, forms of the object dynamics and
measurement equations. In most tracking problems, the dimensions of the object
state and the measurement vectors are higher. For example, the state vector may

consist of position, velocity and acceleration in three orthogonal directions leading
to a nine-dimensional state vector.

Gaussian densities will appear regularly in the derivations so it will be conve-
nient to use the notation

Nz p, %) = ~e-w'E@-m/2].

1
—— €X
V27| p[

The Kalman filter will be derived using the following theorem.

Theorem 2.1 (Gaussian product) For X1, | € R H e R2*4 x5 € R% and
positive definite matrices Py, Py:

N (x2; Hxy, P))N(x1; 1, Pr) = N(x2; Huy, P3)N (x4 1, P),
where
P; —HPH' + P,
= p +Kx —Hpup),
P =P, — KHP;,
with K = P{H" P .

Proof The method of proving the above theorem is relatively well known, being
first shown in Ho and Lee (1964) and later appearing in a number of texts. O

The transition and prediction densities

Using (2.6), and since py, is a Gaussian density with zero mean and covariance
Q. the transition density is

DXk |Xk—1) = N (Xp; Fxe—1, Qp).
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By assumption, the posterior density of the object state at time k — 1 is Gaussian
so that p(Xg_1 |yk_l) = N (Xk; Xk—1jk—1, Pk—1jx—1). The predicted density is

POyt ™) = / POk Ixe 1) p (e [V dxes

=/N(Xk;FXk—1|k—1,Qk)N(Xk;ﬁk—1|k—1,Pk—1|k—1)ka—1- (2.12)

The predicted density can be obtained by using Theorem 2.1 to solve the above
integral directly.! Applying Theorem 2.1 to (2.12) gives

pxely*™h =/N(Xk;fikk—1,1’k|k—1)

X N(Xk—1; Xg—1k—1 + Gr (Xx — Xgjk—1), My)) dx—1

= N (Xg; Xkjk—1, Prjk—1), (2.13)
where Gk = Pk_1|k_1FTPk_|]1(_1, Mk = Pk—1|k—1 — GkFPk_”k_] and

Xik—1 = FXe—1k—1,
T
Pri—1 = FPr_1 1 F" + Q.

Equation (2.13) shows that the prediction density is Gaussian if the posterior den-
sity at time k — 1 is Gaussian and the object dynamic equation is linear/Gaussian.

This operation denotes the standard Kalman filter prediction, and its pseudo-
function is

[Xkk—1. Pek—1] = KFp [Re—1jk—1. Pro1k—1. F, Q] ,
defined by
Xik—1 = FXe—1k—1,
Pi—1 = FP_ 1,1 FT + Q.

The likelihood function and normalization factor

Using (2.8), and since py, (-) is a Gaussian density with zero mean and covariance
Ry, the likelihood function is p(yx|xx) = N (yx; Hxx, Ry). Using Theorem 2.1, the

1 Most of the books that deal with Kalman filtering and tracking either use orthogonal projections in conjunc-
tion with the Graham—Schmidt orthogonalization process, as used by Kalman himself in his celebrated paper
(Kalman, 1960), or use the principle of linear transformation and linear combination of random variables to
show that the predicted density is a Gaussian density. The approach presented in this book is to solve the CKE
directly. In the single-dimension case the solution of the CKE is straightforward. However, its solution in the
multi-dimensional case is more involved. We have adopted the multi-dimensional CKE solution presented by
Challa and Koks (2004) in the derivation of the KF.
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normalization factor in the Bayes’ recursion can be found as

pkly*™hH = f pOylx) p(xely* 1) dxi
= f N (yi; Hxp, RN (X5 Xeji—1, Prjp—1) dxic
= N(¥&; Ykjk—1, Sk)»

where }A’k|k,1 = Hﬁk|k,1 and Sk = HPk|k,1HT + Rk.
This operation returns the mean and covariance of the object measurement pre-
dicted pdf, and its pseudo-function is

[Fik—1. Sk ] = MP [&js—1, Prk—1. H, R].
The measurement prediction is defined by

Yik—1 = HRg 1,
Sy = HP;_ H” +R.

The conditional density
The posterior density p(xx|y*) is obtained by substituting the predicted density,
the likelihood function and the normalization factor in the Bayesian solution (2.3):
N (yx; Hxg, RO N (X5 Xeji—1, Prjg—1)
N (yr; HXgjx—1, Sk) '

pxily") =

Using Theorem 2.1 once again gives

pilY) = Nxx; Xepk Prgp), (2.14)

where

Rk = Rik—1 + Pr— 1t HT S (v — Fae—1),
Pijk = Prj—1 — Pk|k—1HTS/:1HPk|k—1-

Thus, given a Gaussian prediction density and a linear/Gaussian measurement
equation, the posterior density is also Gaussian. In Bayesian terminology, the
Gaussian prediction density is said to be conjugate to the Gaussian likelihood.
Conditional density calculation is a standard procedure which applies the mea-
surement y to the a priori probability density function represented by its mean
Xy |k—1 and covariance Pyjx—1, with the measurement matrix H and the measure-
ment noise covariance matrix R being the parameters. The outputs are the mean
Xix and covariance Pyx of the a posteriori probability density function. The
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Kalman filter estimation pseudo-function is

[Xiik Pk | = KFe [y, Rxe—1, Prje—1, H, R]
The Kalman filter estimation is defined by

[Fxik—1. Sk] = MP [Rgx—1, Prx—1, H, R]
K = Pk|k—1HTS,:1,
Rek = Xek—1 + Kie (Y — Jae—1)
Pijr = I — Ke H)Pri—1,

where I denotes the identity matrix.

2.2.2 The Kalman filter equations

An important feature of the optimal Bayesian recursion under linear/Gaussian
assumptions on the dynamic and measurement equations is that a Gaussian pos-
terior density at time k — 1 will produce a Gaussian posterior density at time k.
This is extremely convenient since it means that, given a Gaussian prior at time
zero and assuming linear/Gaussian dynamic and measurement equations for all &,
the posterior density at each k can be represented compactly and precisely by a
mean and a covariance matrix. The method used to recursively compute the pos-
terior mean and covariance matrix as measurements are acquired is known as the

Kalman filter. The recursion is given by Algorithm 1.

Algorithm 1 Kalman filter equations

1: Compute the predicted mean and covariance matrix:

Xik—1 = FXp—1k—1,
T
Prk—1 = FPr_qi1F" + Q.

2: Compute the predicted measurement, innovation covariance matrix and

Kalman gain:
Yilk—1 = HXpp—1,
St = HP; . H' + Ry,
K = P H'S; !
3: Compute the posterior mean and covariance matrix:

Xk = Xkk—1 + K (Yx — Yre—1),
Pijk = Prje—1 — K Hg Pyjr—1.
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x(2

x(1)
Figure 2.1 Planar model of the robot.

2.3 The extended Kalman filter

If any of the assumptions A1-A3 do not hold, exact computation of the posterior
density becomes impossible, with the exception of a few special cases (Daum,
1986). The object tracking problem then amounts to developing an accurate and
computationally feasible approximation to the exact Bayesian recursion.

In many object tracking applications it is reasonable to assume Gaussian pro-
cess and measurement noises. Further, for computational reasons it is desirable,
and often surprisingly accurate, to adopt a Gaussian approximation to the poste-
rior distribution since it can then be specified by a mean and a covariance matrix.
However, the assumption of linear dynamic and measurement equations is often
impossible. There has therefore been a strong focus on developing algorithms for
use with non-linear dynamic and/or measurement equations. The most well known
of these algorithms is the extended KF (EKF). In this section, the EKF will be
derived as approximation to the exact Bayesian recursion under assumptions A2
and A3.

Example 2.2: Robot navigation

Roumeliotis and Bekey (1997) compare the performance of an EKF to a dead-
reckoning system for robot navigation. Dead-reckoning is a term used in robot
navigation for the technique of localization of a robot or an autonomous vehicle. In
the exploration of the planet Mars, NASA use a robot that performs scientific tasks,
navigating in an autonomous manner to accomplish the tasks. The robot needs to
know its exact position and orientation. To do so, the robot has on-board sen-
sors that provide several measures. Roumeliotis and Bekey (1997) make the basic
assumption that the robot moves on a plane. They assume that the vehicle moves
at a constant speed and steering angle. The kinematic model used is that of a three-
wheeled planar vehicle which has the steering at the rear wheel (see Figure 2.1).
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The object (robot) state is

e =[x w 6 s ¢k]T,

where (xx, yx) is the position in global coordinates, 6; is the orientation, si is
the speed of the vehicle and ¢y is the steering angle. It is assumed that the robot
moves with a velocity subject to small perturbations in speed and heading. The
object motion can then be decribed by, fork = 1,2, ...,

X = f(Xp—1) + g, (2.15)
where

Xi—1 — T'sp—1sin(Or—1 + ¢r—1)
Yi—1 + Tsg_1 cos(Or—1 + Pr—1)
f(xk—1) = Ok—1 — Tsx—1 tan(gpp—1)/b , (2.16)
Sk—1

Dr—1

where T = t; — t;_ is the time interval between measurements, assumed constant
for all k, and b is the distance between the wheel axes.

The measurements are provided by a sun sensor which gives the absolute ori-
entation of the vehicle according to the sun position, two encoders mounted on
the front wheels which measure the velocity of each wheel and a potentiometer
mounted on the rear wheel which provides its steering angle. The measurement
equation is

Yi = Hxg + wy,

where wy, is the measurement error and

H=

o O O
o O O
S O =
S = O
- o O

2.3.1 Linear filter approximations

Linear approximation of the object dynamics equation

If the function f of the dynamic equation (2.5) is non-linear, the derivation of the
prediction density via the Chapman—Kolmogorov equation is non-trivial, even if
the process noise vy is assumed to be Gaussian. An approximation in closed-form
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can be obtained by considering the Taylor series expansion of f(x;_1) at Xg—1jx—1:
fxp—1) = FXp—1j6—1)

+> % (@ vxr) f(x)
m=1

i=1

<®(Xk—l - f‘k—l|k—l)> .

x=RXp_1p—1 V=1

where, for a vectorb = [b, ..., bq]T, Vp =1[0/0by, ..., a/abq]T and the symbol
® denotes the Kronecker product. The EKF proceeds under the assumption that
f(xx—1) can be accurately approximated by only the zeroth- and first-order terms
of the Taylor series expansion. Thus,

fx;_1) ~ f(xe_) = fXp—1k—1) + Fr(Xk—1 — Xe—1jk—1), (2.17)
where

Fk = Vfo(X)|x=f(k_1|k—1 :

Linear approximation of the measurement equation

A non-linear h in the measurement equation (2.7) prevents derivation of the nor-
malization factor and posterior density. Once again a first-order Taylor series
approximation can be used to provide an analytic approximation. The Taylor series
expansion of h(x;) about the point Xi|x—1 is given by

A o0 1 m
hx) =1 + ) — (@ VXT> h(x)
" \i=l

m=1

<®(Xk - fik|k—1)> :

x=Rpp_1 V=1

The first-order approximation to this series expansion of h(xy) is
h(x) ~ h(x) = hgp—1) + He (% — Rip—1), (2.18)
where

Hi = Verh(®) oy, -

With the functions f and h replaced by f and h, respectively, the derivation of
the EKF is similar to that of the KF. This will be demonstrated in the following
sections.



34 Filtering theory and non-maneuvering object tracking

The transition and prediction densities

Using the linearized approximation (2.17), the transition density can be written as
PXi[Xk—1) = py, Xk — £(Xk—1))
~ py (% — fxe-1)

= pv, Xk — FiXe—1 — €¢(Xp—1jk—1)), (2.19)

where ep(x) = f(x) — Fyx. Since the process noise is Gaussian by assumption A1,
the linearized approximation to the transition density is

PXi|Xk—1) = N (X Fixi—1 + ee(Xe—1x—1), Qi)- (2.20)
Under assumption A3, the posterior pdf of the object state at time k — 1 is
P&e—1 1Y) = N 15 Re—1je—1, Pe—1jk—1)- (2.21)

The prediction density can be found by substituting (2.20) and (2.21) into the CKE
(2.4) and using Theorem 2.1:

pxely*™h

Z/N(Xk;Fka—l + er(Xk—11k—1), Qi) N (Xk—1; Xi—1jk—1, Pr—1jk—1) dXx—1

= N(X; Xgk—1, Prje—1), (2.22)
where
Rik—1 = FiXp—1k—1 + e¢R—1jk—1)
=FiX— -1 + & 1k—1) — FrXe— k-1
=fXi—1jk—1)»
Pii—1 = FiPr_1p—1F} + Qx.
The likelihood function and normalization factor
Using the linear approximation in (2.18), we can derive the likelihood function,
PYEIXK) = pw (Yx —h(xx))
~ pw (Vi — h(Xkk—1) — Hi (Xk — Xkje—1))
= pw (Vi — Hkxx — en(Xie—1)), (2.23)

where en(x) = h(x) — Hygx. By assumption A2, the measurement noise is
Gaussian with zero mean and covariance matrix R; so that the linearized
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likelihood is
P(YkIXk) = N(yi; Hixi + en(Xi—1), Ry). (2.24)

Using the predicted density (2.22), the linearized likelihood (2.24) and Theorem
2.1, the normalization factor is

pyly™" = f N (yx; Hixk + en(Xijx—1), Re) N (X Xejk—1, Prje—1) dxy

= N(y&; Ykik—1, Sk), (2.25)
where
Yik—1 = HiXge—1 + enXeje—1)
= HiXgk—1 + hXeje—1) — HiXje—1
= h(Xgx—1),

St = HPrp— 1 H + Ry

The conditional density

Substituting the predicted density (2.22), the linearized likelihood function (2.24)
and the normalization factor (2.25) into Bayes’ rule (2.3) and using Theorem 2.1
gives the Gaussian conditional density,

P IYS) = N(xx; Rejier Prpe).

where

Rk = Rik—1 + Prg— 1 HI S (9 — Frge—1)

Pik = Prjx—1 — Pk|k—1HZSk_lHkPk\k—1-

2.3.2 The extended Kalman filter equations

The EKF equations are summarized in Algorithm 2.

A comparison of Algorithms 1 and 2 shows that the KF and the EKF have
the same structure. Both algorithms represent the posterior density by a Gaussian,
the mean and covariance matrix of which are computed recursively via prediction
and then corrected using the most recent measurement. An important difference is
that the posterior covariance matrix in the EKF is data dependent for non-linear
dynamic and/or measurement equations. This is because the posterior covariance
matrix uses Jacobians, Fy and Hy, evaluated at object state estimates which depend
on the measurements.
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Algorithm 2 Extended Kalman filter
1: Compute the Jacobian of f at Xy _jx—1:

Fi = Vyrf) lxege -
2: Compute predicted mean and covariance matrix:
Xik—1 = fXe—1jk—1),
Prje—1 = FiPi_1p—1F] + Q.
3: Compute the Jacobian of h at Xy x—:
Hj = Virh(X)x=g ., -

4: Compute the predicted measurement, innovation covariance matrix and
Kalman gain:

Yik—1 = h(Xge—1),
St = HPry—1 H + Ry,
K, = Pk|k_1H,{S]:1.
5: Compute the posterior mean and covariance matrix:

Xk = Xijk—1 + K (Yk — Yrk—1)s
Pijx = Prje—1 — K Hg Pyjr—1.

The EKF is a simple and elegant non-linear filtering approximation which per-
forms well in many applications. However, there are drawbacks involved in the use
of the EKF:

e The EKF is prone to divergence whereby the posterior mean approximation
departs significantly from the true state. A primary cause of this divergence is
an optimistic approximation of the posterior covariance matrix.

e The computations of the Jacobian matrices are non-trivial in most instances.
These computations can lead to difficulties in implementing the filter in practice.

2.4 The unscented Kalman filter

The unscented Kalman filter (UKF) is an alternative to the EKF which shares its
computational simplicity while avoiding the need to derive and compute Jacobians
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and achieving greater accuracy in many scenarios. The basis of the UKF is the
unscented transformation (UT), which is a method for approximating the moments
of a non-linearly transformed random variable. We begin by describing the UT and
then show how it is used in the UKF.

2.4.1 The unscented transformation

Consider a random variable x € R” and a non-linear transformation g : R” — R™.
A problem that arises in many applications is the computation of the moments of
the random variable z = g(x). For instance, the mean of z may be written as

E(z) = f g(x) p(x) dx. (2.26)

In many cases of practical interest the integral (2.26) cannot be evaluated in
closed-form. The UT is a numerical procedure for approximating the integral in
such cases. The UT uses a weighted sum of function values evaluated at non-
uniformly spaced points in the domain. This is in the same spirit as the well-
known Gauss quadrature used for approximation of integrals with one-dimensional
integrands. The collection of points at which the function g is evaluated are usu-
ally called sigma points. Let X'!, ..., X denote a collection of s sigma points
and w', ..., w® denote the corresponding weights. The basic requirement of these
weighted sigma points is that the sample mean and covariance matrix match the
true mean and covariance matrix, i.e.,

1/s Y w' X' = E(x), (2.27)

i=1

1/s Z w X — E®][X — E®x)] = cov(x). (2.28)
i=l1

Let 2/ = g(X?),i =1, ..., s denote the value of g at the ith sigma point. The UT
approximation to the mean of z is

N
E@) =1/s) w'Z'" (2.29)
i=1
It can be seen that the UT approximation to the mean is structurally similar to a
random sampling-based approximation to the mean. For example, in importance
sampling x' ~ ¢ for an importance density ¢ and the mean is approximated by

Lopxh) [ p(x)
l/sgmg(x)/; el (2.30)
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The difference between importance sampling and the UT is that the sigma points
used by the UT are selected according to a deterministic rule which ensures they
satisfy the requirements (2.27) and (2.28). This means that greater accuracy can
be achieved with only a few sigma points. In general, the approximation E/(;) is
accurate to second-order in the sense that the Taylor series expansions of E/(E) and
E(z) match up to second-order.

Other moments of z can be approximated in a similar way. Of particular interest
for non-linear filtering are the covariance matrix of z and the cross-covariance
between x and z. The UT approximations of these quantities are

cov(m) = 1/s y_w'[2' —E@I[Z" —E@)]", (231
i=1
cov(x,z) = /s Z w X —E®]Z - E@)]". (2.32)

i=1

The moment approximations m and Cm z) are also accurate up to second
order.

There are many ways of selecting the sigma points in order to satisfy the
requirements (2.27) and (2.28). The method originally proposed in Julier et al.
(2000) selects s = 2n + 1 sigma points in the following manner. Define the matrix
square root A of (n + k)X, where k is a pre-determined parameter, such that
AAT = (n 4+ k). The sigma points are given by, fori = 1,...,2n + 1,

X =p+ol, (2.33)
where o' =0, 1,
[62 -+ o"T]=A, (2.34)
and 0"+l = —g/*1 | =1, ... n. The corresponding weights are

i {"/(”+")’ i=1 (2.35)

0.5/(n+), i=2,....2n+L.

It can be verified that the first two sample moments of the sigma points match the
moments of x, as required in (2.27) and (2.28). In particular, the sample mean is

w!

w+[ol o gt : =u+05A—-A)/(n+k)=p, (2.36)
w2n+1
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and the sample covariance matrix is

wl o.l/

[0.1 . 0.2}1—!—1 ] :
w2n+1 o.2n+1/

“ 0

1 0.5 Ln

= [0,1 A —A] . AT

n+« .. _AT

0.5
1 Ol,n
=——[0,1 A -A]| AT
2(” +K) 7 _AT
=AAT /(n+«) = X. (2.37)

The parameter « determines the spread of the sigma points. It is usually desired
to keep the sigma points concentrated relatively close about the mean u so that
only function values in interesting parts of the parameter space are considered
in moment approximations of g(x). A small spread of sigma points requires x
such that n + « is small. For large, or even moderate, n this can be achieved
only by choosing negative values of k. If ¥ < 0, then, since n + « > 0, the first
weight w! = k/(n 4 «) is negative and positive-definiteness of the covariance
matrix approximation m is no longer guaranteed. This led to the proposal
of the scaled UT, which permits a close concentration of sigma points without the
potential for a negative covariance matrix. Other methods of sigma point selection
use different numbers of sigma points. The simplex sigma point scheme reduces
computational expense by using only s = n + 2! sigma points. Alternatively, an
improvement in accuracy can be obtained by matching higher-order moments
using s = 2n? 4 1 sigma points (Lerner, 2002). A common element of all these
sigma point selection schemes is that the number of sigma points increases with
the dimension n of the variable undergoing the non-linear transformation.

2.4.2 The unscented Kalman filter algorithm

The UT can be used as the basis of a non-linear filtering approximation which has
the same form as the EKF but is derived in a quite different manner. We assume
A2 and A3.

The posterior PDF of x; can be written using Bayes’ rule as

pxely") = pxe, yily* D/ pyly* . (2.38)
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The UKF approximates the joint density of the state x; and measurement yj
conditional on the measurement history y*~! is approximated by a Gaussian

density,
k-1 X || Rjk—1 Prik—1 ‘I’k])
Xk, =N N , . 2.39
PO iy ([Yk] [mk—l] [ Ve S &

This implies that

PV ™Y = N(yi; Frk—1, Si)- (2.40)

In general, the moments appearing in (2.39) and (2.40) cannot be computed exactly
and so must be approximated. The UT is used for this purpose.

Predicted state statistics

The predicted mean and covariance matrix of x; are moments of the transformation

X = f(Xp_1) + Vg, (2.41)

where the statistics of x;_ given yk_1

and covariance matrix can be written as

are available by A3. The predicted mean

Exely* ™) = Ef(xx—1) + vy = EEx_) [y ), (2.42)
cov(xx[y¥ 1) = cov(f(xi_1) + vily¥ 1) = cov(f(xi_ 1)y 1) + cov(vp).

(2.43)

Approximations to the predicted mean and covariance matrix are to be obtained
using the UT. As described in Section 2.4.1, sigma points Xkl_l, o, &7, and
weights w!, ..., w® are selected to match the mean and covariance matrix of
p(xk_1|yk_1). With X,ﬁ = f(X,f_l), i=1,...,s, the UT approximations to the
predicted mean and covariance matrix are

)
R = _w' A, (2.44)
i—1
)
Pri—1 = Qx + Z w' (X — K1) (X — Zee—1) T (2.45)

i=1

Predicted measurement statistics

The predicted statistics for the measurement y; are moments of the transformation

Yk = h(xp) + wi, (2.46)
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1

where the statistics of x; given y*~! are available from the prediction step. We

have
E(yely*™") = Exoly* ™), (2.47)
cov(yxly* ") = cov(h(xx)ly* ") + cov(wp), (2.48)
cov(xe, yely“ ") = covixi, h(xp)ly* ™). (2.49)
Let Xkl, R st and w!, ..., w® denote the sigma points and weights, respec-
tively, selected to match the predicted mean and covariance matrix. The trans-
formed sigma points are y,i = h(.?\,’,f), i =1,...,s.The UT approximations to the
moments (2.47)—(2.49) are
S . .
Yik—1 = Z w' Yy, (2.50)
i=1
s .
St =Ry + Z w' O = Fup—1) Vi — Fupe—1) 7 (2.51)
i=1
S . .
W= w' (X = K-V — - (2.52)

i=l

Under the Gaussian approximation, the moment approximations (2.44), (2.45)
and (2.50)—(2.52) provide a complete description of an approximate predicted joint
distribution of the state and measurement. It remains to substitute (2.39) and (2.40)
into (2.38) and re-arrange the resulting equation. The necessary manipulations are
well known and can be found, for instance, in Example 3.2 of Anderson and Moore
(1979). The resulting expression for the posterior PDF is

PXelY®) = N (xi; Xepe, Pege) (2.53)

where
Xk = Xkjk—1 + ‘I’kSk_l(Yk — Vklk—1), (2.54)
Pk = Pr—t — WS, W7 (2.55)

A summary of the UKF is given by Algorithm 3. As with the EKF, the UKF
is strongly reminiscent of the KF with the main difference being the dependence
of the posterior covariance matrix on the observed measurements. In the UKF this
arises because the sigma points used in the moment approximations are deter-
mined based on state estimates which are measurement-dependent. The UKF is
of the same order of computational expense as the EKF but generally performs
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Algorithm 3 Unscented Kalman filter

1: Determine sigma points Xkl_l, ..., &, and weights w!, ..., w® to match a
mean X _x— and covariance matrix Pg_x—1.
2: Compute the transformed sigma points X} = f(X;_,),i =1,...,s.

3: Compute the predicted state statistics:

N
Xijk—1 = Z w' AL,
i—1

N
Pii—1 = Qr + Z w (A — K1) (X} — Kepe—1) T
i—1

4: Determine sigma points X}, . . ., X} and weights w!, ..., w® to match mean
Xi|k—1 and covariance matrix Py x_1.
5: Compute the transformed sigma points y,i = h(X,f), i=1,...,s.
6: Compute the predicted measurement statistics:
S
Yik—1 = Z w' Vi,

i=l

Sk =Ry + Z w' V= Sep—1) Yk — Jupe-7,

i=l
S
S A T
v = Z w' (X — Xge—1) Yy — Frjk—1)" -
i=1
7: Compute the posterior mean and covariance matrix:
~ ~ —1 ~
Xik = Xklk—1 + WS, (Y — Ykjk—1),

Prje = Prje—1 — \I’kSk_I‘I’Z.

much better. This can be attributed to increased accuracy of the moment approx-
imations in the UKF. In fact, the UKF achieves the same level of accuracy as the
second-order EKF (Jazwinski, 1970), which requires the derivation of Jacobian
and Hessian matrices.

Before concluding, we note that the assumption of additive noise in the dynamic
and measurement equations has been made only for the sake of convenience.
The UT is equally applicable for non-additive noise. For instance, if the dynamic
equation is Xx = g(Xx—1, V), then the quantity undergoing a non-linear trans-
formation is the augmented variable z; = [x[_ 1 VZ]T, which has the statistics
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Ezly* ") = [X{_ ;> 07 |17 and cov(z|y*~!) = diag(Ps—1j—1, Qx). The UT
can be applied to the random variable z; transformed through the function g to
approximate the predicted state statistics. Since z is of dimension n, + n, a larger
number of sigma points will be required than for the case where the dynamic noise
is additive. Similar comments hold for a measurement equation which is non-linear
in the measurement noise.

2.5 The point mass filter

In cases where exact Bayesian solution is unavailable the EKF and UKF make
the approximations necessary to arrive at closed-form expressions for the posterior
PDF. In this sense the EKF and UKF may be thought of as analytic approximations
to the optimal Bayesian filter. Although the EKF and UKF are computationally
efficient their accuracy is limited by the validity of the approximations required
for analyticity. If sufficient computational resources are available increased accu-
racy can be obtained by attempting a numerical approximation to the posterior
PDEF. One such approximation is the point mass filter (PMF) in which a discrete
approximation to the posterior PDF is computed. None of the assumptions A1-A3
are required in the PMF.

Attime k — 1 aregion of the state space is partitioned into n equi-volume hyper-
cubes. Let Xfc_l denote the centre of the ith cube fori = 1, ..., n. Each hyper-cube
is associated with a weight w;c—llk—l’ i =1,...,nsuch that Zle w;'c—1|k—1 =1.
The collection of hyper-cubes and weights form a discrete approximation to the
posterior PDF at time k — 1,

PkalY T A ) w81 — X ). (2.56)
i=1

Loosely speaking, w]i_ll el p(x;c_1 |¥xk—1). A similar finite-dimensional
approximation to the posterior PDF at time & is sought.

2.5.1 Transition and prediction densities

Assume that the object dynamics are subject to additive noise so that
X = f(Xg—1) + Vi, (2.57)

and the transition density is p(Xk|Xk—1) = pv, (Xx — f(xx—1)). The prediction den-
sity can be found by substituting the transition density into the CKE (2.4),

pOxelyt ™) = / ok — ) Pt ¥ D dxenr. (258)
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Substituting the PMF approximation (2.56) to p(xx—1|y*~!) into (2.58) gives

n
pxly* ™1 ~ / Py Xk — f(xx-1)) Zwllc_”k_ﬁ(xkfl — X _ ) dXp—1

i=I

n
=Y Wiy Pv x — EXE_))).

i=l

A finite-dimensional representation of the prediction density is obtained by parti-
tioning a region of the state space into n hyper-cubes of equal volume. It is not
necessary to use the same number of points at each time although this will be done
here for notational convenience. Let x}; denote the centre of the ith hyper-cube for

i =1,...,n. Then, the PMF approximation to the prediction density is
n
poly™) ~ Y wh 80 — x)). (2.59)
i=1
where, fori =1,...,n,
n
wliclk—l = Z wl{—1|k—1pvk (X;{ - f(Xi—l))- (2.60)
j=1

2.5.2 The likelihood function and normalization factor

Assume that the measurement noise is additive so that
Yi = h(xg) + wg, (2.61)

and the likelhiood of x; is p(yx|Xx) = pw, (¥x — h(x¢)). The normalizing factor
p(yxly*™1) can be expanded as

pykly*™) = f Pwe Yk — h(x0)) pxely* 1) dx. (2.62)

Substituting (2.59) into (2.62) gives the PMF approximation to the normalizing
factor,

n
plyly™h ~ / Pwe(¥k —hx0)) Y whye 8k — x1) dxi
i=1

= Z wlic\k— L Pwe (e — h(x)). (2.63)

i=1
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2.5.3 Conditional density

The PMF approximation to the posterior PDF at time k can be found by substitut-
ing (2.59), (2.63) and the likelihood into (2.9),

n
Pwe ¥k —h(x0)) Y~ w1 8(xk — x)
i=1

pOxily") ~ -
Z Wi je—1Pw Yk — h(xp)

i=1
n
= wh (X — x}), (2.64)
i=1
where

n
Wik = W1 Pwi & — W) / Y wl i pw Gk —h&x)) . (265
j=1
Thus the weights used in the posterior PDF approximation are obtained by mul-
tiplying the weights of the prediciton PDF by the likelihood of the corresponding
state value and then normalizing. This is a quantitative illustration of correction
using the current measurement. A point estimate of the state can be easily obtained
as

n
R = /ka(xk|yk)dxk A WXt (2.66)
i=1

2.5.4 The point mass filter equations

A recursion of the PMF, beginning with the posterior PDF approximation (2.56) at
time k — 1, is given by Algorithm 4. An issue of some importance which will not
be examined here is the selection of the grid points over which the posterior PDF is
approximated. The grid of points must be selected so that all regions of interest are
included and regions which are not of interest are excluded. The difficulty is that
the grid must be selected without knowing precisely which regions are of interest.
One way of addressing this issue is to use prior statistics to predict the region of
interest (Bucy and Senne, 1971). An adaptive way to choose grid positions using
Chebychev’s inequality theorem was explored in the recursive Bayesian context in
Challa (1998).

The main argument against the PMF is computational complexity. There are
two aspects of the algorithm which contribute to this. First, straightforward com-
putation of the prediction PDF weights via step 2 of Algorithm 4 requires n? oper-
ations. This computational burden can be reduced using the method of ellipsoid
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Algorithm 4 Point mass filter

1: Select grid points X}C, .
2: Compute the weights for prediction density, fori =1, ..., n:

n
i _ J i J
Wiig—1 = Z Wi 11 Pvi X — £(x;_ ).
j=1

3: Compute the weights for posterior PDF, fori =1, ..., n:
n . .
Why = whye_y Pwe (Y — (X)) / > Wi Pw 3k —h()) -
j=I
4: Compute a state estimate:

n
Rppk = Z Wh Xk

i=1

mode tracking (Bucy and Senne, 1971), which still results in O (n?) computations,
or by using the fast Fourier transform (Kramer and Sorenson, 1988), which results
in O (nlog(n)) operations. The second problem is that the relative approximation
error is O(n~!/"r) so that the number of grid points required for a certain level of
accuracy increases exponentially with the dimension of the state. Accurate approx-
imation with reasonable computational expense becomes impossible even for mod-
erate state dimensions. This is usually referred to as the curse of dimensionality.

2.6 The particle filter

Like the PMF, particle filters (PFs) seek a discrete approximation to the poste-
rior PDE. However in a PF the discrete support is chosen stochastically rather
than deterministically. This is advantageous in several ways. Implementation is
much simpler since it is no longer necessary to devise rules for determining the
grid points. The sampling procedure will automatically move sample points to
the region of the state space of interest. Computational complexity is decreased
because the error convergence rate is independent of the dimension of the state.
PFs are most commonly formulated as sequential importance sampling (SIS)
methods. SIS involves drawing samples from an importance density such that
samples of the trajectory Xq. are obtained by appending samples for time k
to samples from the trajectory up to time k — 1. Usually it is not necessary to
retain the whole state trajectory since sampling at the current time will often
depend only on the sample at the previous time. Given samples x,l(_1 ..., X;_; and
weights w,i_l, ..., w;_, which represent the posterior PDF at time k — 1, weights
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Algorithm 5 Basic particle filter

l: fori =1,...,ndo

2:  Draw samples (x}'{, ) ~ q.

3:  Compute the weight update factor:

Pk IXks Yik—1) Pk IX,_ 1, Yik—1)
q(x;, 1) '

r_
€ =

4: end for
5: Compute the updated weights:

and samples representing the posterior PDF at time k are produced as shown in
Algorithm 5.

The design of a PF for a particular tracking problem involves selection and
derivation of the importance density g. To achieve good performance with a rea-
sonable sample size the importance density ¢ must be selected appropriately. Sev-
eral different versions of the importance density g for the problem of single-object
tracking will be considered in this section. It will be assumed throughout that the
dynamic and measurement equations include additive noise:

xp = f(xXg—1) + vg, (2.67)
Y& = h(X¢) + wi. (2.68)

2.6.1 The particle filter for single-object tracking
The importance density for the bootstrap filter (BF) can be found as

q(xk, 1) = wi_; py, (e — £(x;_)). (2.69)

The use of the importance density (2.69) is summarized in Algorithm 6. The advan-
tages of the BF are simplicity of implementation and generality of application. The
BF can be applied to any system from which the transition density can be sampled
and the likelihood can be computed. The main deficiency of the BF is that samples
of the mixture index and object state are drawn without considering the current
measurement. The current measurement is used only to assess the quality of the
samples. This is inefficient, in the sense that a large number of samples is required
for accurate approximation, especially if the measurements are precise compared
to the object dynamics.
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Algorithm 6 Bootstrap filter for single-object tracking

cfori=1,...,ndo

Draw a mixture index ' such that Pr(¢/ =1) = w,l(_l.

Draw v}; ~ py, and compute the sample object state xfc =f (X,’;_l) + v;;.

: end for
: Compute the updated weights:

1
2
3
4:  Compute the weight update e}; = pw, Yk — h(x};)).
5
6
n . .
w,’;:w};_le}; Zw,{_leé, i=1,...,n.
j=1

7: Compute a state estimate:

n
R = ) wix;.
i=1

2.6.2 The OID-PF for single-object tracking
The optimal importance density (OID) is

q(X/ﬁt) = l//]l; p(xk|x;¢_17ylik)v (270)
where
n . .
Vi = wi_ POYKIX_y, Yie—1) /Z wi_ PYkIX_1 Yik—1) - (2.71)
i=1
The sampling density for the object state can be expanded, using Bayes’ rule, as

P(YkIXk, Y1:k—1) P Xk [Xk—1, Y1:k—1)
P(Yi|Xk—1, Y1:k—1)
Pwi (Y& — h(Xp)) pv, (X — £(xx—1))

/pwk (yx —h(&) pv, 6k — f(Xk—1)) dé

D (X |Xk—1, ¥Y1:%) =

No analytical solution exists for the OID in general. It is necessary to assume A2,
i.e., the process and measurement noises are Gaussian, and that the measurement
equation is linear in the object state, i.e., h(xz) = Hx,. Then, the OID can be
written as

Ny Hixg, RN (x5 £ (x1—1), Qi)
q Xk |yk, Xk—1) =
[ ¥ Hg RN G exi). Q0

(2.72)
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By Theorem 2.1,
N (yi; Hxp, Ri)N (Xi; £(xk—1), Qk) = N (Yi; Vi, SN (Xic; i, L), (2.73)

where

e = HE(X¢—1),

Sk = HQ:H" + Ry,

i = f(xx—1) + Ke(yx — ¥),

Yr = Qr — Ky HQx,

with K = QkHTSk_]. Substituting (2.73) into (2.72) gives
PXk|Yk, Xk—1) = N (X e, Zi)- (2.74)

The weights use the normalizing factor in (2.72), which can be found using (2.73)
as

p(YilXk—1) = f N (yk; Hxg, Ri)N (xi; £(xk—1), Qi) dXi = N (i Yk, Si)-
(2.75)
A recursion of the OID-PF for single-object tracking is given by Algorithm 7.
The sampling density for the object state is the same as that given by the Kalman
filter with perfect information at the previous time. For a given sample size, the
OID-PF provides a more accurate approximation than the BF. Intutitively, this
is because it uses the current measurement in the sampling of mixture indices
and object states. However, the conditions required for derivation of the sampling
densities, Gaussian process and measurement noises and a linear measurement
equation are too strict for many object tracking applications. The principle of
measurement-directed sampling can still be employed through the use of auxil-
iary PFs (APFs).

2.6.3 Auxiliary bootstrap filter for single-object tracking
The auxiliary bootstrap filter (ABF) uses the importance density

q(Xp, 1) = & py, (xx — £(x}._)), (2.76)
where
& = wi_ pw ik —h(up) /> Wiy Pw,y (k=B () (2.77)
s=1

with ), = f(x_,) + v}, Vi ~ py,. A recursion of the ABF is given by Algorithm
8. The ABF has the same generality as the BF but will perform better for a given
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Algorithm 7 Optimal importance density particle filter for single-object tracking
1: Compute: Sy = HQH” + Ry, Ky = QH”S; ' and Xy = Qi — K(HQy.
2: fori=1,...,ndo

Compute:

98]

yi = HE(x, ),
ph = £t ) + Ke(ye — ¥)).

e

Compute the first-stage weight update a,i = N(¥; y,f, Sk).
end for
6: Compute the first-stage weights:

W

n
wi:wf{_la,’C Zw,i_la,i, t=1,...,n.
i=1

fori=1,...,ndo
Draw a mixture index ¢’ such that Pr(t’ = 1) = Wli.

° o

Draw the sample object state X;( ~ N (/LZ, 0.
10: end for

11: Compute the weights w,i =1/n,i=1,...,n.
12: Compute a state estimate:

n

S § : i ol

Xk|k = WX .
i=l

sample size as it takes into account the current measurement when drawing mixture
indices. This provides a reasonable compromise between generality and ease of
implementation on the one hand and approximation accuracy on the other.

2.6.4 Extended Kalman auxiliary particle filter
Jor single-object tracking

A major disadvantage of the OID-PF is that it cannot be used when the mea-
surement equation is non-linear in the object state. The extended Kalman APF
(EK-APF) removes the need for linearity by adopting a linearized approximation
to the measurement equation. Gaussian assumptions on the process and measure-
ment noises are retained. The importance density is

q(Xk, 1) = & PXkIX}_1, Y10), (2.78)
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Algorithm 8 Auxiliary bootstrap filter for single-object tracking

l: fori =1,...,ndo

2:  Draw ?}; ~ py, and compute [L;( = f(X;.{_.l) + Vf{. .
3:  Compute the first-stage weight update a; = pw, (yx —h(p})).
4: end for

5: Compute the first-stage weights:

n
S,ﬁ = w,’(_la,t(/Zw,’;_la,i , t=1,...,n.
i=1

fori=1,...,ndo
Draw a mixture index #* such that Pr(t' =1) = S,f.
Draw V;( ~ py, and compute the sample object state xf{ ~ f(x,’;_l) + V;;.
Compute the un-normalized weight:

L X D

_; Pw(k —h(xb)
wk = l‘i .
Pw (Y& —h(p))

10: end for
11: Normalize the weights:

n
wr, = ~,’(/th£, i=1,...,n.
j=1

12: Compute a state estimate:

n
5 § : .
Xklk = WX -
i=1

where

n
& = Wi POKIX,_ 1, Yik—1) / Y ow PVl yix-) . (279)

i=1
The sampling density and update factor for the first-stage weights are

Pw (Y —h(E(xr—1)) — H(xp — £(xx—1))) pv, Xk — £(Xx—1))
P(YilXk—1, Y1:k—1)

DX [Xk—1,¥1:4) =

’

(2.80)
B FklXt, Fisemt) = / P ¥k — hE(x_1))

— HE — fxk—1)) py, &k — f (k1)) d&k, (2.81)
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Algorithm 9 Extended Kalman auxiliary particle filter for single-object
tracking

1: fori =1,...,ndo
2:  Compute the Jacobian H}( = V,r h(X)|x:f(x;'€ hE

3:  Compute:
X;clkfl = f(X;(i]), )’/i = h(X;'dkfl)’

Si = HpQu(H))" + Ry, K = Qe(H (Sp~",

we =) +Kee = %), B = Qe — KiHQre
4:  Compute the first-stage weight update a,i = N(¥x; y,f, Sf().
5: end for
6: Compute the first-stage weights:

n . .
1ﬁ,£=w,i_1a,tC Zw,’(_la,’c, t=1,...,n.
i=1
fori=1,...,ndo

Draw a mixture index ¢’ such that Pr(s/ = 1) = wli.

Y A

Draw the sample object state x; ~ N ([th:, X ,’Ci).
10:  Compute the un-normalized weight:

i Pw (yk — h(x}))

Wy = i i, i :
pwk(Yk - )’]é - H]tc (X;{ - Xilk—l))

11: end for
12: Normalize the weights:

n
w,’czﬂ),’(/zwé, i=1,...,n.
j=1

13: Compute a state estimate:

n
)A(k|k = Z w,’cxz.
i=1

where H = V rh(x)|x=f(x,_,). The quantities (2.80) and (2.81) can be derived as
for the OID-PF to give the procedure of Algorithm 9. The weight calculation for
the EK-APF, in step 10, is interesting. It is here that the linearization used in the
sampling procedure is accounted for. It is computationally expensive to linearize
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about each predicted sample X;;I «_1- An alternative is to linearize about the mean
predicted sample. This is much less computationally expensive because the same
innovation covariance matrix, gain matrix and posterior covariance matrix is then
used for all samples. Although the EK-APF does not have the generality of the
ABF, since Gaussian process and measurement noises are assumed, it does not
require the restrictive assumption of a linear measurement equation.

It should be noted that all of the PFs described in this section are capable of
optimal performance as the sample size n — 00. Performance differences between
the various algorithms arise when they are used for finite sample sizes.

2.7 Performance bounds

We have seen that the optimal Bayesian filter can be realized only under restrictive
conditions, for example, if the dynamic and measurement equations are linear and
Gaussian. In many cases of practical interest these conditions are not met and it
is necessary to resort to a sub-optimal approximation. A useful way of assessing
these sub-optimal estimators is to compare their performance with the best possible
performance in some sense. Indicators of best possible performance, referred to as
performance bounds, usually take the form of a lower bound on the mean square
error (MSE). Examples of performance bounds include the Cramér—Rao bound
(CRB), Barankin bound (BB) and Weiss—Weinstein bound (WWB). Here we will
focus on the CRB due to the ease with which it can be computed. Other bounds are
often tighter than the CRB and can be computed under less restrictive conditions
but are considerably more difficult to compute.

The CRB places a lower bound on the variance of any unbiased estimator of
a determinstic parameter. Specifically, consider a determinstic vector parameter
0=10q,..., Gq]T and a collection of measurements y = [y1, ..., y,,]T dependent
upon #. Then, the covariance of any estimator é(y) satisfying E[é(y)] = 0 satisfies

cov@(y) = I, (2.82)
where J is the Fisher information matrix,
J = —E[VyV; log p(y|0)], (2.83)

with Vg = [0/064, ...,0/ 89q]T. Equation (2.82) holds provided that the deriva-
tives and expectations in (2.83) exist.

Since the CRB applies to deterministic parameters it cannot be directly applied
to the filtering problem where we are interested in estimating random parameters.
A counterpart to the CRB for use with random parameters, known as the poste-
rior CRB (PCRB), was formulated in Van Trees (1968). The PCRB is defined as
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follows. Consider a random vector parameter § = [0, ..., Qq]T and observations
y=D0D1,..., yn]T. The mean square error of the estimator é(y) satisfies
mse(@(y)) = E[0(y) — 018(y) — 01" =T, (2.84)
where
J = —E[VyVy log p(y, 0)]. (2.85)

Note that the expectation in (2.85) is taken over both the measurements y and the
parameter #. In addition to requiring that the derivatives and expectations in (2.85)

exist, (2.84) requires that, fori =1, ..., ¢,
lim b(@)p@) =0, lim b@)p@) =0, (2.86)
0; —>o0 6; —>—00

where b(#) is the conditional bias,

b(6) f [6(y) — 61p(¥10) dy.

The conditions (2.86) may be viewed as analogous to the unbiased condition in the
CRB for deterministic parameters.

To obtain a bound for the filtering problem at time k& we consider a vector param-
eter composed of object states up to the current time, § = xk = [xg e, XkT]T, and
the observation history y = y* = [le, e ykT]T. Note that, although at present
we are interested only in bounding the MSE of estimators of X, it is neces-
sary to include all past states in the vector parameter. Let J; (@) be such that
mse(é(yk)) > Ju(0)7 L, ie., the inverse of J;(8) lower bounds the MSE of esti-
mators of 6 based on observations up to time k. According to this notation we

wish to compute Ji(xz) fork =1,2,....For§ = x¥, we have
A, B
kN k k
where

Ay = —E[VXIHV)gH log p(yk, xk)],

B; = —E[Vy-1 V) log p(y*, x")],

Cr = —E[VXkVXTk log p(yk, xk)].
The desired quantity can then be found as

Ji(xx) = Cx — B A, 'By. (2.88)
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Note that direct implementation of (2.88) as a method of computing the filtering
bound requires inversion of a n,(k — 1) x ny(k — 1) matrix at time k for a state
of dimension n,. This operation will become computationally expensive for even
a modest amount of data. A better approach is to exploit the particular form of
the joint density to obtain a filtering bound which can be computed recursively.
This recursive method of computing the PCRB for the filtering problem was first
proposed by Tichavsky ef al. (1998) and has proved to be extremely useful.

To derive this recursion, the logarithm of the joint density is expanded as

k
log p(y*, x) =log p(x0) + ) _ [log p(yiIx,) +log p(xelx,—D)] . (2.89)

t=1

Recall that the transition density p(x;|X;—1) and likelihood p(y:|x;), required in
(2.89), are determined by the object dynamics (2.1) and the measurement equa-
tion (2.2). Using (2.89) it can be seen that J (x¥) has the form

[ Jo(x0) + Uy Vi 0 0

\A Wi+U, V, :
Ji(x") = 0 0|, (90

: Vi, Wii+Ue Vi

i 0 e 0 \ Wi
where, fort =1, ..., k,

U; = —E[Vx_, Vs _ log p(x¢|x—1)], (2.91)
V; = —E[Vx,_, V4 log p(x;[x:—1)]. (2.92)
W, = —E[Vx, V{ log p(x;[x,—1)] — E[Vx, V. log p(y:|x0)]. (2.93)

Equation (2.90) can be written in the form (2.87) with

Ay Bi_4 }
Ay = , 2.94
k [BI{—I Ci—1 + Ui ( )
0
B, = [Vk] , (2.95)
Cr, =W, (2.96)

Substituting (2.94)—(2.96) into (2.88) gives

Je(xk) = Wi = VI (Cmt + U — B A B ) 7'V
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Since Jp_1(x;—1) = Cr_1 — B[_lAk_ _llBk,l we obtain the recursive equation

Jexp) = Wy = VI 1 (1) + Ul g, (2.97)

fork =1, 2, .... Computation of the PCRB then amounts to computing the quanti-
ties in (2.91)—(2.93) and substituting into (2.97) for each time step. This procedure
is demonstrated in the following simple example.

Example 2.3: PCRB for linear/Gaussian systems
Assume that we have linear/Gaussian dynamic and measurement equations:

X = FiXe—1 + Vi,
Vi = Hixp + wy,

where COV(Vk, V[) = Qk5k—la COV(Vk, W[) =0 and COV(Wk, Wk) = Rksk—l- The
required quantities can be found as

U = —E[Vx,_IVXTH (xx — Fka—l)TQk_l(Xk — Fixe—1) ]

=F] Q;'Fy. (2.98)
Vi =-F/Q; ', (2.99)
Wi =H/ R 'H, + Q. (2.100)

Substituting (2.98)—(2.100) into (2.97) gives

Jexi) = H{R ' Hy + Q' — Q¢ 'l 1 (1) + Ff Q 'Fil T'FL Q"
(2.101)
It can be shown that the recursion (2.101) is the same as that obtained by the
Kalman filter for the inverse of the covariance matrix. Thus the PCRB and the
Kalman filter estimator covariance matrix are equal for a linear/Gaussian system.

An important aspect of computing the PCRB which does not arise in the linear/
Gaussian example is the evaluation of the expectations in (2.91)—(2.93). In most
cases these expectations cannot be computed in closed-form and it is necessary to
use an approximation. The most common approximation is Monte Carlo integra-
tion, which involves simulating a large number of object trajectories and replac-
ing integrals by summations. In later sections we will encounter examples which
require such an approach.

A limitation of the above PCRB recursion is that it applies only to the case
where the transition density is non-singular. In an additive noise dynamic model,
for example, this means that the noise covariance matrix must be non-singular.
This limitation is ovecome in the recursion proposed by Bergman (2001).
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Figure 2.2 Depiction of the example tracking scenario. The angle 6 is the azimuth
and ¢ is the elevation.

2.8 Illustrative example
Angle tracking

The behavior of the algorithms described in this chapter will now be illustrated
in a typical tracking scenario. In the scenario considered here an airborne sensor
observes a object moving along the ground. The sensor measures the azimuth and
elevation of the object as shown in Figure 2.2. The measurement equation is non-
linear and it will be necessary to approximate the optimal Bayesian solution. We
will consider the EKF, UKF and two PFs.

It is assumed that measurements are obtained at equi-spaced intervals of 7" sec-
onds. We need an equation which describes the object motion beween each of
these sampling instants. This requires the use of some prior knowledge regarding
the likely form of object motion. Here it is assumed that the object moves with a
velocity subject to small random perturbations. For this object model the object
state at time kT is Xx = [Xk, Xk, Yk, )')k]T where (xi, yr) is the object position in
Cartesian coordinates and the dot notation denotes differentiation with respect to
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time. The object dynamic equation, which models the object motion between times
(k—1)T and kT, is

X = FXg—1 + g,

where vy is a white Gaussian random process with covariance matrix Q and

F=12®[1 T],

0 1
T3/3 T?)2
QZIZ@"[T% T/]

The matrix I, is the m x m identity matrix and ® is the Kronecker product. The
parameter q is the process noise intensity and controls the size of the deviations of
the velocity in each direction.

Let (&, ¥k, ¢x) denote the position in Cartesian coordinates of the sensor at time
kT and x; = x; — & and yx = yx — ¥ denote the object position in the plane rel-
ative to the sensor position. The measurement equation describing the generation
of a measurement vector at time k7 is

atan (yx/X)
Yo = h(x) + Wi = [atan (s“k/pk)] W
where oy =, /)Z,f + )7,% and wy is a white Gaussian random process, independent
of v, with covariance matrix R.

Computation of the PCRB requires the matrices U, Vi and Wy of (2.91)-
(2.93). The matrices U and Vg, which depend only on the state transition equa-
tion, can be found as in the linear/Gaussian example. Thus Uy = FTQ~'F and
Vi = —FTQ~!. The matrix Wy, which depends on the non-linear measurement
equation, can be found as (Tichavsky et al., 1998)

W, = E[Hx) TR TH(x)] + QL (2.102)

where the expectation is over the object state x; and H(xy) = [Vxh(x)Tlx:Xk]T.
Evaluation of Wy requires the Jacobian H(xy), which can be found as

— 3/ P} 0 X/ pf 0}
H = _ _ . 2.103
X0 [—ém/[pk@iﬂfﬂ 0 —&i/lm(ol+c2) o] *10Y

Although the distribution of x; can be found using the state transition equation, the
expectation in (2.102) cannot be evaluated due to the form of the Jacobian (2.103).
We can instead resort to a Monte Carlo approximation. Let x}c, ...X; denote a
collection of samples from the distribution of the state vector at time k7. Then the
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Figure 2.3 Simulation scenario for performance analysis of single-object tracking
algorithms.

matrix Wy can be approximated as

n
Wi~ Q ' +1/n ZH(X;()TR_IH(X;().
i=1

The samples can be generated recursively by simulating the state transition equa—
tion, i.e., begin by drawmg samples from the prior distribution, XO ~ g fori =
1, ,n. Then draw X1 = Fox0 + WO, i=1,...,n at time T, x2 = Fox1 + W],
i = 1, ...,n at time 27 and so on. The Varlables wk are independent Gaussian
random variables with covariance matrix Q.

The performances of several filtering approximations will be examined. Two
PF implementations, the BF and the ABF, will be considered in addition to the
EKF and the UKF. The PFs are implemented with 10000 particles. The par-
ticular scenario used in the numerical simulations is shown in Figure 2.3. The
object trajectory is the solid line with a cross indicating the object position at time
t1. The dashed line is the sensor trajectory with a circle indicating the starting
point. The turns executed by the sensor are coordinated turns in which the sen-
sor speed remains constant. The process noise intensity is ¢ = 1/200. The ini-
tial object state is distributed as N (xg, Pg) where xg = [350, 0, 0, 6]7 and Py =
diag(225, 25, 225, 25). The object is observed for 150 s with measurements taken
at equi-spaced intervals of T = 3s. The measurement noise covariance matrix is
R = «2I,, where the standard deviation x will be varied to examine the effect of
measurement accuracy.
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Table 2.1 Time-averaged RMS errors for single,
non-maneuvering object tracking.

Measurement noise
standard deviation (°) EKF UKF BF ABF PCRB

0.2 76 1.7 7.8 1.7 5.0
0.5 10.7 107 22,6 10.8 7.3
1 33.6 149 256 155 104
3 112.1 527 335 285 187

Algorithm performance is measured by the time-averaged RMS error. This is
approximated by averaging over 1000 realizations of the state trajectories and
measurements generated according to the model described above. Results are
shown in Table 2.1 for measurement noise standard deviations of 0.2, 0.5, 1 and
3 degrees. The analytic approximations perform well when the measurements are
precise but are poor even for moderate amounts of measurement noise. Of the
analytic approximations, the UKF significantly outperforms the EKF. This can be
attributed to the increased accuracy of the UT moment approximations compared
to linearized moment approximations. As expected the PFs are capable of per-
forming better than the analytic approximations although they do not approach
the PCRB for the sample sizes used here. The importance of PF design is clearly
evident. The BF, which blindly samples both particle indices and object states, pro-
duces divergent estimates even with a relatively large sample size of 10 000. The
ABF, which is only a slight modification of the BF to enable measurement-directed
sampling of particle indices, is far superior. The relatively poor performance of the
ABF compared to the UKF and EKF for x = 0.2 degrees is due to the fact that,
when the measurements become precise, blind sampling of the object state will
result in an insufficient number of samples being drawn in the desired part of the
state space. This can be remedied by measurement-directed sampling of the state,
as in the EK-APF (Algorithm 9).

2.9 Summary

The problem considered in this chapter is that of tracking a single, non-
maneuvering object. Even for this, the simplest of all object tracking problems,
the optimal Bayesian solution is available only under restrictive conditions. In
most cases of practical interest these conditions are not met thus approxima-
tions are required. The various approximations which have been proposed can be
broadly categorized into analytic approximations and numerical approximations.
Analytic approximations are computationally efficient but are limited as to how
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accurately they can approach optimality. Techniques belonging to this class include
the EKF and the UKF. Numerical approximations are relatively computationally
expensive but are capable of nearly optimal performance given sufficient compu-
tational resources. The PMF and PFs are examples of numerical approximations.

No attempt has been made here to study all aspects of the single, non-
maneuvering object tracking problem. Interesting topics which have not been cov-
ered include various filtering approximations, such as variational Bayes approxi-
mations and methods which approximate the posterior PDF by a mixture (Alspach
and Sorenson, 1971; Ito and Xiong, 2000), generalized edge worth series and
Gauss hermite quadrature (Challa, 2000) and the development of exact finite-
dimensional non-linear filters (Daum, 1986). These areas of study have been
omitted to focus on the most popular filtering approximations and show how
they can be derived as approximations to the optimal Bayesian solution. In the
context of object tracking, the main interest in these algorithms is that they
form the basis of algorithms designed for more complicated problems involv-
ing maneuvers, clutter and multiple targets. These problems are considered in the
next chapters.



3

Maneuvering object tracking

Maneuvering objects are those objects whose dynamical behavior changes over
time. An object that suddenly turns or accelerates displays a maneuvering behavior
with regard to its tracked position. While the definition of a maneuvering object
extends beyond the tracking of position and speed, historically it is in this context
that maneuvering object tracking theory developed. This chapter presents a unified
derivation of some of the most common maneuvering object tracking algorithms
in the Chapman—Kolmogorov—Bayesian framework.

3.1 Modeling for maneuvering object tracking

In general, maneuvering object tracking refers to the problem of state estimation
where the system model undergoes abrupt changes. The standard Kalman filter
with a single motion model is limited in performance for such problems because
it does not effectively respond to the changes in the dynamics as the object
maneuvers. A large number of approaches to the maneuvering object tracking
problem have been developed including process noise adaptation (Singer et al.,
1974; Moose, 1975; Gholson and Moose, 1977; Ricker and Williams, 1978;
Moose et al., 1979; Farina and Studer, 1985), input estimation (Chan et al., 1979),
variable dimension filtering (Bar-Shalom and Birmiwal, 1982) and multiple
models (MM) (Ackerson and Fu, 1970; Mori et al., 1986; Blom and Bar-Shalom,
1988; Bar-Shalom and Li, 1993), etc. These apparently diverse approaches may
be grouped into two broad categories:

1. single model with state augmentation;
2. multiple models with Markovian jumps.

The first category requires maneuver detection and compensation procedures and
generally attempts to reduce the filter bias that arises due to a change in the object
maneuver mode. In process noise adaptation approaches, object maneuvering is

62
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treated as an additional system process noise and the filter switches to an appro-
priate noise level upon maneuver detection. However, the improvement is limited
since the object maneuver process, in general, is not noise. Input estimation and
variable dimension filtering are based on the assumption that the object acceler-
ation is constant or slowly varying. Therefore, if the object acceleration changes
rapidly, these approaches do not give satisfactory tracking performance.

The second category is based on a stochastic hybrid system with multiple
models for the object. Multiple model (MM) estimation assumes that the object
dynamic mode at any time matches one of a finite set of predetermined mod-
els (modes) and the real object maneuver mode can jump randomly from one
to another. If knowledge of the object motion pattern is known and can be
described by a small number of models, the MM approach yields good track-
ing performance when compared to variable dimension filtering and input esti-
mation approaches (Farooq et al., 1992). Implementable MM algorithms include
the generalized pseudo-Bayesian (GPB) algorithm (Ackerson and Fu, 1970; Jaf-
fer and Gupta, 1971) and the interacting multiple model (IMM) algorithm (Blom
and Bar-Shalom, 1988; Blair e al., 1991; Munir and Atherton, 1994). Many mod-
ified or extended versions can be found in the literature, such as the interacting
multiple bias model algorithm (Blair and Watson, 1992), the second-order IMM
algorithm (Blair et al., 1993), etc. Among MM algorithms, the IMM algorithm
is one of the most computationally efficient approaches (Blom and Bar-Shalom,
1988; Bar-Shalom and Li, 1993; Bar-Shalom et al., 2005). Many researchers have
successfully applied the IMM algorithm to various maneuvering object tracking
applications (Tugnait, 1982; Blom and Bar-Shalom, 1988; Farooq et al., 1992;
Bar-Shalom and Li, 1993).

A limitation of all MM algorithms is the fact that they have a fixed structure,
i.e., they use a fixed number of models. If the dynamic behavior of the underlying
object can be approximated by a small set of models, any MM estimator can pro-
vide reasonable tracking performance. In addition, the MM approach assumes that
one of the set of models matches the system true mode which is in effect at any
given instant. But in reality, knowledge of such a model set is rarely known. Con-
sequently, modeling the possible maneuvering object patterns such that the true
mode is always contained in the models chosen may result in a very large model
set. As pointed out in Li and Bar-Shalom (1996), apart from an increase in com-
putational load, the inclusion of more models in the model set does not necessarily
improve the tracking performance and to the contrary has the potential to degrade
the performance. An attractive approach to overcome this problem is the variable
structure multiple model (VSMM) algorithm.

The VSMM approach was first considered in Li and Bar-Shalom (1992) and
the fundamental framework was laid down in Li (1994) and Li and Bar-Shalom
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(1996). VSMM is an extension of MM estimation and appears to be more general
in the sense that it includes the standard fixed structure MM (FSMM) approach
as a special case. The main model set adaptation schemes are based on digraph
switching (DS), adaptive grids (AD) or recursive adaptive model sets (RAMS) (Li
and Bar-Shalom, 1992; Li, 2000). Ideally, VSMM should operate with as small
a model set as possible at any particular time to limit computation while achiev-
ing the accuracy of a large model set. Existing algorithms include the model-group
switching (MSG) algorithm (Li ef al., 1999), the likely model set algorithm (LMS)
(Li and Zhang, 2000) and the minimum sub-model set switching (MSMSS) algo-
rithm (Wang et al., 2003). The MSMSS algorithm is based on the observation
that the dynamics (acceleration) of a maneuvering object is a continuous (vector-
valued) variable and represents a particular point in the model space at any time.
Hence, only a small number of models that cover that point at a given time are
necessary candidates for the current “model set.”

3.1.1 Single model via state augmentation

When object acceleration is included as a component of the state vector in linear
object models, the resulting state space model is usually called the constant accel-
eration (CA) model, otherwise it is known as the constant velocity (CV) model
(Bar-Shalom and Fortmann, 1988; Bar-Shalom and Li, 1993). In other words, the
state vector of the CV model is denoted as

x = [position, velocity]’,
and the state vector of the CA model is denoted as
x = [position, velocity, acceleration] = [x, u]’,

where u stands for the object acceleration (vector). The recursion for the condi-
tional probability density function of the state is

1 _ _
POelY’) = = pyelxe, ¥~ HpCxely ™)
1 _
= pexo [ posso Py Ddxen G
where y* = (y1,y2, ..., yx) is the set of measurements up to time k. The first term

of (3.1) is the likelihood function, ¢ is a normalization constant and the integra-
tion term in (3.1) is the well-known Chapman—Kolmogrov equation. The recur-
sion shows that this conditional pdf is completely determined by the likelihood
function p(yx|xx), the transition density p(xx|xx—1) and the prior (past history of
the conditional pdf) summarized by the term p(x;_ |yk —1). Under linear Gaussian
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assumptions, all these terms are Gaussian and equation (3.1) results in the standard
Kalman filter.

3.1.2 Multiple-model-based approaches

Equation (3.1) can also be written as
P Xk, uely®)
1
= ;P(Yklxk, u) / / P (X, Wk [Xk—1, U 1) p (X1, We—1 [y Hdxe—1dug_y,
X Jug
(3.2)

by replacing (xz) by (Xx, ug), i.e., writing (Xz) as the augmentation of x; and uy. It
turns out that by discretizing u; and focusing only on a few parts of its state space,
one can show that it results in the standard MM approach.

In the MM approach, the object acceleration uy is assumed to belong to a dis-
crete model set, i.e., ux € {s1, 52, ..., sy} and the transition within this set of mod-
els is governed by a Markov chain. Thus, (3.2) can be rewritten as

POk, wily) = pOxi e = iy Vi=1,2,...,N. (3.3)
Applying Bayes’ theorem to each of p(xt, uy = s;|y*), we have
Pk, we = sily")

1
= EP(YHXk’ u; = ;) X:SP(Xk, W = 5;[Xk—1, Wg—1 = §)
S;€

k—1
X p(Xp—1, 01 = s;|y" " )dXp_

= f D pOulxio wy = s,)plug = silug_y = 3)

SjES
X p(X—1, W1 = 5; |y Hdxe1, (34)
fori =1,2,..., N, where the integration is over both the position and velocity

spaces while the summation is over the discrete (mode) set S; p(ug = s;j|ug—1 =
s;) is the (i, j)th entries of the mode transition probability matrix, which is usu-
ally assumed to be independent of the system state x. This is in contrast to the
integral in (3.2) when u; was assumed continuous. The following observations
can be made:

¢ Equation (3.4) is the optimal solution for recursively determining the conditional
PDF of the hybrid state in MM estimation.
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¢ In view of the fact that the overall conditional pdf of the base state is given by

poly) =D plxi, wx = sily")

s;ieS

= > pxilug = 5i. ¥ P(wi = si1y"). (3.5)

SiGS

the conditional pdf of the base state in the MM approach is a Gaussian mixture
rather than a Gaussian, where p(u; = s; |yk ) is the conditional probability based
on the hypothesis that object true mode is s; at time k.

e Applying a Gaussian approximation to the conditional pdf of the base state at
each sampling time k yields the sub-optimal GPB1 algorithm. Moreover, if the
conditional pdf of the base state is approximated by a Gaussian after every n — 1
sampling intervals, equations (3.4) and (3.5) yield the GPB-n algorithm.

e In the limiting case where the number N of modes in the set S goes to infin-
ity, i.e., N — oo and the transition probability of the modes is modeled by a
Gaussian kernel, the sum operation in (3.4) becomes an integral and equation
(3.4) reduces to equation (3.1) (CA model case), which is the worst case due
to the higher order (CA) model involved (Bar-Shalom and Fortmann, 1988). It
turns out that if the set of object true modes is unknown, increasing the number
of acceleration models for the MM algorithm essentially reduces to increasing
N towards infinity. Since the CA model is known to give poor performance, an
MM filter with a large number of models will also lead to poor performance.

¢ The sub-optimal VSMM approaches reduce the computational load by choosing
the transition probability matrix at each time such that the summations in both
(3.4) and (3.5) consider only those models with model probabilities exceeding a
threshold.

Fixed and variable multiple models account for most of the approaches used
for maneuvering object tracking. Below we introduce the optimal Bayesian fil-
ter for single maneuvering object tracking and derive the MM algorithms GPB1,
GPB2, IMM, VS-IMM and MSMSS. The primary focus of this chapter concerns
object models which can jump between models according to a Markov law, usually
referred to as jump-Markov systems (JMS).

3.2 The optimal Bayesian filter
3.2.1 Process, measurement and noise models

In jump-Markov systems, the object dynamics are assumed to belong to the set of
models defined by

Xp =0 (k-1 w) +v, o e{l,2,...,d}, (3.6)
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where the process noise v, is assumed additive and 7 is assumed to be a random
variable satisfying a homogeneous discrete-time Markov chain with state space
{1, ..., d} and transition probability matrix I", where

Uji =Pr(ry =ilrg—1 = J),

with initial conditions Pr(rg = i) = 7o(i). The measurements, in a fairly general
sense, are assumed to be model dependent and related to the true object state
through

Vi = hy (Xp) + Wy, (3.7)

If the model in effect at time k, ry is known a priori, then the set of equa-
tions (3.6) and (3.7) reduce to (2.1) and (2.2) respectively and one of the filters
derived in earlier chapters i.e., KF or EKF, can be used to solve for the condi-
tional densities. However, the model in effect is not known a priori. Moreover,
since the model jumping process is assumed to be a random process governed
by an underlying Markov chain, the true model can never be known. However,
it can be estimated by treating it as a joint random variable with the object state
and forming a hybrid state as (Xg, rr). The measurements yk = (Y1, ¥2,---,Yk)
have information on this continuous-discrete random variable and the optimal
Bayesian filter involves deriving recursions for the joint probability density func-
tion p(Xg, rk|yk). Since ry is a discrete random variable, taking values in a dis-
crete set {1, 2, ..., d}, the joint density can be decomposed into d components as
follows:

p(xp e =ily%) i=1{1,2,....d}.

In object tracking, including the case of maneuvering object tracking, the density
of interest is the conditional density p(xx|y¥). The joint density recursions form an
intermediate step in determining this conditional density. Using the total probabil-
ity theorem, this conditional density can be obtained by summing up the individual
components of the joint density as follows:

d
poily") =Y poxe, e = ilyh).
i=1

Using the conditional probability lemma, the joint density on the right-hand side
of the above equation can be broken up into two components,

pi, ke = iy = pelrk = i, YO p(rr = ily5). (3.8)
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Using pi(i) = p(re =i |yk) and the above decomposition, the conditional den-
sity equation can be written as

d
pOly’) =Y pOulri = i, Y (). (3.9)

i=1

The first component is the conditional density of the object state conditioned on
both the model used and the measurements. The second component is the con-
ditional model probability of the ith model conditioned on all the measurements
taken up to and including time k. In this approach, Bayes’ recursions are derived
for both components.

3.2.2 The conditional density and the conditional model probability

The optimal Bayesian recursion for the first component can be derived by first
expanding the set of measurements y* into {yx, y*~!} and then invoking Bayes’
theorem:

pXelrk =1, ¥°) = pelre = i, yi, ¥ 1)

o pOlxe e =iy

: xelre = 4,71, (3.10)
p(yelre =i,y 1) P y

where:

o p(Xk|rx = i, y* 1) is the prediction density;
o p(yk|Xx, ri =i, y*1) is the likelihood function; and
o p(Yilrr =1, ykil) is the normalization factor.

Similarly, the second component of the joint density in (3.8), the conditional model
probability wr k(i) = p(rk = i|yk ) can also be recursively calculated. Once again,
expanding y¥ into {y, y*~!} and invoking Bayes’ theorem,

pyilre =i, Y Hp(ri = ily
p(yelyF—h)

i k—l)
wik (@) = plre =ilyk,y ) = .

Letting p(ry = i|y*™!) = Wijk—1(i), the conditional probability recursion can be
rewritten as

POk = i, YD) s G)
p(ykly*=1 ’

Mk (@) = (3.11)
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where:

* k—1(i) is the predicted model probability;
o p(yilrk =i, y*1) is the likelihood function; and
o p(yxly*™1) is the normalization factor.

3.2.3 Optimal estimation
The prediction density and the predicted model probability

Introducing the prior object state x;_1, the prediction density can be expanded into

pilre =i,y = / pi, Xkt |k = 6, Y Ddxg .
Xk—1

Invoking the conditional density lemma on the joint density inside the integrand,
the prediction density can be decomposed into

pxlry =i,y = / PXeXk—1, 7% = i, YD) pxi—tlre = i, Y Ddxe_y.
Xk—1

(3.12)

The first integrand can be identified as the transition density that can be derived
from the object dynamical equations assumed in (3.6):

k=1y =

PXk|Xk—1, 1k =1,y Dv; (Xk — Fr =i (Xk—1, UK)),

where v; = v, —; and ;(-) = fy () are used in the above equation.
The second term of (3.12) can be rewritten according to the total probability
theorem using all the models at time k — 1:

pXi_tlr =i,y

d
=Y p&xilrr = o =i,y ptior = jlne =i,y

~
—

pPXi_1lri—1 = Y Dpier = jlne =i,y

I
M&

~.
Il
-

pP&Xi—tlri—1 = 7, ¥ Do ji (3.13)

Il
.M“‘

~
Il
-
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Equation (3.13) is called the “mixing” step. The mixing probabilities pi_1, ;i =
p(re—1 = jlrx =i, y*!) are calculated as

Mk—1,ji = prk—1 = jlre =1, Al

_ PO =ilrer =y Hpror = jly*™h

plri = ilyk=1)

1 .
= —Tjittk—1k—10)),
C2j

where ¢ = > Tjiptk—1k—1(j) and p(ri—1 = JIYEY = wr1k—10).
The mixing step of (3.13) is calculated as

d

Pl =iy =) e jip el = .y, (3.14)
Jj=l

Using (3.14), the predicted pdf of (3.12) can be calculated as
pilre =i,y

d

= / poklxe— e =i, ¥ Y i p el = .y Ddxi
Xr—1 j—
j=I

d
= le«k—l,jh‘/ pOkIxe—1,ri = i, Y pOeilrior = J, ¥y Ddxg .
j=1 X—1

(3.15)

The predicted probability of the object maneuver is given by
d
Mhpk—1(0) = eri wk—1k—1(J)- (3.16)
j=1

The recursive relations for the maneuver probability update can be further simpli-
fied to

pylre =i, y57h Z;{:l Ui —1x=10(j)
20710 i) '

ik (@) = (3.17)
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The likelihood functions

In both (3.10) and (3.17), the likelihoods are yet to be determined. The likelihood
functions are always derived from the measurement equation (3.7) and given by

k—l) _

P(Ykl|Xp, 1k =1,y = p(Yk|Xk, re = 1)

= pw’k:i (Yk - hrk=i (Xk))
= pu; Y& — hi(Xx)), (3.18)
for the conditional density considered in (3.10). The likelihood function in the

maneuver probability update equation (3.17), can also be evaluated in a similar
way by expanding it into

pylre =i,y = / POy, Xelre = i, ¥ Hdxy
Xk

= / pOkIxe, i = 1, Y DY pxelre = i, Yy Hdxy, (3.19)
Xk

where the first term in the integrand is given in (3.18) and the second term is given
in (3.12).

The normalization factors
In (3.10) the normalization factor is p(yx|ry =i, yk_l) and is given in (3.19) for
eachi € {1,...,d}. In (3.17), the normalization factor is p(yk|yk_1), which can
be evaluated by expanding

p(yily Pyl =i,y pr = ily

(\eS EM&

pOyklre =i, Y1) -1 (i)

—_

Il
™M=~

pyklre =i, y* 1>Zr,l wi-k-1(). (3.20)
1 j=1

using (3.16).

The optimal estimates

Substituting (3.10) and (3.17) in (3.9), the conditional density of the object state
p(Xx |yk) can be determined. From this, the minimum variance object state estimate
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and the associated covariance can be obtained using

Xk :/ X p (X [y )dxy,
Xk

Py = f [xe — Reped Xk — Reel” p(xelyF)dxe.
Xg

Using (3.9), the mean and covariance equations can be further simplified to

d
Xk = / X ZP(Xkli’k =i, Y*) e (1) dx,
X =1

d
N A 1T .k .
Prx = / [xc — &edlxe — &ed™ D~ pOxelric = i, Y5 pap (D).
X i=1
Rearranging the summation and integrals, the conditional mean and covariance are
given by

d

Rk = Z </ Xg p Xk |k = 1, yk)dxk> ik (@), (3.21)
Xk

i=1
d

Pie=) ( / [xe — el — Ri1" pOxelry =, yk>ka) (). (3.22)
i=1 Xk

The popular multiple-model tracking algorithms, such as GPB1, GPB2 and IMM,
differ only in the way they approximate the optimal Bayesian recursions. These
filters are considered next.

3.3 Generalized pseudo-Bayesian filters
3.3.1 Generalized pseudo-Bayesian filter of order 1

The system equations assumed for general maneuvering object tracking problems
are given in Section 3.2.1. In the GPB1 filter (Ackerson and Fu, 1970; Bar-Shalom
et al., 2001), additional assumptions are imposed on the object dynamics. First,
it is assumed that f,, (-) is a linear function of the object state. Second, the addi-
tive noise is assumed to be a zero-mean Gaussian with covariance Q,,. Third, the
functional form of the prior object state pdf at time 0 is assumed to be Gaussian
with mean X( and covariance Py. These assumptions yield object dynamics equa-
tions of the form x; = Fx;_1 + u; 4+ v, where ug is an unknown system input.
Input estimation treats the unknown input to the system as a deterministic quan-
tity and estimates the unknown input using least squares estimation once a object
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maneuver is detected. The idea first appeared in Chan et al. (1979) and was further
enhanced in Bar-Shalom and Fortmann (1988) and Bar-Shalom and Li (1993). In
the GPBI1 filter, the trio {F, ug, v;} are functions of a random variable r;, which is
modeled as a homogeneous discrete-time Markov chain with state space {1, ..., d}
and transition probability matrix I", where

Ujj =Pr(ry = ilrg—1 = J),

with initial conditions Pr(rg = i) = mg(i). Thus the system models used in the
GPB1 estimation approach can be represented using

X =F X1 +u + vy, (3.23)

Measurements are assumed to be linear functions of the object state and inde-
pendent of the modal state r;. Under these assumptions, (3.7) reduces to

yi = Hxi + wy. (3.24)
The conditional density recursion, as derived in (3.10), is given by
POkIXE ik = i, ¥y DpGln = i,y
pyklre =i, y51)

and the conditional model probability recursion, obtained in (3.17), is given by

pXilre =i, ¥5) =

’

Pkl =i,y Zle Ui k—11k—10J)
pyelyt=1) '

Using Gaussian assumptions, the components of the above recursions are derived
in this section.

ik (@) =

The transition density
The transition density, for dynamical models defined in (3.6), is given by
- k—1
PXi[Xk—1, e =6,y ) = py, Xk — Fixg—1 — ;). (3.25)
Since v; is modeled as a zero mean white Gaussian noise with covariance Q;, the
transition density can be simplified to

pilXk—1, rx = i, Y1) = N(xi; Fixg—1 + i, Q)). (3.26)

The prediction density and predicted model probability

Substituting (3.25) in (3.12), an expanded version of the predicted density is
derived:

pilre =i,y = / PXeIXk—1, 7% = i, Y ) pae—1 [y D d Xy
Xk—1
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GPBI approximation The last term of the integrand, the object state prior den-
sity, is approximated as

P11y ~ Nx—1; Ke— 151, Pr_1jx—1),

and the first term in the integrand, the transition density, is given in (3.26). Thus,
one has

pilre =i,y 1

=/ N Fixg—1 +u, Q)N (X1 X—1jk—1, Pr—1jk—1)dXk—1.
Xk—1

The integral is reduced to a normal density (see Appendix C)
plre =i,y ) = Nt Ky Phyge_1) (327)
where the mean and covariance are given by
Rt = Fifiipo1 + w;, (3.28)
P =FiPe 1 F] + Qi (3.29)

The predictor of the second component is given by

d
pr =iy ) =" pere=iln =,y Hptria =iy
j=1
d
=Y Tji plrier = jIy. (3.30)
j=1

There is no need for any approximation here and it is evaluated straightforwardly.
Equations (3.28), (3.29) and (3.30) form the predictor equations of the GPB1 filter.

The likelihood functions

There are two likelihood functions that need to be evaluated — one correspond-
ing to the object’s kinematic state derived in (3.18) and the other corresponding
to the object’s modal state derived in (3.19). Both are derived from the measure-
ment equation in (3.7), where it is assumed that the measurements are not model
dependent and reduce to (3.24), where w; = yx — Hxy. Note the conditional inde-
pendence property of the measurements. Moreover, py, () is a Gaussian density,
leading the likelihood function in (3.18) to be

POYkIXk, i = i, Y1) = p(yilxk) = N(yx; Hxg, Ry).
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Desired conditional density

d
p(xkly®) = 3 p(xilri = i, y*)p(re = ily")
=1

!

Expand measurement history

k—l) k—l)

d
p(xily*) = _le(xk\rk =i,yk Y )p(re = ilye,y
i=

For each model i =1 to d

l

75

Mixing
L Tjiptn—1|k—107)
Hi—1,5 > Ttk —1]k—10J)
J

k-1 () = 3251 Tji p—1jp—1(J)

d
p(xilrk =i,y 1) = 3 o1 [ PRk|Xp—1,7 8 = D)p(Xp—1 -1 = 4, y* T dxip_1
j=1

k—1

l

Model-based filtering
p(yrlxp, e = 4, y" 1) = p(yr|xp, i = )
p(yrlre = 4,57 1) = [ plyrlxp, e = )p(xplre = i, y"1)dxy

Xk

rL=1)] =i,y
p(xp|r, = i,yk) _ PYkIXk re=1)p(xp|rr=iy" ")

p(yr|r=1,yk1)

End for

l

Normalization
k—1\ _ \d R . | ;
pyrly®™™ ) = >0 pyklre = 4,y ) pwge—1(2)

Model probability update

TE=1, k-1 g e—1 (2
Nkwc(i) _ Pyl kpfyzyk—)i)“k 1(8)

Find approximate solution for

ploaly) = 3 polr = iy a0

l

Recursive Bayesian solution

Summary of the recursive Bayesian framework for maneuvering object tracking.
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The second likelihood function in (3.19) is

pyilre =i,y = / PYEIXe, e =1, Y DY pxilre = i, Y Ddxy

Xk

= f N (yi; Hoc, RON (%5 Xy Pl Ddx,  (3.31)
Xk

where the second component of the integrand in (3.31) is given by (3.27), which
is also a Gaussian function. Letting Ay (i) = p(yilri = i,ykil), this equation

reduces to (see Appendix C)
i) = N(yx; HRG o HP_ (HT +Ry).

The normalization factors

(3.32)

The normalization factor in (3.10), p(yx|rx = i, yk_l) is given in (3.32). The nor-

malization factor in (3.17) is given in (3.20):

d

POy ™) =" pilre =i,y Hpra = ily* )

i=I

d
Pkl =6, YD Y i e 1p—1(j)
j=1

Il
.M*‘“

N
Il
-

M&

k(l)ZF,z Mi—11k—1(J),

1 j=1

~.

by substituting (3.32) and (3.30).

The conditional density and the conditional model probability
In the conditional density recursion,
PrlXe, e = i, YD palre = i,y

.k
PXilry =1i,y") = . )
pklre = i,y 1)

all three components are Gaussian densities. Thus

N (yi: Hog, RON (s &6 PEL )
N(ye: H&(, | HP, HT +Ry) ’

pxilrk =i, ¥5) =

which reduces to a single Gaussian (see Appendix C),

P (Xklre =1, yk) = N(X; f(;.clk’ Pilk)’

(3.33)
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where the mean and covariance are given by

§2\k = ﬁ;dk—l + P2|k—1HT(HPi|k—1HT +R) (e - Hﬁ;dk—l)’ (3.34)

P =P — Pl H HP,,_ H" +Ry)"HP} . (3.35)

The conditional model probability p(ry = ilyk ) is derived in (3.17) as
pklrk = i,y Z?ZI Ui pk—1jk—1(J)
p(ykly*=h '
Substituting (3.32) and (3.33) in the above equation the recursion simplifies to
A (@) Z;Ll Lji tk—1k=1())

il k() Yy Tt k1141 (m)

The GPBI estimates

The conditional density is a Gaussian mixture, given by

Mk (i) =

Wik (@) = (3.36)

d
poly’) =Y pelr = i, Y e (i),
i=1

where p(Xy|ry =i, yk) is Gaussian for all i. This Gaussian mixture is approxi-
mated by a single Gaussian:

pkly®) ~ N (x¢: Repe, Prge),

where the conditional mean X and covariance Pyx are given by substituting
(3.34), (3.35) and (3.36) in (3.21) and (3.22) respectively:

d
Xijk = Zf(}dkukm(i),
i—1

d
P = Zl/«k\k(i){l’2|k + X — gk Xy — Repl” )
i=1
The GPB1 estimate operation is effectively a Gaussian mix operation, denoted
by
[Xxik Prx | = GMix H’A‘;clk’ Pl /Lk|k(i)},] ,
l
and returns the mean and covariance of a probability distribution which is defined
as a mixture of Gaussian distributions, where each Gaussian distribution i is
defined by its mean )A(;c\ x> covariance P}(l i and relative weight pg k(i) € [0, 1] and
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Do k(@) = 1
Xk = Z Pk X g
i

Pok =D i) (PZV{ + &2|k(ﬁ2|k)T) — RipRi i
i

3.3.2 Generalized pseudo-Bayesian filter of order 2

Object dynamics, sensor models and noise models

The GPB2 filter (Bar-Shalom et al., 2001) proceeds as the GPB1 filter but takes
into account the dynamical model at the previous stage. The derivations are
extended to consideration of rx_; in addition to r;. The GPB2 computations are

Algorithm 10 GPB1 Algorithm recursion equations at time k

1: for each model i do
K1 = Fi%eo 11 + ui,
P;.<|k_1 = FiPk—1|k—1F,~T + Q;,
’A‘iuc = )A(;clk—l + P5<|k—1HT(HP5<\k—1HT + R vk — H’A‘Z|k—1)’
Pﬁqk = P5<|/<—1 - P;;|k—1HT(HP5<|k—1HT + Rk)_lHP;dk—l’
(i) = N(ye: B HP _ HT + Ry).
2: end for
3: for each model i do {model probability update}
A (@) Z?:] Lji pi—1k=1(Jj)
il D) Yy Dot kg1 (m)

Mkl (i) =

4: end for
5: Combined conditional state and covariance:

d
Xkl = Z§L|kuk|k(i),

i=1

d
Pok = > s Py + (R — Rl [RG e — Rewed ")

i=1
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more extensive than those of GPB1 for a gain in performance. As in the case of
the GPBI1 filter, it is assumed that f,, () is a linear function of the object state,
the additive noise is assumed to be a zero mean Gaussian with covariance Q.
These assumptions yield the system state equations used in the GPB1 estimation
approach,

Xk = FrXp—1 + 0y + vy,

and the measurements are also assumed to be a linear function of object states
given by

Vi = Hxg + wy,

where wy, is assumed to be a zero mean white Gaussian noise with covariance Ry.
The density of interest in GPB2, as in other tracking filters, is p (X |yk ). As shown
in (3.9), this function can be decomposed into

d
pOklY) =) pelr = i, Y e ().
i=1

In the GPB2 approach a further decomposition is initiated by invoking the total
probability theorem, yielding

d d
POy =Y pGk, k=i reo1 = jlyY).

j=li=1

Invoking the conditional probability lemma, the right-hand side can be further
expanded into

d d

poily’) =Y > pilre=i, re1=j, Y p(rici =jlre = i, y) prie = ily").
j=li=1

Invoking Bayes’ theorem, and noting that v* = 1y, pilrk =i, re—1 =
7, ¥%) equals
1

POYKIXe, 1k = iy rg—1 = j,¥*1) . .
. T k—1 p(Xk|rk =1L,Tg—-1 =], yk 1); (337)
p(Yklre =i, r—1 = j,yo )

where p(Xg|ry =i, rk—1 = J, ykil) can be identified as a prediction density.
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The optimal recursion for the second component, the so-called merging proba-
bility, 43y, = p(re—1 = jlre = i, ¥¥), is given by

Mg = Pi—1 = jlre =i, ye ¥y

_pyk e =ilr— = j, ¥ D plror = jly*h

p(yk, i = i|yk=1)

Pkl =i = 3,y Dp =il = 59D e g1 ()

p(yk. ri = iy
_ pklre =i, re—1 = J, YO Ty pe—1k—1(j) (3.38)
POy, ri = iy ' '

Finally, the optimal Bayesian recursion for the third component, the conditional
model probability wx (i) = p(ri = i|yk), is given by

Mk (1)
= p(re = ily") = pre = ilyx, ¥ 1)

d
=Y plx=i.r1 = jly. ¥y

=1
Y pklre=i. 1=, Y D pre=ilre1 = 4.y ) plrer = Iy
pyelyt=1)
Z?=1 Pkl =i, -1 = j, YD Tji pe—1k—1(j)
= o~ . (3.39)
p(yely*™)

The recursive solution for the predictor equations of the GPB2 filter is obtained by
solving for the likelihood functions, the normalization factors and other predictive
components in (3.37), (3.38) and (3.39).

The prediction density and predicted model probability

The prediction density in (3.37) is calculated as follows:
. . k—1 . . . k—1
PXilrk =i, rk—1 = J, ¥ )—/ PXp, Xp—1|rk = i, rk—1 =,y )dXp—1.
Xk—1

Invoking the conditional density lemma, p(Xg|rx =i, re—1 = J, yk_l) becomes

/ PXiXp—1, 1k = i, 1kt = J, Y D pecilrk = i, et = j, Y Ddxe—1.
X —1
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Given x;_; and rg, the transition density p(Xg|Xg—1,7x =1, rk—1 = J, yk_l) is
independent of r;_1 and yk_l. Thus

k—l) —

DXk |Xk—1, 1k =i, 7k—1 = J, ¥ D (X |Xp—1, 1 =1).

In addition, since x;_1 is independent of the future maneuvers ry,
P&tk =i, re—1 = j, ¥ = pailre—1 = j,y).
The prediction density simplifies to

pilre=i,ri—1=7,y" 1 =/ P |Xk—1, e =1) p(Xp—1|rr—1=J, Y Ddxz_1.
X,

Since the system equations are the same as in the GPB/1 filter, the transition density
is also the same

P(Xi|Xk—1, 1k = i) = pv; Xk — FiXp—1 —w;)

= Nxg; Fixg—1 +u;, Q).

GPB?2 approximation Now, approximating p(Xx_1|rc—1 = j, ¥~ ') by a Gaus-
sian

pXi—1lre—1 = 7, ¥ & N(xe—1; ’A‘/]<—1|k—17 P,j(_“k_l),
we obtain
pPXelre = ivri—t = j, ¥
=/ N (xi; Fixe—1 4w, Q)N (- 13 Xy 1> Pr_ e DdXi—1
X,
= N(Xg; Fiﬁ]J{_”k_l +u;, FiP]J{_”k_lFiT + Qi)

_N(Xk’xk|k 1’ k|k -

The predicted model probability is given by

d
P =iy =" pri =iln—1 = j, ¥y Hptrir = jly" ™"
j=1
d
=Y Tji plri—1 = jIy*"

~.
Il
—_

Il
.M&

Ui pr—1k—1(J)-

~
I
_
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The likelihood functions

The likelihood functions in the GPB2 approach are p(yi|Xk,7x =1, 7k—1 =
7, ¥ Y in (3.37), and p(yilrk =i, ri—1 = j, y* ") in (3.38) and (3.39). These
likelihoods are evaluated using the measurements equation. Given X, yi 1S
independent of the rest of the terms in the conditioning and the likelihood
P(Yi|Xk, 1 =1, rg—1 = J, yk_l) reduces to p(yx|Xx). From the measurements
equation p(yi|Xx) = pw, (yx — Hxx) = N(yi; Hxy, Ry). The second likelihood
function, conditioned on both the models r,_; = j and ry = i, symbolically rep-
resented by Ax(ij), is evaluated using

MmGj) = pOyklre =i, m—1 = j, ¥

:/ Pk Xelrk = i, ri—1 = j, ¥ Ddxy

Xf

= / pOYkIXk, ke = i, 1kt = J, Y D plre = i, remr = J, ¥ Ddx
Xf

/N(Yk, Hxy, Rp) N (x; X Xklk 1’ klk 1)dxk

Theﬂabove integral simplifies to a single Gaussian Ax(ij) = N (yk;Hﬁiﬂk_l,
HP/, _H" +Ry).

The normalization factors

The first normalization factor in (3.37) can be identified as A (ij). The second
normalization factor in (3.38) is

p(yk,rk =ily*™h
= ZP(Yk,rk =i, re1 = jly*
j=l1
d
= plre=i,r1 =4,y Hptr=iln1=j. ¥ Hprii=jly"
j=1
d

=Y i) Tji 11 ()
j=I1
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The third and final normalization factor in (3.39) is

d
POy =D ply e =ily*

i=l

Pk =i, m—1 = jIyFh

|
.M*‘“
M=

Il
—_
~.
Il
—_

Pl =i, ri—1 = j, ¥

Il
.MQ
M=

i=1j=1
x plre = ilrk—1 = j, ¥y Hpree1 = jly"™h
d d
= szk(ij) Lji tk—1k—10j)-
i=1 j=1

The conditional density and conditional model probability
Substituting terms in (3.37), the conditional density is

N (yr; Hxg, Rp) N (X; ﬁ;{]“(_la P;cj“(_l)
N (yi; Hf;jjlk_l,HP;jlk HT +Ryp)

pXilre =i, re—1 = j, ¥ =

= N(xx; ’A‘ﬁk’ klk) (3.40)
where the conditional mean and covariance are given by (see Appendix A)
=& T T -1 H&
Xpk = Xgp—1 T Pk|k H (HPk|k HY+ R (v —HXE ), (34D
ij ij T T 1
Pk\k =P — P H (HPk|k H+Ro™ HPk\k 1 (3.42)

Substituting in (3.38), the final expression for the merging probability is
obtained as
i Me(@)) Uji pke—11x—1(J)
k—1lk = ; :
| Zfln:1 A (im) Ui pge—11—1(m)

Finally, the model probability update is

Y4 @) Tji ptaemtie—1 (/)
S S am) g pug—1jk—1(m)

Mk (@) =
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The GPB2 estimates

The conditional density is a Gaussian mixture, given by

d d
pOily) =D pGlre =i reo1 = . ¥ iy k@), (3.43)
i=1 j=1
where p(X|ri =i, re—1 = j, y*) is given in (3.40), (3.41) and (3.42) for all (i, j).
The internal summation can be identified as
d ..
POl =i,y =Y pOalri =i, ree1 = j, ¥ iy
j=1

This Gaussian mixture is approximated by a single Gaussian with the same mean
and covariance:

[&;dk, P;dk] = GMix [{&;ﬁlk, Pl uij_uk}j] : (3.44)
Substituting (3.44) in (3.43) yields a further simplification:
d

pOly’) =) pOelri = i, Y e ().
i=1
This mixture is again approximated by a single Gaussian with the state estimate
and covariance given by

[Rxik, Prk ] = GMix [{ﬁfdk, Pfdk, Mklk(i)} ] .

i

3.4 Interacting multiple model filter

The interacting multiple model (IMM) estimator (Blom, 1984a, 1984b; Blom and
Bar-Shalom, 1988) has enjoyed remarkable success since its introduction (Bar-
Shalom and Li, 1995; Mazor et al., 1998; Sworder and Boyd, 1999; Bar-Shalom et
al., 2001). It performs well on systems characterized by multiple modes of behav-
ior, including maneuvering object tracking (Bar-Shalom, 1990; Blair et al., 1991,
1993; Bar-Shalom and Li, 1993, 1995; Blair and Watson, 1994), automatic track
formation (Bar-Shalom et al., 1989, 1990), air traffic control, object classification
and data association, and others (Bar-Shalom, 1978; Bar-Shalom and Li, 1993,
1995; Cutaia and O’Sullivan, 1995; Li and Zhang, 2000; Wang et al., 2003). Its
relationship to the optimal estimates is presented in Bar-Shalom et al. (2005).
The computational requirements of IMM are essentially those of GPB1 (Blom
and Bar-Shalom, 1988). However, IMM performs almost as well as the GPB2
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Algorithm 11 GPB2 Algorithm recursion equations at time k&

1: for each model i do

2:  for each model j do
¢ ’A‘qu = Fi§1{71|k71 +u;,
. P%kfl = FiPLuquiT +Qi,
. ’A‘;cjuc = ’A‘zk—l + P%k—lHT(Hng—lHT + Ry — Hﬁ%k—l)’
« Pl =P — P H HP/, H + Rk)_lHP;éllk—l’
« M(ij) = Ny HY, |, HP,  HT + Ry,

© g = D) Tji a1 (DH ey M Gm) T pia— -1 )}~
3:  end for J

o i @) = {3521 M) Tjittk—1x—10)}

x AL S m) Doy k- 1jk—1 (m)} 1,
fi~~d s i
* X;<|k = ijl Xik M1k
i ~—d ji ij nij i sl i AT

* P;<|k = ijl M1 (P + X — chlk][xklk — Xl -
4: end for

« K=Y, X Mkl (D),

c Pi=Y", pkiic (D P + Xppe — Xegr] Ry — RelT )

filter, which takes into account d* model states, where d is the number of mod-
els and the object dynamics are assumed to belong to the set of models defined
by

Xk:frk(xk—lauk)—i_vrk rke{l,z,...,d}.

In the above equation, ry is assumed to be a random variable satisfying a homo-
geneous discrete-time Markov chain with state space {1, ..., d}. The IMM esti-
mator, which is a d modes algorithm for the estimation of the object state, pro-
ceeds in a similar way as the two generalized pseudo-Bayesian filters but makes
different approximations. GPB1 approximates the prior object state p(xx—1|y*~")
by a Gaussian distribution. This results in a mixture of Gaussians for the poste-
rior distribution of the object state p(xk|yk) at the end of the cycle. This mixture
is in turn approximated by a single Gaussian distribution, which is the approx-
imation first mentioned, as the posterior distribution p(xx|y¥) is the prior dis-
tribution at the next stage. GPB2 approximates the conditional prior distribution
p(Xp—1lri—1 = j, y*~1) by a Gaussian distribution. This results in the conditional
posterior distribution p(Xg|ry = i, yk) and the posterior distribution p(xy |yk) to be
Gaussian mixtures. They are both approximated by single Gaussian distributions.
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IMM also approximates p(Xx—1|rx—1 = J, y"_l) by a Gaussian distribution, as in
GPB2. However, it further approximates to
d
> p&ilrer = j. ¥ Dprior = jline =iy,
j=1

by a single Gaussian distribution. This step is what makes IMM retain the compu-
tational simplicity of the GPB1 filter while having almost the same performance
as the GPB2.

3.4.1 The IMM filter equations

The posterior probability density of the object state p(xx|y*) can be obtained by
summing up the individual components of the joint density as follows:

d
pOly") =D pOx, re = ily").

i=1

Using the conditional probability lemma, the joint density in the right-hand side of
the above equation can be broken up into two components,

pxi, re = iY) = plre = i, YO p(ri = ilyb).

Letting pugk (i) = p(ri = i|y*) and the above decomposition, the posterior density
equation can be rewritten as

d
poly’) =Y pelre = i, Y (). (3.45)
i=1

The optimal Bayesian recursion for the first component can be derived by first
expanding the set of measurements y* into {yx, y*~!} and then invoking Bayes’
theorem:

pPXelre = i, ¥°) = pxelre = i, yi, Y1)

_ p(ykIxe, e =0,y

. k—1
- pPXlre =1,57),
p(yklre = i,y 1)

where p(xi|ry =i,y 1) is the predicted density, p(yk|Xx, rx =i,y 1) is the
likelihood function and p(yi|rx =i, y*~') is the normalization factor. The sec-
ond component of the joint density in (3.45), the posterior model probability
ik (@) = plre =i |yk), can also be recursively calculated. Once again, expanding
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y* into {yx, y*~'} and invoking Bayes’ theorem,

ety _ POl =1, Y hpri =ily*™")
p(yklys=1)

ik (@) = p(re = ilyk,y

Letting p(ry = i|yk_1) = uik—1(i), the probability recursion can be rewritten as

pklre = i, YD page—1 G)
p(ykly*=h ’

Wik (@) =

where pgx—1(7) is the predicted model probability, p(yi|ri = i, yk_l) is the like-
lihood function and p(yx|y*~") is the normalization factor.

The prediction density and predicted model probability

So far, the derivation is the same as that of GPB1. Like GPB2, IMM also condi-
tions on r¢_1, but on a different term. While GPB2 expands p(xx|ry = i, yk ), IMM
expands the term p(x|ry = i, y*~1). Using the laws of probability,

d
Pl =i,y = poxi ot = jlre =i,y
j=1

d
=Y plrcr = jore =i,y Dplior = jlre =i,y

~.
Il
—_

. c =1y, Jli
PXilrk—1 = Jj.re =145 D

I
M&

~.
Il
—

where MI{EM ¢ = Prk—1=jlre =1, yk_l) are called the mixing probabilities
(Bar-Shalom et al., 2005). The mixing probabilities relate to the transition proba-
bilities as follows:

Mljcl_l”k = plrk—1 = jlre =1, yk_l)

_pre =il = j. ¥ Hpior = jly"hH
plri =ily*=1)

p(ri =ilrk—1 = j)p(re—1 = jly*™ 1

Zizl plri =ilrk—1 = m, y*"Dp(ri—1 = mly*=1)
k*l)

plri=ilrk—1 = j)pri—1 = jly
Y POk = ilreet = m)pri—y = mly<=1)
Ui e—1x=10j)
S Ui k=11 (m)
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Note that the mixing probabilities ;L,j(‘il 1k are different from the merging probabili-

ties ;L,il_] Ik of GPB2. They do not depend on the last measurement y. Introducing
the prior object state X1, the prediction density can be expanded into

d
poilre =i,y = Z/ P Xk, Xp—11rk—1 = J, 1k =1, yk_l)uili”kdxk—l-
=1 Y Xk-1

Invoking the conditional density lemma on the joint density inside the integrand,
the prediction density can be decomposed into

pGilr =i,y 1

d
. k-1
=Z/ P(Xk[Xk—1, rk—1=J, k=0, ¥ )
j=1 Xk—1

; o gk—1y Jli
X pXp—tlrk—1=J, rk =1,y )My _q dXp—1

d
= Z/ pilxk—1, 1 = i, Y p(xe—tlri—1 = Jj, yk_l)M,J(‘_l”kkaq
=1 Y Xk—1

d

= / pXelxe—1, re = i, y* 1) ZP(kaﬂrkfl =/ yk_l)M,il_l”kkaq-
Xr—1 j—
j=l1

In the above, we have used the fact that the object state at time k — 1, Xz_;
is not dependent on the model at time k, r;. The first integrand can be iden-
tified as the transition density that can be derived from the object dynamical
equations:

PXiIXk—1, 7% = i, ¥ = py, (xp — Fi (-1, wp)),

where v; = v,,—; and F;(-) = f,, —;(-). Since v; is modeled as a zero mean white
Gaussian noise with covariance Q;, the transition density is

pilXi—1, ke = i, ¥ = Nxis Fixe—1 +wy, Q).

The second term in the integral is approximated by a Gaussian distribution.

IMM approximations Approximating p(Xx—1|ri—1 = j, y*~') by a Gaussian and
the resulting mixture of Gaussians also by a Gaussian,

d
ZP(kalh”k*l =J, yk_l)/iil—luk’
j=1
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we proceed in obtaining the IMM filter:

s k=1 A Y J
PXk—tlrk—1=J, ¥ ) R N&—1: Xy Pr_ypy)
d
. k=1 Jli ~ . o0i 0i
Z pPXi—1lrk—1 = Jj, ¥ )'U“k—1|k ~ N (Xg-1; Xkl_1|k_1, Pkl_”k_l),
Jj=1

where
&) Py = GMix | %] P "
k—1k—1> Tk—1lk—1| = k=1lk—1> T k—1lk—1 Pe—1jk |, | -
The prediction step can now be carried out:

pilrk =i,y 1
d

= / PXelXe—1, e = i,y 1) ZP(Xk—llrk—l =/, Yk_l)Mil_l“kka—l
Xk—1 j=1

= / N (xg; Fixg—1 +w;, Q)N (X¢k—1; igi,”k,l, Pgi,”k,])dxk—l
X—1

= N(x; ’A‘;qk—l» P2|k—1)’
where the mean and covariance are given by
’A‘l;|k—1 = Fif‘gi—ukq tu,
P;'<|k71 = FinifukleiT + Q..

At this point, IMM returns to a derivation similar to that of GPB1, after having
conditioned on rr_; as in GPB2, but with different approximations. It is this step
that makes IMM almost as efficient as GPB2, while retaining the computational
load of GPBI1. The predicted model probability can be obtained by expanding
Mik—1(7) as follows:

-1 () = p(ri = ily*™)

d

=Y pUre =il =j, ¥ Dplior = jly
j=l1

k—l)

d
= Tji plr1 = jly*™

j=I
d
=Y Tji tr—1—10))-
j=1
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This step is knows as the IMM mixing step and is denoted by

I:{Mklk—l(i)a ﬁilk—l’ P;dk—l} ]

i
= MM [ {101 ), Ry P Fi @) T

The likelihood functions

The first likelihood function p(yx|x, rx = i, y*~!) simplifies due to the assump-
tions of the measurement model. Since given Xi, yx does not depend on r; and
y*~! (conditional independence property of measurements), the likelihood is

pOyelxe, ke = i, Y1) = p(yklxk) = N(yx; Hxg, Ry).

The second likelihood function needs further simplification:

Pyl =i,y h 2/ P(yi, Xelre = i, Y Ndxg
Xk
_ e k-1 e k-1
—/ PYeIXk, re = 1,y ) pXelre =1,y )dxg
Xk
= / N (yi; Hxg, Rp) N (Xg; ﬁ;{|k_1, P;.<|k_1)dxkc
Xk

Letting p(yrlre =i, yk_l) = Ax(i), it reduces to Ar(i) = N(yk; Hf‘bk—l’
HP,  _ H" +Ry).

The normalization factors

The normalization factor p(yx|rr =1, yk_l) is Ak (i) given above. The second

normalization factor is evaluated using the derivation of the predicted model
k-1

plre =iy ).

d
POkl =" pwilre =i,y Hp( = ily* ")
=1

4 J
= Zkk(i) Z Ui prk—1k—1(j)-
i=1

j=1
The conditional density and conditional model probability
The conditional density is
POk k=1, YD) pxilr = i,y )
p(yklre = i, y*= 1)
Nk Hx, RON (6 R p Py )
~ N(:HRp_ HP, HT +Ry)

pXilre =i, ¥5) =
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which reduces to a single Gaussian p(Xg|ry =i, yk) = N(Xg; ﬁil e P;cl «)» Where
the mean and covariance are given by

’A‘;c\k = ﬁ;dk—l + Pi|k—1HT(HPZ|k—1HT + R~ (v — Hﬁ2|k—1)v
j j i T j T —lyypi
P;c\k = P;<|k—1 - P;<|k—1H (HP;<|/<—1H + Ry) HP;c\k—l‘
The conditional model probability p(ry = i ka ) is derived as

plrk =i, Y p(ri = ily
pPYrly*—1)

k-1
ik (@) = )-

Substituting in the above equation, the recursion simplifies to

(@) Y9y T s 1ie—1(J)
S ) X Dot k=1 (m)

Wik (1) =

The IMM estimates

The posterior density is a Gaussian mixture, given by

d

pOily) = pxilrc =i, Y un ().
i=1

The conditional mean Xy x and covariance Py ; of this Gaussian mixture are given
by

[Xiik. Pek] = GMix H’A‘ilk’ Pfdk, Mk|k(i)} ] .

i

3.5 Particle filters for maneuvering object tracking

Particle filters (PFs) are particularly useful for approximating the multi-modal pos-
terior density in maneuvering object tracking. Since it is necessary to estimate a
maneuvering mode in addition to the usual object dynamics, samples are drawn
of the hybrid state vector [X;, rx]’. Assume that an approximation to the posterior

density at time k — 1, represented by the samples x}c_l, r,l_l, R XZ_I, ”1’:—1 and
weights w,&_l, AU wg_l, is available. Given that the hybrid state evolves accord-
ing to

PXi, 1 = i|re—1 = j,=1,Xk—1) = Pr(relri—1 = j)pXklre =1, Xk—1)

=T ipv; Xk — fi(xk-1)), (3.46)
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Algorithm 12 IMM Algorithm recursion equations at time k

1: for each model i do {model conditioned mixing}
¢ Predicted model probability:

d
(@) = pOx =iy = > Tji g1 ().
j=1

e Mixing probability:
Ui pk—1jk—1(J)
Zi:l Uoni ke—11k—1(m)

u e =P = jln =i,y =

¢ Mixing estimate:

s0i
X 1]k— 1—Zxk 1lk— 1“k 11k

¢ Mixing covariance:

0i
Pk—llk—l

Jli o) 20i & ~0i T
_Z'U“k 1|k k k=1 T X1 = Xe— =11 Xy et — Xie—1jp—1 }.

2: end for
3: for each model i do {model-based filtering}
e Predicted state: ﬁ;;lk  =F f(g" k1 + Wi
e Predicted covariance: Pklk , = F; Pk k- lF.T + Q;.
. Updated state:
T -1 i
Ko = Xy + Py HTHP, HY + RO (v — HR ).
¢ Updated covariance:
i j i T 1
Pox =Pyt — P H (HPk|k HY + R~ HPk|k 1
¢ Model likelihood: Ax (i) = N (yk; kalk—l’HP;dk 1H + Ryp).
4: end for
* Conditional mean: X = Zle ’A‘;c\k:uklk(i)-
¢ Conditional covariance:
P =Y, Pkl (DAP e 4 (X — Xepl (X — Rl T}
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and that measurements are generated as

P(YkIXk, re = 1) = pw,; (Yk — h;i (x¢)), (3.47)

it is desired to produce a set of weighted samples representing an approximation
to the posterior density at time k. This can be done using the basic particle filtering
algorithm (Algorithm 5), extended to include sampling of the maneuvering mode.
In this section it will be shown how these methods can be applied to the particular
problem of maneuvering object tracking.

3.5.1 Bootstrap filter for maneuvering object tracking

Recall that the bootstrap filter (BF) draws samples without consideration of the
current measurement and then weights these samples by their likelihood. The
importance density for maneuvering object tracking can be written as

g6 =i, 0) =wi_ Ty py (e — fi(X_). (3.48)

Samples can be drawn from the importance density (3.48) by noting that it factor-
izes into the marginal densities,

q(t) = wp_y, (3.49)
qre =ilt) =T, (3.50)
q(xklri =1, 1) = py, (% — £ (X3_1)). (3.51)

The new weights, given by the ratio of the posterior density to the importance
density, are w}C =C p(yr — h’zﬁ (xf()) with C such that the weights sum to one. A
recursion of the BF for maneuvering object tracking is given in Algorithm 13. Due
to the manner in which samples are drawn, the BF recursion separates nicely into
a prediction step, in which samples are drawn according to the state dynamics, and
a correction step, in which the quality of the samples is determined by calculating
their likelihood. The correction step of the BF for maneuvering object tracking is
the same as in the single non-maneuvering object tracking case. Differences arise
in the prediction step since it is necessary to account for the uncertainty regarding
the motion model in maneuvering object tracking.

3.5.2 Auxiliary bootstrap filter for maneuvering object tracking

The importance density for the auxiliary bootstrap filter (ABF) for maneuvering
object tracking is

g e =1,0) = § Ty i py % — i (%)), (3.52)
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Algorithm 13 Bootstrap filter for maneuvering object tracking

o =

cfori=1,...,ndo
Draw a mixture index ¢’ such that Pr(t’ = 1) = w,l(_l.

Draw a maneuvering mode r,i such that Pr(r,i =j)= Fr,i i

k=1 ) A
4 Draw v}; ~ pvr;; and compute the sample object state X;{ = f’i (xf(l_l) + Vi
5:  Compute the weight update e}; = pw,; Yk — h’/i (x};)).

"k

6: end for
7: Compute the updated weights:

i i Joo i s
Wy, = Wy_ € Zwk_lek, i=1,...,n.

8: Compute a state estimate:

n
ﬁk|k:Zw,’(X}(, Fr = arg max Z wy.
i=1

jefl,..
sl )

where
n
£ = w,’(_lpwpl,{ (yx =y (1)) /Z Wi Pw,y (k= B (), (3.53)

with Pr(pk =j) =T, o and [l,k =f t(Xk D +Vk, Vk Dy, ;- A recursion of
the ABF for maneuvermg object tracking is given by Algonthm 14. As with
the BF, the ABF for maneuvering object tracking differs from the ABF for non-
maneuvering object tracking only in the sampling step, which requires that the
object kinematic state be drawn conditional on a randomly selected maneuvering
mode. The weight update is the same for both non-maneuvering and maneuvering
objects.

3.5.3 Extended Kalman auxiliary particle filter for
maneuvering object tracking

During the derivation of the EK-APF it will be assumed that v; ~ N (0, Q;) and
w; ~ N(0, R;). The importance density for the EK-APF for maneuvering object
tracking is

q(Xe, rk =i, 1) =& Pr(ry = ilre_y = JoXj_ 1 Y1) Piclre = i, X1, Vi),
(3.54)
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Algorithm 14 Aucxiliary bootstrap filter for maneuvering object tracking
l: fori =1,...,ndo

Draw a maneuvering mode p,i such that Pr(,o,‘; =j)= L
_1’

i I _f . (ol d)
Draw v, pvp;.{ and compute u; = fp;C (Xp_y) + Vg

. end for

2

3

4:  Compute the first-stage weight update a,i = pwﬂ;i (yx —h pi (;Lfc)).
5

6: Compute the first-stage weights:

n
S,ﬁ:w,t{_la,i/Zw,’;_la,i, t=1,...,n.

i=1
7:fori=1,...,ndo
8:  Draw a mixture index 7’ such that Pr(t! = 1) = Sk
9

Draw a maneuvering mode rk such that Pr(rk =j)=T ,,_ e

10:  Draw V;( ~ Py, and compute the sample object state xk fri (X,t;_l) + V};.

11:  Compute the un-normalized weight:

Pw,, (¥ = I ()

~i
Wy =

tl

LN
pw (Ve — p;’ (ny))

12: end for
13: Normalize the weights:

n
w,i:u?,i/Zu?,{, i=1,...,n.
j=1

14: Compute a state estimate:

n
Xk = Z WXy, Fr = arg max Z wy.
= ST {, ri=J}

where
n
& = wi_ PYrIXf_ 1, Tk—1=Tf_1, Y1) /Z wy_ P
i=1
X (YkIXf_ s k=1 =Th_1 Yik—1)- (3.55)

The hat notation is used to denote probability distributions or densities com-
puted with the linearized measurement equation approximation, h;(x) ~ h(X) +
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H(x — X). The marginal densities are

q(t) = &, (3.56)
qlri = ilt) = Pr(ri = ilrl_, = j, X1, Y1), (3.57)
q(Xelre =i, 1) = p(Xilrk =i, X}_ 1, Y1:0)- (3.58)

We begin by deriving the update factor for the first-stage weights. This can be
expanded as

Pk Xk—1, Tk—1 = J, Y1:k—1)

d
= Z/ﬁ(Yk,Xk, rk = [Xk—1, rk—1 = J, Yik—1) dXg
i=1

d
:ZFj’i/N(Yk;hi(fi(Xk—l))
i=1

— Hp i (¢ — £ (x¢—1)), RN (x5 £; (x¢—1), Qi) dxi, (3.59)
where Hy ; = [Vxh; (X)T lx=f; (x;_; )]’ . The integral can be evaluated using Theorem
2.1 to give

d
PYkIXk—1, Th—1 = J, Y1:k—1) = Z TNk Yx,is Sk,i)s (3.60)

i=l

where ¢ ; = h; (£ (x¢—1)) and Sy ; = Hy ;Q;H[; + R;.
Using Bayes’ theorem, the sampling distribution for the maneuvering mode can
be written as
POYklrk = i Xe—1, Y1—1) Pr(rg = i|rg—1 = j)
PYklre—1 = Jj, Xk—1, Y1)

Pr(ry =ilri—1=Jj, X1, 1) =
3.61)

Note that the denominator is the weight update for the first-stage weights and
the numerator is a summand in the weight update for the first-stage weights.
Therefore,
L iN(k; Yx,is Sk.i)
d
Z Fj,aN(Yk; yk,aa Sk,a)

a=1

Pr(ry = i|ri—1 = J. X1, Y14) = (3.62)

It is interesting to compare (3.62) with the sampling distribution used for
the maneuvering mode in the BE. The sampling probability for a particular
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maneuvering mode in the BF is given by the transition probability. The EK-APF
incorporates the current measurement by scaling the transition probability for each
maneuvering mode by a quantity which is related to how much the current mea-
surement favors the maneuvering mode.

The sampling distribution for the object state can be expanded using Bayes’ rule
as

P(Xilrk =i, Xk—1, Y1:%)
DOk, e = D) pXeelre = i, Xg—1)
P(Yilre =1, Xk—1, Y1:k—1)
X N(yi; ¥k.i — Hii %k — £ (xk—1)), RN (xx; £i (xk—1), Qi). (3.63)

Using Theorem 2.1 gives

PXilr =1, Xk—1, Y1) = N(Xk; flki, Zi.i), (3.64)
where, with Ky ; = QHJ ;S 1,

ii =i (xe—1) + Ki,i Yk — Yr.i)s (3.65)
Yri = Qi — Ky iHi ; Q. (3.66)

This completes the derivation of the marginal sampling densities for the EK-APF
for maneuvering object tracking. The weights, which are given by the ratio of the
posterior density to the importance density, are given by the ratio of the likelihood
of the samples to the linearized likelihood of the samples. This is the same as the
weight calculation for non-maneuvering object tracking using the EK-APF. This
is to be expected since, in both cases, the weight update is accounting for the
linearized approximation used in the sampling step. A recursion of the EK-APD
for maneuvering object tracking is given by Algorithm 15.

3.6 Performance bounds

It is desirable to compare the various maneuvering object tracking algorithms with
an appropriate performance bound. In Section 2.7 the posterior Cramér—Rao bound
(PCRB) was introduced as a lower bound on the mean square error for tracking a
non-maneuvering object. Recall that one of the conditions required for the PCRB
to hold is twice differentiability of the logarithm of the joint density of the obser-
vations and the random parameter vector. In the case of a maneuvering object the
discrete-valued maneuvering mode must be added to the vector of random param-
eters to be estimated. As a result the twice differentiability condition of the log-
arithm of the joint density is not met and the PCRB cannot be applied and it is
necessary to consider alternatives.



Algorithm 15 Extended Kalman auxiliary particle filter for maneuvering object
tracking

1: fori =1,...,ndo
2 forj=1,...,ddo
3: Compute the Jacobian Hj( = Vit h;(x) |X:fj ® )
4 Compute:
X;<|k—1,j =1;(x;_y), S’Z,j = hj(X;c\k—l,j)’
' ' N j i \T Qi y—1
S;(,j =H;<7ij(H;<,j) +Rj» K;c,j =Qj(H;¢’j) (S;“j) s
ﬂi,j = X;c\k—l,j + Ki,j(Yk - %,j)’ Zli,j =Q; — Kgc,ijc,ij-
5: Compute the un-normalized sampling probability for the maneuvering
mode:
b]lc,j = F’/i—lyjN(Yk; y;(’j’ S;c?j)-
6: end for
7:  Compute the first-stage weight update a,i = Z‘;:l b};’ j and normalize the
maneuvering mode sampling probabilities b,"@ j= l;};’ j /a,i, j=1,...,d.
8: end for
9: Compute the first-stage weights:

n
S,f = wi_lai/Zwé_lai , t=1,...,n.
i=1

10: fori =1,...,ndo

11:  Draw a mixture index # such that Pr(t/ =) = éli.

12:  Draw a maneuvering mode r,i such that Pr(r,i =j)= blrf;l
13:  Draw the sample object state x} ~ N(“Z,ri’ Z’ii”i)'

14:  Compute the un-normalized weight:

Pw, (yx — h(x}))

ot H i ti )
— . — (X, — X .
Pwi (Yk Ve k,r;(( k klk—l,r,‘())

~i
wk—

15: end for
16: Normalize the weights:

n
w;:w;/Zw,{, i=1,...,n.
Jj=1

17: Compute a state estimate:

n
R = ) Wiy
i=1
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One possibility is to consider bounds which do not require twice differentiability
of the logarithm of the joint density. One example of such a bound is the Weiss—
Weinstein bound (WWB), a recursive version of which was derived in Rapoport
and Oshman (2004). The main problem with alternatives to the PCRB is that they
are invariably more complicated to derive and compute. This is certainly the case
for the WWB, which requires an optimization over a number of parameters. The
recursive WWB of Rapoport and Oshman (2004) was derived for only a single col-
lection of parameter values and thus provides an optimistic lower bound. Although
the idea of using the WWB is promising, more work is required if a useful bound
is to be obtained. An interesting point to note is that the recursive WWB raises the
possibility of bounding the performance of estimators of the maneuvering mode
in addition to the continuous part of the state vector. The bounds discussed below,
although simpler, do not have this desirable property.

An alternative to the use of more complicated bounds is to apply the PCRB to
a system which approximates the jump-Markov system used for maneuvering
objects. The simplest of this class of techniques is to compute the bound condi-
tional on the true maneuvering mode sequence. The resulting bound is usually far
too optimistic to be useful. Another approach is to derive the PCRB for the con-
tinuous part of the state vector conditional on each possible maneuvering mode
sequence and then weight each bound by the prior probability of the correspond-
ing sequence. In practice, it is necessary to remove the least likely sequences for
the sake of computational efficiency. This method tends to average the effects of
a maneuver over the observation interval and so does not really capture the effect
of a sudden object maneuver. Perhaps the most promising method is the recently
proposed best-fitting Gaussian approach (Hernandez et al., 2005).

3.7 Illustrative example

Maneuvering object tracking algorithms will be demonstrated using the same mea-
surement system as in the illustrative example of Section 2.8. In this scenario the
angular position measurements of a ground object are acquired by an airborne sen-
sor, as depicted in Figure 2.2.

The current example differs from that of Section 2.8 in that the object will now
perform maneuvers. In particular, the object motion is composed of periods of
uniform motion interspersed by coordinated turn maneuvers. A multiple-model
approach is used to model this situation. The object state at time k7', where T is
the sampling interval, is X = [x, Xk, Yk, Yk, @k ], Where (xg, yx) is the object posi-
tion in Cartesian coordinates, the dot notation denotes differentiation with respect
to time and wy is the turn rate. The manner in which the object state evolves is
determined by the maneuvering mode r;. The three possible motion models can
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be written in the form, fori =1, 2, 3,
p(Xklrk =i, Xk—1) = N (xi; f; (Xk—1), Qi)- (3.67)

Model 1 corresponds to uniform motion with transition function and process noise
covariance matrix given by

fi(x) = Fix = diag (Iz ® |:(1) 7{] , 0) X, (3.68)
Q) =diag| L, ® T3/3 T2/2 0 (3.69)
1= gl 12 q1 T2/2 T ’ . .

Models 2 and 3 correspond to motion under a coordinated turn. The transition
function, for a state vector X = [x, X, y, ¥, @], and the process noise covariance
matrix are

1 sin(wT)/w 0 —(—cos(wT))/w O
0 cos(wT) 0 —sin(wT) 0
fx)=|10 (1—-cos(wT))/w 1 sin(wT)/w 0 |x, (3.70)
0 sin(wT) 0 cos(wT) 0
0 0 0 0 1
3 2
Q; = diag (Iz ® gi [;2g TT/Z] ,biT> . (3.71)

Note that the transition function for coordinated turn motion is non-linear due to
multiplication of trigonometric functions of the turn rate by the other elements
of the object state. The use of two coordinated turn motion models enables the
filter to respond quickly when the object transitions from uniform to coordinated
turn motion without reducing estimation accuracy during coordinated turns. This
is done by using a large process noise for model 2 and a small process noise for
model 3. Model 2 will be favored at the onset of the maneuver and model 3 will
be favored once the maneuver has been established.

The particular scenario used in the simulation analysis is shown in Figure 3.1.
The object performs coordinated turns during the intervals (Hilton et al., 1993;
Blair et al., 1993; Li et al., 1999; MuSicki et al., 2005a) with turn rates of £5°/s.
This scenario retains the geometry of the example used for non-maneuvering
object tracking in Section 2.8 with the trajectories of the object and sensor in the
x-y plane swapped. This permits a comparison between the estimation errors for
maneuvering and non-maneuvering object tracking. Although the object trajec-
tory is generated without process noise the filter is implemented with some pro-
cess noise. The process noise intensities are g; = 1/1000 for the uniform motion
model, g» = 1/100 and b, = 2 x 1073 for motion model 2, and g3 = 1/1000 and
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Figure 3.1 Simulation scenario for performance analysis of maneuvering object
tracking algorithms.

b3 =1 x 107> for motion model 3. The transition matrix for the maneuvering
modes is

095 005 O
r=|02 06 02]. (3.72)
0 0.2 0.8

Recall that the (j, i)th element of T is P(ry = i|rx—1 = j). Measurements are
acquired at intervals of 7 = 3 s for 150 s with a standard deviation of 1°.

The algorithms considered in the performance analysis are the IMM and the
auxiliary bootstrap filter (ABF) implemented with 2000 and 5000 samples. The
mode-conditioned posterior densities in the IMM are approximated using the UKF.
The RMS position errors of the three algorithms, averaged over 500 realizations,
are plotted against time in Figure 3.2. Also included is a plot of the PCRB for
the corresponding scenario with the x — y trajectories of the object and sensor
swapped. It is not realistic to expect algorithm performance to achieve this bound
since it applies to non-maneuvering target tracking. The purpose of including this
bound is to give an idea of how object maneuvers affect tracking accuracy. It can be
seen from the results of Figure 3.1 that object maneuvers greatly decrease the accu-
racy of all of the algorithms. The algorithm most affected by the object maneuvers
is the IMM. The RMS position errors of the IMM are as high as 150 m during coor-
dinated turn motion. The RMS position errors of the ABF do not exceed 100 m for
either sample size. The difference in performance between the ABF and the IMM
during uniform motion is much smaller than during coordinated turns.
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150[ é
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RMS position error (m)

0 25 61 86 122

Figure 3.2 RMS position error of the IMM (dotted) and the ABF with 2000
samples (dash-dot) and 5000 samples (dashed). The solid line is the PCRB
for non-maneuvering tracking. Simulation scenario for performance analysis of
maneuvering object tracking algorithms.

3.8 Summary

The chapter brings together a range of maneuvering object tracking methods into
the unified Chapman—Kolmogorov—Bayes formalism. The key algorithms like
the GPB, IMM and the variable structure IMM along with the particle filtering
approach to maneuvering object tracking are derived. The fundamental concept is
that the probability density function of the state is a mixture of Gaussian and var-
ious filters are approximations to the mixture density. Reduction and approxima-
tion of mixtures of Gaussians is central to a number of object tracking problems,
including the problem of tracking in clutter, and will be covered in detail in the

next chapter.



4

Single-object tracking in clutter

In Chapters 2 and 3, we introduced state estimation and filtering theory and its
application to idealistic object tracking problems. The fact that makes practical
object tracking problems both challenging and interesting is that the sensor mea-
surements, more often than not, contain detections from false targets. For example,
in many radar and sonar applications, measurements (detections) originate not only
from objects of interest, but also from thermal noise, terrain reflections, clouds, etc.
Such unwanted measurements are usually termed clutter. In vision-based object
tracking, where tracking can be used to count moving targets, shadows created by
an afternoon sun, light reflections on snow or the movement of leaves on a tree can
all generate clutter data in the images.

One of the defining characteristics of clutter or false alarms is that their number
changes from one time instant to the next in a random manner and, to make matters
worse, target- and clutter-originated measurements share the same measurement
space and look alike. Practical tracking problems are considerably difficult since
sometimes, even when there are targets in the sensor’s field of view, they can go
undetected or fail to appear in the set of measurements. In other words, true mea-
surements from the target are present during each measurement scan with only a
certain probability of detection. Hence, determining the state of the object using
a combination of false alarms and true target returns is at the heart of all practi-
cal object tracking problems and is the subject of this chapter. In many situations
the measurement origin uncertainty is a far more important impairment to tracking
performance than is the noise associated with the measurements themselves and
make it a more difficult problem to address than the estimation problems covered
in Chapters 2 and 3.

The object tracking algorithms presented in this chapter are based on the fol-
lowing assumptions, unless stated otherwise:

103
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¢ Object:

— There is a single object in the surveillance area. The position of the object is
a priori unknown.

— Possible object trajectory models are assumed known, and the models are
assumed to propagate as Markov chains.

— At each scan one measurement per object may be present, described by the
probability of detection, Pp, which may be different for each target. In other
words, we assume point objects and they produce zero or one measurement
per scan randomly.

e Clutter:

— Clutter measurement density in the surveillance area is a priori known, other-

wise we estimate it from the received measurements.
e Measurements:

— Measurements are produced by the sensor with infinite resolution. In other
words, each measurement can have only one source. When a measurement is
used to update a track, it can be one of:

* measurement (detection) of the object being tracked;
* clutter measurement.

— We consider here only position measurements. Additional measurement
attributes, such as amplitude, Doppler speed, etc., can be included in a
straightforward manner using a priori probability density functions of the
measurement attributes (Lerro and Bar-Shalom, 1990, 1993; Musicki and
Evans, 2008).

These assumptions are usually not completely satisfied in practical situations. For
example, sensors usually do not have infinite resolution and close measurements
will be merged. In the opposite direction, with high-resolution sensors, one object
may have more than one measurement per scan. However, the assumptions listed
here simplify the object tracking problem considerably and are instrumental in the
derivation of a majority of object tracking algorithms. As a consequence, the prac-
tical implementation of target tracking may fall short of expectations in situations
where these assumptions are largely violated (MusSicki and Evans, 1995).

4.1 The optimal Bayesian filter
4.1.1 Object dynamics, sensor measurement and noise models
For object tracking in clutter, the key change is in sensor measurements. The object

dynamics remain the same as for the single non-maneuvering object model,

x; = f(xx_1) + vi. “4.1)
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On the other hand, sensor observations at each epoch result in a set of measure-
ments,

vi = Y (), ¥ @), ..., ¥ (mp)),

where my; denotes the number of received measurements at time k and m* =
{m1, ma, ..., my}. The posterior density of the target is not only conditioned on
received measurements, yk = (Y1,¥2,.--,Yk), but also on the number of mea-
surements m* at time k. Although information on the number of measurements is
embedded in the measurements, explicit representation helps in terms of clarity.

4.1.2 Conditional density

The conditional probability density of interest in the object tracking in clutter prob-
lem is p(x¢|y*, m*). Using Bayes’ rule, we have

Py, m*) = pxily, me, Y, m*h)

1 k—1 k—l)

_ Pkl L m T hpoaily Tt m

, 4.2)
P (Y mlyk=!, mk=1)
where:
o p(Yk, m|Xk, yk_l, mk_l) is the likelihood function;
o p(xrly*~!, m*=1) is the prediction density;
o p(yk, mxly*=!, m*=1) is the normalizing factor.
4.1.3 Optimal estimation
The predicted density
The predicted density is given by the Chapman—Kolmogorov equation:
poxly ot = [ pselse ) pxea iy mt ey 43)
Xk—1

_ / P %k — ) p it |9, mEDdx 1. (4.4)
Xp—

The transition density is directly derived from the object dynamics equation (4.1),
and the system noise properties.

The likelihood function
The first term of (4.2), i.e., the joint likelihood, may be written as

Py milxe, Y, m N = p(ye(D), ¥ ), - .., yr(mi), mylxe, Y=, m* =1,

(4.5)
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Let:

¢ 6x(0) denote the association event that none of the measurements in yy is target-
originated; and

e 6r(i) denote the association event that the ith measurement in yj is
target-originated, and the rest of the measurements are from clutter, i =
1,2,...,mk)

Therefore, the set of association events {6;(0), 0x (1), ..., 6 (m)} forms a mutu-
ally exclusively and exhaustive set of events at each epoch. Using the law of total
probability in (4.5) we have

p(¥r mi|xe, yL, mFh

my
=Y px(1), ¥k @), ..., yalmi), m, O () xe, ¥, m* 1)
i=0

mg
=3 " Pk, Yk @), ... yem) [xe, mie, 0,y mA
i=0

X p O (D)X, mi, Y, mF Y pmexe, y*1, mF. (4.6)

Under white measurement noise assumptions, the first term of (4.6) reduces to

p(yk(1), yx(2), ..., ye(mi)|Xx, m, Ok (i)).

The number of received measurements my is also independent of object state Xi.
Therefore, the last term in (4.6) can be written as

1

pOmg|xe, YU, m* =1y = p(myly*=", m* =1,

Now consider the middle term within the summation of (4.6). Since 6 (i) is the
association event that the ith measurement is from the target and the rest are from
clutter at time k, it only depends on the number of received measurements my. The
fact that the probability is conditioned on the object state x; legitimizes the associ-
ation event to be specified. In other words, it would be meaningless to ask the asso-
ciation of the ith measurement with the object if there is no target or target state to
associate with. The association event is simply an event of picking a measurement
from a group of measurements and labeling it as the object-originated measure-
ment. This association event is independent of the past measurement y*~!, m*—1.
Therefore, we have

PO Xk, mp, Y1, m* 1y = p6r (i) my),



4.2 The nearest neighbor filter 107

which is identical to y;(my) denoted in Bar-Shalom and Fortmann (1988). Thus,
(4.6) can be written as

Py, mi|xp, y< L, mAL

mp
=Y k(). ¥x(2), ., Yk (i) [Xe, m, 6 (D)) p Ok (i) lmp) pomly* ", m* 1),

i=0
4.7)

The normalization factor

The normalization factor is

1

Py, mily* ™, m*1y = f POy miclxe, Y, m* " pxely* 1, mFax,
Xk

(4.8)

where the first term in the integrand is derived from (4.7) and the second term is
derived from (4.4). The integral is then evaluated.

Substituting the prediction density, likelihood and normalization factor’s sim-
plyfying steps in (4.8) into (4.2) leads to the optimal Bayesian filter for object
tracking in clutter. Approximations of this optimal recursion that have been suc-
cessfully used and implemented include the nearest neighbor filter (NNF) and the
probabilistic data association filter (PDA) and particle filters. These approximate
filters will be introduced in the following sections.

4.2 The nearest neighbor filter

This nearest neighbour filter approximation is based on five strong assumptions:

1. The true object always exists and is always detected.

2. The measurement that is closest (in a statistical sense) to the predicted measure-
ment is from the object.

3. All other measurements are from clutter.

The object motion obeys linear Gaussian statistics.

5. The measurement noise is white Gaussian.

b

In other words, only one measurement, denoted y (i), whose statistical distance to
filter predicted measurement is the smallest among all validated measurements yy,
is considered to be the target-originated measurement.
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Desired conditional density

Expand measurement history

P(Xk|}’k, my, yk_ly mk_l)
| Simplifying : Invoke Bayes’ rule 1 Simplifying 1
| | | |
| assumptions ! %p(yk,mk|xk,,y/lc_l)p(xﬂyk_l7 mF=1) | assumptions !
Likelihood Prediction
P(Yk, Ml Xk) p(xly* =, mbt)

Normalization
6 = [ p(yr, mu|xk)p(xk|y* 1, my_1)dxy

Find approximate solution for

p(xrly®, m*) = 1p(yi, mlxe)p(xe|y* 1, mF1)

Recursive Bayesian solution

Summary of the recursive Bayesian framework for object tracking in clutter.

The target dynamics, sensor measurement and noise models

Specifically, it is done by assuming:

e the object dynamics function f(-) is a linear function of the object state,
satisfying

xp = Fxp 1 + v 4.9)
* the sensor measurement is also a linear function of the object state, satisfying

Yi = Hx + wi; (4.10)
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¢ vi and wy are white, uncorrelated, Gaussian noise sequences with zero mean
and covariance Qy and Ry respectively; and

o the prior conditional pdf of target state p(xx—1|y*~!) is a Gaussian density with
mean Xy _1jx—1 and covariance Py_jx_1.

The transition density

The target states satisfy linear dynamics given by (4.9). Hence vy = x; — Fx_1
and the transition density is given by

P(Xk|Xk—1) = pv, Xk — Fxp—1).

Since py, (-) is a Gaussian density, the transition density is given by

1
P(Xk|Xk—1) = —E(Xk — Fxe—)"Q (x¢ — ka—l)} :

Texp{
QmQult

This can be represented in the short form p(xg|xx—1) = N (Xx; Fxx—1, Qp).

The predicted density
The predicted density is given in (4.4) as

pOxelyt !, me) = / Do (%6 — ) it [, mE g
Xk—1

Under linear Gaussian assumptions, the first term in the integrand, p(Xx|Xx—1) =
Dy, Xk — £(Xk—1)), is N (Xx; Fx¢—1, Q). The second term p(Xx—1 |yk*1
the conditional density at the previous stage (i.e., at time k — 1), and approximated
in that stage by N (Xk—1; Xk—1jk—1, Px—1k—1). Using a normal distribution theorem
(see Appendix C), the predicted density can be simplified to

,mF 1) is

pily* 1 m Tl = Nxes Rip—1, Prgg—1), (4.11)

where

[(Xkjk—1, Prjk—11 = KFp[Xe—1jk—1, Pr—1jx—1, F, Ql.

These equations are the famous Kalman predictor equations derived and intro-
duced in Chapter 2.

The likelihood function

The likelihood in the NNF is approximated by choosing y (i) from the set of yj
by ordering the measurements based on their statistical distance to the predicted
measurements. Since both the measurement noise and model process noise are
Gaussian, a chi-square test (Bar-Shalom and Fortmann, 1988) determines the sta-
tistical distance.
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In NNF, among all the measurements received, only one measurement is
selected to associate and update the object track based on the following
criterion:

' i ; : T o1 , .
k(i) = ar. min k() — HXgk—1]" Spp_q (Ve () — HXge—1],
Y gyzc(j),vje{l ..... mk}[y J 1] k|k 1[G 1]

4.12)
where Sk|k—1 = HPk|k_1HT + Ry.

The normalization factor

The normalization factor is
Py, mely*!, m* 1) = / Py milxe, YU, mE N poxely* 1, mF T axy,
Xk

where the first term in the integrand is N (yx(i); Hxg, Ry) and the second term is
N (Xi; Xkjk—1, Prjk—1). This results in

Pk, mily* ™, m Y = N (yie(i); Higet, Skjk—1) - (4.13)

The conditional density

Combining (4.11), (4.12) and (4.13) into (4.2), the posterior density follows as
N (yi(i); Hx, RO N (X565 Rie—1, Prje—1)

N (yx(i); HXgk—1, Skik—1)
= N (Xt R, Prie)

pxily*, m*) =

where

[Xki» P ] = KFe [y (), fkjk—1, Pege—1, H, Ry ] .

4.2.1 The nearest neighbor filter equations

The use of the measurement nearest to the predicted measurement to update a track
can lead to very poor performance when the density of spurious measurements
or clutter is high. This algorithm does not properly account for the fact that the
measurement chosen for the track update may be unrelated to the object. It also
uses the philosophy of “winner takes all” when associating a measurement to an
object track as any one of the measurements validated by a gating mechanism can
be associated with it.
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Algorithm 16 Nearest neighbor filter recursion equations at time k

1: Prediction:

[Xkk—1. Prjx—1] = KFp [Kx—1je—1. Peo1k—1. F. Q] .

2: Measurement selection {Section 5.5.2, (5.78)}:

. . . ~ T a—1 . ~
k(i) = ar, min k(7)) —HXep—1| Spp_q |Ye(J) — HXgp—1],
y &y e mk}[y / ko1l S [940 k1]

where Sk|k—1 = HPk|k_1HT + R;.
3: Output trajectory estimate:

[Xi1ks Prje ] = KFe [y (), Kkjk—1, Prg—1, H, R] .

4.3 The probabilistic data association filter

The most successful algorithm in the class of Bayesian all-neighbors filters is the
probabilistic data association (PDA) filter. The algorithm updates the object state

€

stimate using all validated measurements and their respective posterior probabil-

ity weightings. The PDA algorithm is derived by making the assumption that the
prediction density in the optimal Bayesain recursion given all past observations is
a Gaussian density, although, strictly speaking, it is a Gaussian mixture. This PDA
filter approximation is based on the following six strong assumptions:

AR

The object being tracked exists and no other object exists.

The object motion obeys linear Gaussian statistics.

Only one measurement can be from the object of interest.

The measurement noise is white Gaussian.

The object may or may not be detected all the time and is detected with proba-
bility of detection Pp.

All non-object originated measurements are assumed to be originated from
clutter that is uniformly distributed in space and Poisson distributed in
time.

. Only measurements that fall within a proximity of the expected measurement
(i.e., that fall within the validation gate) are considered for processing

The transition and prediction density evaluation

The object dynamics, measurement and noise models are the same as those in the
nearest neighbor filter in Section 4.2. Thus the transition and prediction densities
are the same as (4.11).
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The likelihood function

While the transition and predicted densities of NNF and the PDAF are the same,
the key difference is in the way both filters extract information out of the received
measurements — i.e., the likelihood function. The likelihood in the PDA is approx-
imated by choosing the subset of measurements from the total measurement set
¥r by gating the measurements based on their statistical distance to the predicted
measurements. Since both the measurement noise and model process noise are
Gaussian, a chi-square test (Bar-Shalom and Fortmann, 1988) determines the sta-
tistical distance and whether a given measurement lies within the minimum volume
hyper-ellipsoid that contains a set percentage of the probability distribution of the
predicted measurement — the validation gate. The measurements that fall within
this ellipsoid are said to be gated. The validation gate is an ellipsoid defined by

G={yeR":[y—$ix_118®) Iy — xpu_11" < v},

where ,/y is the gate size, Yijk—1 is the predicted measurement and S(k) is its
covariance. A measurement falling inside the validation gate is accepted as a mea-
surement and is indexed as a validated measurement. That is, y becomes one
of the received measurements {yx (1), yx(2), ..., yx(my)}. The volume of the n-
dimensional gate is

nn/2

T2+ 1)

where [S(k)| is the determinant of S(k).

By assuming that the clutter measurements are uniformly distributed in
space and have equal probability of being at any point within the gate we
can derive the likelihood of the PDA filter. Let P denote the probabil-
ity that the correct measurement falls within the gate, then the likelihood
pyYr(1),yx(2), ..., Y (my)|Xx, mg, 0% (i)) can be evaluated as

Vi ISty 12,

mg—1

PYK(D), Y (2), .., Ye(mp) [ Xg, my, Ok (i) = (71{) P(Yk(@)[xx), (4.14)
where p(yx(i)|xx) is the likelihood of the ith measurement being object-
originated. It is N (yx(i); Hxx, Ry) when the complete measurement space is con-
sidered. However, since the effective measurement space is truncated to the vali-
dation gate, the likelihood is effectively truncated by the chi-square ellipsoid. This
leads to the truncated Gaussian density and does not integrate to 1. By normalizing
it with its area in the gate (i.e., the gating probability) it can be re-interpreted as a
measurement probability density.



4.3 The probabilistic data association filter 113

Thus,

1
p(yr(@)xi) = P—GN()’k(i); Hx;, Ry), (4.15)

P(Yr(1), yx(2), ..., Y (mp) Xk, my, Ok (i)

1 mi—1
= <7k> P(yr(@)xk)

| mi—1 1 ) i
()T P N xR, Vi 0,
1\ :
<Vk> , i=0.

Now the first term of (4.2) can be expanded into

(4.16)

p(¥k mi|xe, y< L, mFh

my
= por(D), vk @), ., Yk i) Xi, mi, 0(0)) p Ok (i) i) p(my* ", m* 1)
i=0

1\
=(7> PO (0)|my) p(my |y* =1, m*=1
k

1 mi—1 Mgk
T (Vk) > POk ) X pOk (i) lmi) pm [y ", m* ). 4.17)
i=1

The probabilities p(0x(i)|my),i =0, 1, ..., mg, can be derived using Bayes’
theorem as follows: let Pp stand for the probability that the object is detected and
P for the probability that the object-originated measurement falls into the gate.
Using Bayes’ theorem,

p(mi|6k(0)) p(6r(0))
p(mg)

POk (0)|my) =

B p(mk|0k(0)) p(0r(0))
— p(mil6k(0)) p(6(0)) + p(mINOT 6;.(0)) p(NOT 6 (0))
_ wr(mg)(1 — Pp Pg)

~ up(m)(1 = PpPg) + up(mi — 1) PpPg’

where NOT A is the complement event of event A. Let ur(my) be the distribution
of my clutter measurements that are gated. After some rearranging,

-1
(1 — PpPg)ur(my) |:PDPG + M(l — PDPG)} )
wr(mg —1)

O (0 =
PGk (0)[mp) Py—
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and fori =1, ..., mg, assuming that all measurements gated are equally likely to
be the target-originated measurement,
. 1 pr(my) -
pOk(i)imy) = — PpPg [PDPG +———(0—-PpPg)| .
mg pr(mi —1)

The two most commonly used distributions for pp(my) are Poisson and non-
parametric (uniform) clutter densities as defined below:
exp(—A Vi) (A Vi)™

wr(my) = ' , for Poisson clutter, where AV is the mean of
my!

the distribution, and
1
wr(my) = v VYmp=0,1..., N — 1, for non-parametric clutter.

For example, for the non-parametric model (Bar-Shalom and Fortmann, 1988),

PDPG/mk’ l=152’amk

POk (i) Imy) = {
Whereas for the Poisson clutter distribution,

P (O (i) |my)

_ [ (0 = PpPg)AVi[mg PpPg + (1 — PpPe)A Vil ™!, i=0,
B PpPglmiPpPg + (1 — PpPG)AVi] ™!, i=1,2,...,m.

The normalization factor

k=1 mk_l) can be evaluated as follows:

The normalization factor § = p(yg, mx|y

§ = p(yi, mly* 1, m ) = / P, milxe, YL mE ) pxily T mFhdx.
Xk

Using the result from (4.17) we have

5=/ Py, mlxe, YL, mE Y pxi lyF L mF T dxg
Xg

B i1 ket | POO)m) T pO@) i) p(yi () Ixe)
—/ka(mkly . m )[ Vo + yomi }
x pOxly* 1, m*hdxy

_ / [p<mk|yk—1,mk—1>p<9k<0>|mk>
Xi

Vi "k

Sk p g ly* Y mE ) p (@4 () lmi) p (ye (i) 1)
Vkmk—l

+ j|N(Xk;§kk—1, Prji—1)dx
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_ / pOmi|y* =1, m* 1) p (6 (0) [mi) N (x¢: Keje—1., Prje—1)dxx
X Vkmk

+/ Sk pmely* = mE p 0k () Imi) p(yi (D 1% N (%3 Repe—1, Pege— 1) dxe
mG—l
Xk k

_ POy m ) p@0) )
Vkmk X

N (Xi; Xick—1, Prje—1)d Xy

my k=1 k—1 .

plmely" ™", m" ™) p(Ok (D) |my) . .

+ E 1 ymi] XkP(Yk(l)|Xk)N(Xk§ Xklk—1, Prjk—1)dXy.
i=

Since ka N (Xg; )A(k|k,1, Pijk—1)dx; = 1 and, as per (4.15),

1
P(yr()[xp) = P—GN(Yk(i); Hxi, Ry),

the normalization factor simplifies to

5 = POyl m D p G O)lmi) ”’Z Pnely*~t, m ™Y p @ (D) my)
i=1

Vi PGVkmk_l
X f N (yr(i); Hxg, Ri)N (Xi; Xg—1, Prj—1)dXx.
X

The  integral ka N (yr(i); Hxg, Ri)N (X5 Xgjk—1, Prjg—1)dxi = N(yx(i);
Y&, Sk), where yx = HXyk—1, Sk = HPk|k_1HT + Rg. By defining

4o — PO (0)|my) pmg|y* 1, m* 1)

mg
vk

9

o pOm |yt mih

B Pg Vkm"_lx/27'[sk ’

1 N _ A
ej = exp {_E[Yk(i) — 917 vk () — Yk]} PO () my),

a

we can concisely represent the normalization factor in the context of single-object
tracking in clutter by the following equation:

5=a0+a12e,-. (4.18)
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The conditional density

Returning to the density of prime interest, the conditional density of the object
state, we have

1 &
POy’ m') = <3 pk(1), Y @), - Yilmi), me X, 6:(D) p (O )
i=0

x p(xly*=t, mkh

’

where 8§ = p(yk, mg|y*~", m*~1) is the normalizing factor. Substituting the likeli-
hood of (4.17), and the predicted density of (4.11), the conditional density can be
rewritten as

ok L™ L3 k=1 k—1
P(Xkly,m)—g 7 N (Xi; Xkpk—1, Prie—1) p (O (0) [my) p(mg ly” ", m" ™)

1 1 mk—l mp
+ 3 (71{) Z P(Yi (D)X )N Xk Xjk—1, Prig—1) p (6 (i) [my)
i=1

x p(myly*=!, m =1,

where

PYk@IX)N (X5 Xek—1, Prjp—1) = P51N(Yk(i); Hx;, RN (Xk; Xjk—1, Prjg—1)-
4.19)

The above expression can be further simplied by multiplying and dividing it by
N (Xg; Xkjk—1, Prje—1)- Thus we have,

P(Yr () X)) N (Xk; Xiejk—1, Prje—1)
N (yr(i); Hxg, Ri)N (Xi; Xije—1, Prj—1)
N(yx(@); Y&, Sr)

= PG Ny (): $i. SON (% &g, Py,

= P N(yi(); §x. Sk)

where, using the Gaussian distributions theorem of Appendix A,

(%% Phig] = KFe [y (@), Reg—1, Prge—1, H, Ry ]
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These are the update of a Kalman filter using the ith measurement yg (i), as in the
PDAF solution. Substituting, we have

1
pxilyt, mb) = =

8

1\ .
(7]() PO O ) p(mg [y, m* " YYN (xx; Rejk—1, Prjk—1)

1yt &
- (ﬁ) PGS p@e@ImN (i (i): i, Se)
i=1

< p(mily* ™' m* TN (xes K Py
my,

= BL(O)N (x: Rege—1, Pre—1) + Y BN (xi: Ry Plp), (4.20)
i=1

where, by substituting the normalization factor 6 = ag + a Z;":"l e;, we get

LA™ k=1 k-1
Br(0) = 3 (7) POk (0)|mi) p(myly” ", m"")
:

_ ag _ bi
N ap + ap Z;n:kl e; N by + Z;n:kl e ’
1/1\™ " .
Bk(i) = 3 (7) P p(Ok (D) |mi) N (Y (i); Yk» Sk)
ae; e;

= y = Ty s
ag+ar ) ;Kiei b+t e
where

P 278k 2

ap
by = — = p(Ok(0)|my) ;
aj Vk

1 . _ A
ej = exp {_E[Yk(i) — 9178 vk (i) — Yk]} POk (i) myg).

Calculating the data association probabilities, 8(-) is denoted by a pseudo-
function

[{Br()}[2y] = STDA [{pr()}%,],
where B (i) are calculated for the ith validated measurement (the measurement
within the validation gate Vy).
Thus the posterior density of the target state p(xx|y~, m¥) is a Gaussian mixture
whose mean and covariance are given as follows:

[Rek Pk ] = GMiix Hﬁ;’dk, Pl ,Bk(i)} ] .

i
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The PDA conditional density estimate calculation is denoted by the pseudo-
function

[Rxik, Prik] = PDAE [Rije—1. Pege—1. {yx (D)7, {Br ()}, . HLR].

First the a posteriori estimation mean X|x (i) and covariance Py (i) are calcu-
lated given each measurement possibility i > 0,

[Xkik—1. Prg—1] i =0,

Xk (i), Py = ), % :
(X1 (@) Pl {KFE[yk(l),xk|k_1,Pk|k—1,H,R]’ >0,

after which the mean and covariance of the resulting Gaussian mixture are calcu-
lated by

mi
i=

[Xkik Prx | = GMix [{f(mk(l’), P};‘k, .Bk(i)} o] :

4.3.1 The probability data association filter equations

Algorithm 17 PDA filter recursion equations at time k

1: Prediction:
[Rik—1. Prr—1] = KFp [Rk—1je—1, Pe—1ik—1, F. Q]
2: Measurement selection:
[¥k, Vil = MS1 [ Yk, Rkje—1, Prpe—1. HL R] .
3: Likelihoods of all selected measurements i:
[{pe@)};] =MLy [{yx )}i » Kxje—1, Prje—1, H, R] .

4: if non-parametric tracking then
5: Vg calculated using the equation

7'["/2

T2+

where |S(k)| is the determinant of S(k).
6:  Clutter measurement density estimation:

VIS [y 172,

Vi

p =my/ V.
7: end if

8: Single target data association (sans target existence):

[{B()}1™,] = STDA [{pr(i)}7,] .
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9: Estimation/Merging:
[Rxik Prjk] = PDAE [Rije—1. Peje—1. {yx (D}, Bk ()}, . HLR].

10: Output trajectory estimate:
e track mean value Xy x and covariance Py .

4.4 Maneuvering object tracking in clutter
4.4.1 Object dynamics and sensor measurements model

As discussed in Chapter 3, the most successful approach in dealing with maneu-
vering targets is the multiple-model approach where the object motion dynamics
was modeled using a jump-Markov process. In this approach the object dynamics
are assumed to belong to the set of models defined by (3.6),

x¢p =86, X)) + v, ree{l,2,...,d},

where the process noise v,, is assumed to be additive and ry is assumed to be a
random variable satisfying a homogeneous discrete-time Markov chain with state
space {1, ..., d} and transition probability matrix I", where

[jj =Pr(ry = ilrg—1 = j),

with initial conditions Pr(rg = i) = mo(i). The measurements, in a fairly general
sense, are assumed to be model dependent and related to the true target state
through (3.7):

Y = hrk (Xk) + Wi .

Due to its success we will adopt the same system dynamics equations for the case
of maneuvering target tracking in clutter.

4.4.2 Optimal Bayes’ solution for maneuvering object tracking in clutter

Since ry is a discrete random variable, taking values in a discrete set {1, 2, ..., d},
the probability density of interest p(xx|y*) can be decomposed into d components
as follows:

d
poily) =Y pxe e =ily") i={1.2,....4).
i=1
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By using the conditional density lemma, it can be further decomposed into

d
poily’) =Y pelre = i,y ) plre = ilyh). 4.21)
i=1

By applying Bayes’ theorem and the Chapman—Kolmogorov lemma to individual
components of the above decomposition, we have
ik
p(Xilre =1,y")
POk T =1, [ pOalxe—, i =1, ¥ poiilyF T Ddxg

p(yklre = i,y 1)

By defining p(ry = i|y*) = wi(@) and p(r = ily* ") = wik—1(i), we have

. Pilre =i ¥ D prr-16)
Ml (@) = = i =
Yict POkl =i,y 325 Ui ie—1jk—1(J)

and, since we are dealing with object tracking in clutter, the sensor observations at

each epoch are a set of measurements y; = {yk (1), yk 2),..., yk (my)}, where my,

denotes the number of received measurements at time k.
Define the following:

* 6,(0) as the association event that none of the measurements in y; is object-
originated;

e 6 (i) as the association event that the ith measurement in yy is object-originated,
and the rest of the measurements are from clutter, i = 1,2, ..., m(k).

We can obtain the likelihood functions as

mg
pOKIXG e =1, ¥ ) =D pye(D), v @), - yemo) X, 1 = i, 0(0))
i=0

x pOk () Ixp, re = i, YD, (4.22)

and
mp
plylre =i,y = f > pk(D, ¥k @), - Y X, 1k = i, 64(7))
X =0

x pO ()X, i = i, YD) pelre = i,y Ddxy.  (4.23)

Equation (4.23) is also the normalization factor in the Bayes’ recursion associated
with the object state’s conditional density. The normalization factors associated
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with the model probability update equation are given by

d
pOklY ™) =D pyilre = i,y prie = ily*™)

i=I
d

= pOylre = i, ¥ -1 @)
1

d

POkl =YD Y i o1 (), (424
1 j=I1

|
.M&

where p(yilri =i, ykil) is given by (4.23).

4.4.3 The Bayes’ optimal estimates for maneuvering object tracking in clutter

Substituting (3.10) and (3.17) in (3.9), the conditional density of the target state
p(xx|y*) can be determined. From this, the minimum variance target state estimate
and associated covariance can be obtained using

Xijk = / X p(Xg [y¥)dxy,,
X

Py = / [xp — Rupellxe — eyl p i [y )dx.
X

Using (3.9), the mean and covariance equations can be further simplified to

d
Xk |k =/ XkZP(Xk|rk = i, YO) s (1) dx,
X% =1

d
Py = / [xe — Rdixe — 817 D pOaelric = i, Y pugn (D) dx.
e i=1

Rearranging the summation and integrals, the conditional mean and covariance are
given by

ﬁklk =

M-

( / X P (kg lre = i, yk)dxk) J (), 4.25)
Xk

i=1

P =

M-

( f [x¢ — % llxe — %617 pXelrx = 4, yk>dxk) i (). (4.26)
Xk

i=1
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Several sub-optimal filters, such as IMMPDA and particle filters for maneu-
vering object tracking in clutter, can be derived by approximating these Bayes’
recursive equations.

4.5 Particle filter for tracking in clutter

In this section the basic particle filtering algorithms described in Section 2.6 will
be applied to the problem of single-object tracking in clutter. It will be assumed
that the target state evolves according to

PXk|Xk—1) = pv; (X — £(Xk—1)), (4.27)
where py, is the PDF of the process noise. Under the association event 6 (i), i €
{0, ..., my}, the measurements satisfy
(1/ Vi)™, i =0,

1/ V)™ py (7 () —h(x0)), i =1,...,my,

where V; is the volume of the gate. The number m of measurements in a region of
volume V is assumed to be Possion distributed with known mean A V.

p(YlOk (D), X)) = { (4.28)

4.5.1 The bootstrap filter for object tracking in clutter

Samples of the particle index and target state are drawn from the importance den-
sity

q(Xk, 1) = wi_y p(Xk|Xp_ ). (4.29)

The marginal importance densities can be found as
q(t) = wy_y, (4.30)
q(X|t) = py, (X — f(Xxk—1)). (4.31)

The sample weights, given by the ratio of the posterior to the importance density,
are proportional to the likelihood. The likelihood can be expanded as

my
P Yk, mi|Xp) = Z POk () Imi) p(yk16k (j), Xk). (4.32)
j=0
Substituting (4.28) and

POk () Imr)

_ { (1 = PpPG)AVi/(miPpPs + AVi(1 — PpPg)), j=0,
Pp Pg/(my PpPg + AVi(1 — PpPg)), J=1...,m,

(4.33)
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Algorithm 18 Bootstrap filter for object tracking in clutter

l: fori =1,...,ndo

2:  Draw a mixture index ¢’ such that Pr(t' =) = w,l(_l.

3:  Draw V;.( ~ py, and compute the sample target state X;.( = f(x,t;_l) + V;.C.
4:  Compute the un-normalized weight:

mg

B}, =1— PpP6 + PpPG/% Y pw(yk(j) —h(x})). (4.35)
j=1

5: end for
6: Normalize the weights:

n

i i ~J :

w —wk/g wp, i=1,...,n
j=1

7: Compute a state estimate:

n
)A(k|k = Z w,ix}c
i=1

gives
m

Pk, melxe) o 1 = PoPG + PpPc /A Y pwe(yk(j) —h(xp)).  (4.34)
j=1

A recursion of the BF for single-object tracking in clutter is given by Algorithm 18.
The sampling step is precisely the same as for single-object tracking without clut-
ter. This is to be expected since the bootstrap filter draws samples without consid-
eration of the measurements. The uncertainty in the origin of the measurement is
accounted for in the weight calculation. This weight calculation will favor samples
which are close to any of the measurements in the validation gate.

4.5.2 The extended Kalman auxiliary particle filter for object
tracking in clutter

The EK-APF will be derived under the Gaussian assumptions, v ~ N (0, Q) and
wi ~ N (0, R). The importance density for the EK-APF can be written as

q (X, 1) = & pXi|X}_ 1. Y1k, M1k, (4.36)
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where
n
& = wi_ DYk, Mr|X_ 1, Yik—1) /Z Wi DYk, me|X_1, Yik—1) . (4.37)
i=1

Recall that the hat notation is used to denote probability distributions or
densities computed with the linearized measurement equation approximation,
h(x, %) = h(®) + Hi(x — %), where Hy = [Vxh(x)7]7 4. The update factor
P (Vi |x,t(_1, y1:k—1) for the first-stage weights can be expanded as

B Ml Y11 = / Bye, mlxe) p(xelxe_,) dx. 438)

Substituting the transition density (4.27) and the likelihood (4.34), with the
measurement equation replaced by the linearized approximation, and using the
Gaussian assumptions, gives

P(Yk, mi|Xk—1, Y1:k—1)

nmy
o f [1 — PpPG + PpPc /) Nye(j); hex, fx—1)), R)}

=1
X N (Xi; f(xx—1), Q) dx (4.39)
my
=Y a (), (4.40)
=0
where
- . 1— PpPg, j=0,
= A . 4.41
) {PDPGN(Yk(J)§YkaSk)/)», j=1,...,my, (44D

with yx = h(f(x¢_1)) and Sy = HkQHZ + R. Equation (4.40) was obtained using
Theorem 2.1. The sampling density for the state vector can be written, using
Bayes’ rules, as

PXk|Xk—1, Y1k, m1:k) < p(Yi, mi|Xe) p (X [Xk—1). (4.42)

The same procedure used to derive the first-stage weights can be used to find the
sampling density as

mg
POIXk—1, Y1k mia) = > ok (N ks (), Zx (), (4.43)
j=0
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where
mg
o (j) = @ (j) / > a, (4.44)
i=0

f(xk—1), Jj=0,

mi(J) = {f(xk_o FKWEG) — 50, G=Leem, )
~_1Q, j=0,
Zk(J)_{Q—KkaQ, i=1,..., my, (4.46)

with K = QHkS,:1. It can be seen from (4.40) that sample indexes drawn accord-
ing to the first-stage weights will tend to correspond to samples with a predicted
measurement close to at least one of the validated measurements. The sampling
density for the state vector is a mixture density with each mixture component cor-
responding to an association hypothesis. The procedure for drawing a sample of
the target state consists of selecting an association hypothesis, according to the
probabilities o (0), ..., ox (my), and then drawing from the corresponding com-
ponent distribution. The sampling density corresponding to 6;(j), j > 0, is the
sampling density for the EK-APF without clutter assuming that the jth measure-
ment is target-originated. The sampling density for 6x(0) is just the transition den-
sity, since this hypothesis states that all measurements are clutter. A recursion of
the EK-APF is given by Algorithm 19.

Algorithm 19 Extended Kalman auxiliary particle filter for target tracking in
clutter

l: fori =1,...,ndo
2:  Compute the Jacobian H = [Vxh(x)"]7|
3:  Compute:

x=f(x};7| )"

X5<|k—1 = f(Xfc—l)’ f’ﬁc = h(quk—l)’
S =H:QH)HT +R, K. =QMH)T ().

4:  For j =0,...,mg, compute &,i(j) using (4.41).
5:  Compute the first-stage weight update:

mg
ap =y @ (.
j=0
6: For j =0,..., mg, compute the association probabilities

o () = @, (j)/a.
7: end for
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8: Compute the first-stage weights:

n
t t t i i
gk = wklak/ g wk*lak , = 1, A (B
i=1

9: fori=1,...,ndo

10:  Draw a mixture index ¢ such that Pr(t/ =) = S,ﬁ.

11:  Draw an association hypothesis j i such that Pr( j =)= a,’; ).

12:  Compute the conditional mean [L;(i (j') and covariance matrix X ,t(i ( ji)
using (4.45) and (4.46). ‘ ‘

13:  Draw the sample target state X;.( ~ N(;LZ (ji), ):,t(l (ji)).

14:  Compute the un-normalized weight:

mg
I = PpPG + PpPc/n Yy N(yk(j); h(x}), R)
j=1

I3
=~
I

my

I — PpPG + PpPc/ny | N(yk(j); hixj, f(x;_), R)
j=1

15: end for
16: Normalize the weights:

n
w,’(:ﬁ),’(/zwi, i=1,...,n.
j=1

17: Compute a state estimate:

n
R = ) wix;.
i=1

4.6 Performance bounds

The performances of the sub-optimal tracking algorithms described in this chapter
can be assessed by comparing their mean square errors (MSEs) with the posterior
Cramér—Rao bound (PCRB). Recall that the PCRB is a lower bound on the MSE
of random parameter estimators (Van Trees, 1968). Thus, an estimator Xy ; of the
state X based on the measurement sequence y* has a MSE which satisfies

mse (&) = Jk(x0) ™, (4.47)
where the information matrix J(x;) can be computed using the recursion

Jexk) = Wy — VI [T 1 (k1) + Uil 'V, (4.43)
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with
U= —E :VXHVXTk,l log p(xk|xk,1)] : (4.49)
Vi=—E :kaflvﬁ log p(xk|xk_1)] : (4.50)
Wi = —E [ Va Vi, log p(xelxe—) | — E[ Vi, Vi, log pyilxo) | 45D)

Inspection of (4.49)—(4.51) shows that only the matrix Wy, which includes the
contribution of the current measurement yi, is affected by measurement origin
uncertainty. We will therefore concentrate on this matrix, and in particular the
second term of (4.51), which we denote

Zi = E | V5,V log p(yelxo) | (4.52)

An important characteristic of object tracking in clutter is that we cannot know
beforehand how many measurements will be received. The expectation in (4.52)
must therefore be over the measurement number my; in addition to the current
measurement y; and the current state x;. We can then write (Hernandez et al.,
2005; Musicki et al., 2005b)

o0

Zi =) Pu)Zim. (4.53)
mp=0
where
Zim, = E |V, V3 log p(yelxi, mi) | (4.54)

Computation of the PCRB requires the measurement number probability P (my),
m; = 0,1, ..., and the information increment Z; ,,, conditional on receiving my
measurements. It is assumed that the target moves in a surveillance region S with
volume V. All measurements are independently generated random variables. A
measurement y from a target with state x satisfies

y =h(x) +e,

where e ~ N (0, R). The usual assumptions are made regarding the clutter, i.e.,
clutter measurements are uniformly distributed in the surveillance region S and
the number of clutter measurements in S is Poisson distributed with mean A V.
Consider first the measurement number probability. There are two possible
events which can produce m; measurements: my clutter measurements or my; — 1
clutter measurements and one object measurement. It follows that
AV exp(—AV)

P(my) = il [1 — Pp+mgPp/(AV)], (4.55)
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The conditional measurement PDF must also account for the two different ways
in which m; measurements can be received. Let 7 (mj) denote the probability of
receiving an object measurement given that m; measurements are received. It can
be shown from (4.55) that

T(my) = mg Pp/[AV (1 — Pp) + my Pp]. (4.56)
The measurement PDF conditional on receiving mj measurements is then

mi
p(yrIXe, mg) = [1 — t(my)]/ V™ + m:(Lk) ZN(Yk,j§ h(xy), R). (4.57)
j=1

The gradient of the measurement PDF with respect to the object state is

Vx, log p(yk Xk, mk)

nmy
T(mp) V/mHE) TR [ye j—h0)IN (vk i hxe), R)
j=I1

mg
1= () + T(m)V/mg Y N(yeis h(x), R)
i=1

my

= B(yk. X, m) Y ¥ (Vi j» X, (4.58)
j=1
where
Tp-—1
B(y, x, m) = cmV/mANR : (4.59)
L—7(n)+7(m)V/mYy_ N(y;; hx),R)
j=1
y(¥,x) = [y —hX)]N(y; h(x), R), (4.60)
where H(xy) = [Vxh(x)T|x:Xk]T. Then
Zi.m, = —E[Vx, log p(yi[xk, mp) Vy, log p(yi|xi. mp)]
= E[E[C(y, Xk, mp) Xk, m]], (4.61)

where

m m
C(y, x,m) =B(y,x,m) Y >y (¥, 0¥ 0 By, x,m).  (462)
j1=1ja=1
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The outer expectation in (4.61) is over the object state while the inner expectation
is over the measurement conditional on the object state. We concentrate on the
inner expectation:

E[C(y, x, m)|x, m] = [t(m)/m]*/V"?H&) R Y~ Y Aj j(mRHX),

J1=1ja=1
(4.63)
where
Aj, jp(m, X)
_ / [yj, —h®lly), - h(X)]TI\;iyjl; he). NG RO R) o
a(m) +b(m) Y N(yi; h(x), R)
i=l (4.64)

with a(m) = 1 — t(m), b(m) = t(m)V /m. The integral (4.68) cannot be evalu-
ated exactly but can be approximated using, for instance, Monte Carlo methods.
Before proceeding with an approximation it is useful to simplify the integral. We
apply the change of variable z = G~ [y — h(x)], where G is the matrix square root
of the measurement noise covariance matrix, i.e. R = GG’ . Gating is also applied
so that the region of integration is reduced to

z=1z1,....z2)" :lzil < g, i=1,...,n}, (4.65)

where g determines the size of the gate. Note that after this gating the surveillance
volume V should be replaced by the gate volume |G|(2g)". Then, for ji, j» =
1,...,m,

A ) = |G|m_2/ szlzJT.zGTN(zjl; O,mI)N(zjz; 0,1 d2i-e-da,.
T a4 b /1G1Y N (@ 0.1

= (4.66)
It can be seen that A, ;, = 0 for j; # j, since (4.68) involves the integration of
odd-symmetric integrands over a symmetric region. Thus, in (4.63) it is necessary

to consider only the terms for which j; = j» = j. These terms can be written as
Aj.j(m) =1G"*GDm)GT, (4.67)

where

21z N(z1: 0, )2
D(m) = 14 (21 )

dz, ---dz,,. (4.68)

TE am) + bm) /1G] Y N (@ 0.1

i=1
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The symmetry of the integration region means that only the diagonal elements of
D are non-zero. We obtain

D(m) = k(m)I, (4.69)
where

12N (z1; 0, )2
i () =/ ()N (@ 0. 1) dz; - dzy,. (4.70)
[—g.g1"

" a(m) +bm)/IG] Y N(:: 0.1
i=1

Substituting (4.69) into (4.67) and the result into (4.63) gives
E[C(y, x, m)|x, m] = [‘L’(m)V/m]zm|G|m_2K(m)H(X)TR_1H(X). 4.71)

It follows that

Zr = vEMHx)RTHX)], (4.72)
where
o P(m)T(m)?|G|" %k (m)
ve=Y_ — : (4.73)
— mym=2

Recall that, for the case of no clutter and perfect detection, E[Hx) 'R 'H(x)]
is the contribution of the current measurement to the information matrix. Equa-
tion (4.72) indicates that the effect of clutter and missed detections on the PCRB
is a scaling of this measurement contribution by the quantity v; of (4.73). This
quantity is referred to as the information reduction factor (IRF) (MuSicki et al.,
2005b).

The bound described here is not the tightest bound available for tracking in
clutter. The measurement sequence conditioning approach of Hernandez et al.
(2006) and the measurement existence conditioning (MSC) approach of McGin-
nity and Irwin (2001) are both provably tighter. The IRF bound has been chosen
here because of the interesting structure it provides. Empirical evidence suggests
that the difference between the IRF bound and the tightest of the three bounds, the
MSC bound, decreases as measurements are acquired (Hernandez et al., 2006).

It should be noted that estimation accuracy is not the only performance crite-
ria for tracking in clutter. For sufficiently dense clutter, accurate tracking becomes
impossible for any algorithm. In such cases the MSE is not particularly useful as
a measure of performance. Instead it is useful to consider the probability of an
algorithm remaining ‘in track’. This essentially means that the algorithm contin-
ues to provide state estimates which are, in some sense, close to the true state.
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The problem of bounding performance in this sense does not seem to have been
considered.

4.7 Illustrative example

In this section the angle tracking example described in Chapter 2 and depicted in
Figure 2.2 is used to assess several clutter tracking algorithms. In this example
an object of interest moving along the ground is observed by an airborne sen-
sor which measures elevation and azimuth. The scenario is complicated here by
occasional missed target detections and the addition of non-object related clutter
measurements.

The particular object and sensor trajectories used here are shown in Fig-
ure 2.3. The object is detected with probability Pp = 0.8. Object measurements
are affected by additive noise with covariance matrix R = (7/ 360)21,. Simula-
tions are performed for several values of the clutter density. In particular, we use
A = 5,25 and 100 points/rad”. These values of clutter density roughly correspond
to light, moderate and heavy clutter, respectively.

The algorithms used in the performance analysis are the nearest neighbour filter
(NNF), the probabilistic data association filter (PDAF) and the extended Kalman
auxiliary particle filter (EK-APF). State estimation for the NNF and PDAF is
implemented using the UKF. The EK-APF is implemented with a sample size
of 5000. As discussed above, MSE is not the only useful performance measure for
tracking in clutter. In addition it is necessary to consider the ability of the algorithm
to maintain reliable in adverse environments. We thus consider the track loss prob-
ability where track loss is defined as the event that the error of algorithm’s state
estimate exceeds the PCRB by an order of magnitude for ten consecutive scans.
The MSE is computed by averaging only over those realizations for which track
loss does not occur. The performance measures are computed over 1000 realiza-
tions for each clutter density.

The time-averaged RMS position errors and the track loss percentages are
shown in Tables 4.1 and 4.2. The EK-APF clearly outperforms the PDAF, which in
turn is far superior to the NNF. The main differences in performance are observed
in the track loss percentages rather than the RMSE. These results highlight the
ability of PFs to accurately approximate a multi-modal posterior density, a task
which is rather difficult for Gaussian approximations such as the PDAF and NNF.
The results suggest that, in this scenario, the PCRB does not give a good indi-
cation of the achievable MSE, even for low clutter densities. The PCRB changes
very little as the clutter density is increased from 5 to 100 points/rad? despite the
dramatically increased difficulty of the scenario. These observations should be kept
in mind when considering the use of the PCRB in sensor scheduling applications.
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Table 4.1 Time-averaged RMS position errors for single object tracking in clutter.

Clutter density
(points/rad2) NNF PDAF EK-APF PCRB
5 16.2 17.1 13.3 73
25 20.3 22.6 17.0 7.4
100 25.7 29.8 25.5 7.7

Table 4.2 Track loss probability for single object tracking in clutter.

Clutter density
(points/rad?) NNF PDAF EK-APF
5 0.232 0.075 0.027
25 0.518 0.188 0.070
100 0.846 0.661 0.165

4.8 Summary

In this chapter the problem of tracking a single object in the presence of clut-
ter measurements was considered. The principal difficulty introduced by clutter
measurements is that it is no longer possible to know which of the available mea-
surements originated from the object of interest. In the optimal Bayesian solution
measurement origin uncertainty is overcome by enumerating and evaluating all
possible measurement origin hypotheses. The practical unfeasibility of doing this
exactly has led to a large number of approximations. Several of the more popular
approximations, such as the nearest neighbour filter, the probabilistic data asso-
ciation filter and particle filters, have been described in this chapter. These filters
were chosen for the impact they have had on the research community and are far
from an exhaustive list of algorithms. An important class of filters which have
not been considered in detail here are those filters which approximate the poste-
rior by a Gaussian mixture with a fixed and finite number of components (Ross,
2003; Wang et al., 2008). The basis of these filters are mixture-reduction algo-
rithms which attempt to approximate a Gaussian mixture with a large number of
components by another mixture with a much smaller number of components. Also
interesting is a generalization of the PDAF which involves merging mixture com-
ponents over multiple scans (Sidenbladh, 2003).
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Single- and multiple-object tracking in clutter:
object-existence-based approach

In many practical situations, the number and existence of objects that are supposed
to be tracked are a priori unknown. This information is an important part of the
tracking output. In this chapter we include the object existence in the track state.
As in previous chapters, the track state pdf propagates between scans as a Markov
process, and is updated using the Bayes formula.

Object existence is particularly important in the cluttered environment, when
the origin of each measurement is a priori unknown. This chapter reveals the close
relationship (generalization/specialization) of a number of object-existence-based
target tracking filters, which have a common derivation and common update cycle.

Some of the algorithms mentioned here also appear in other chapters of this
book. These include probabilistic data association (PDA) (Section 4.3), integrated
PDA (IPDA) (Sections 5.4.4 and 6.4.4) and joint IPDA (JIPDA) (Section 6.4.5).
The derivations of this chapter follow a different track, and the results are more
general as they also cater for non-homogeneous clutter.

5.1 Introduction

Object tracking aims to estimate the states of a (usually moving) unknown number
of objects, using measurements received from sensors, and based on assumptions
and models of the objects and measurements.

The object tracking algorithms presented in this chapter are based on the fol-
lowing assumptions, unless stated otherwise:

¢ Object:
— There are zero or more objects in the surveillance area. The number and the
position of the objects are a priori unknown.
— Possible object trajectory models are assumed known, and the trajectory mod-
els are assumed to propagate as a Markov chain.

133
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— At each scan one measurement per object may be present, described by the
probability of detection, Pp, which may be different for each object. In other
words, we assume point objects and each object produces zero or one mea-
surement per scan randomly.

There are a large number of estimation algorithms for processes with Marko-

vian switching coefficients, which is the model for object trajectory described

here. We limit ourselves here to using interacting multiple models (IMM) (Blom
and Bar-Shalom, 1988), detailed in Section 3.4. When the number of trajectory
models equals one, IMM propagation and estimation collapses into the Kalman
filter propagation and estimation respectively.

e Clutter:

— The number and location of clutter measurements are random and follow a
Poisson distribution with non-homogeneous measurement density. This is a
more general model than the usual one (Chapter 4), which assumes homoge-
neous density of clutter measurements within the surveillance area. It is also
a more realistic model, as in practice the clutter measurement density is NOT
uniform in the surveillance area in a vast majority of applications.

— Clutter measurement density in the surveillance area is a priori known, other-
wise we estimate it from the received measurements.

e Measurements

— Measurements are produced by the sensor with infinite resolution. In other
words, each measurement can have only one source. When a measurement is
used to update a track, it can be one of
* measurement (detection) of the object being tracked;

* clutter measurement; or

* measurement (detection) of an object being followed by some other track.
This possibility defines the multi-object tracking, and is ignored by the
single-object tracking.

— An additional possibility for each measurement is that it may be a detection
of an object not being followed by an existing track. Such an object is termed
here a “new object.” Due to the assumed lack of prior knowledge of new
objects’ distribution, this possibility is handled separately by the track initial-
ization process, described in Section 9.4.

— We consider here only position measurements. Additional measurement
attributes, such as amplitude, Doppler speed, etc., can be included in a
straightforward manner using a priori probability density functions of the
measurement attributes (Lerro and Bar-Shalom, 1990, 1993; MusSicki and
Evans, 2008; Wang et al., 2008).

These assumptions are usually not completely satisfied in practical situations. For
example, sensors usually do not have infinite resolution and close measurements
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will be merged. In the opposite direction, with high-resolution sensors, one object
may have more than one measurement per scan. However, assumptions listed here
simplify the object tracking problem considerably and are instrumental to deriva-
tions of a majority of object tracking algorithms. As a consequence the practical
implementation of object tracking may fall short of expectations in situations when
these assumptions are violated to a large extent (MusSicki and Evans, 1995).

In an automatic object tracking system, tracks are initialized and updated using
measurements. If a track is initialized using one or more clutter measurements, or
measurements from more than one object, the initialized track (usually) does not
follow any object. Also, a track may “lose” its object due to an unfavorable detec-
tion sequence, object maneuvers, clutter measurements, measurement noise, multi-
object effects or some combination thereof. Finally, the object that was followed by
a true track may physically disappear from the surveillance area due to terminating
its trajectory (“aircraft landing”), entering an observation shadow, actually disap-
pearing (“successful” defense action) or simply departing the surveillance space.
Therefore, in most tracking situations, each existing track may be either a true track
which follows an object, or a false track which does not. The existence of an object
being followed by a track is uncertain, i.e., object existence is a random event and
is best described in probabilistic terms. Thus, each track has an associated proba-
bility of existence of the underlying object. The object existence event propagates
as a Markov event, and its probability is recursively updated using measurements
in a Bayesian fashion by algorithms presented in this chapter. This object existence
paradigm is introduced in Musicki ef al. (1994).

The probability of object existence is usually used as a track quality measure for
the false track discrimination procedure. False track discrimination tries to recog-
nize and confirm true tracks, and recognize and terminate false tracks. The exact
use of the probability of object existence is not part of the algorithms themselves,
but rather the algorithms provide the tool for the job. A simple false track dis-
crimination scheme may be described by the following track status propagation
(Figure 5.1):

e each new track has the tentative status, which may be changed by confirmation
or termination using subsequent measurements;

« if the probability of object existence rises above a predetermined track con-
firmation threshold ., the track becomes confirmed, and stays confirmed until
termination; and

¢ when the probability of object existence falls below a predetermined track ter-
mination threshold #;, the track is terminated and removed from memory.

In this case all existing tracks are either tentative or confirmed. Confirmed
tracks are used by the operators, fusion centers or higher processing stages, as
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Figure 5.1 Track status propagation.

object existence is assumed with a high confidence. Tentative tracks are usually
just propagated and updated by the object tracking algorithm (also named here
“tracker,” as a term of endearment), whilst being ignored by operators and higher
levels of information processing.

False track discrimination is often the most important task of the surveillance
system; it is usually more important to know precisely the existence and the num-
ber of objects in the surveillance area than to increase the precision of trajectory
estimation by a small factor.

The algorithms presented in this chapter may be classified according to multiple
criteria:

» Single-object tracking/multi-object tracking. Single-object tracking filters
update each track separately, ignoring the possible presence of objects (and their
detections) being followed by other tracks.

Multi-object tracking filters look at the “global” allocations of measurements
to tracks.

¢ Single trajectory model (non-maneuvering objects)/multiple trajectory models
(maneuvering objects) trackers.

¢ Single-scan/multi-scan filters. Single-scan tracking filters approximate the a
posteriori object trajectory pdf by one Gaussian pdf per trajectory model. The
effects of all measurements in the current scan are merged together.

Multi-scan filters ideally create one trajectory pdf for each possible measure-
ment sequence in time, and each such trajectory pdf is termed a component. The
complete trajectory pdf is a mixture of components. As the number of compo-
nents grows exponentially in time, practical implementations are almost always
sub-optimal, as the number of components must be kept to a level consistent
with available computational resources.



5.1 Introduction 137

Table 5.1 Object-existence-based tracker classification.

Multi-scan  Single-scan Deterministic existence

Multi-object Multi-model IMM-JITS IMM-JIPDA  IMM-JPDA

Single model  JITS JIPDA JPDA
Single object ~ Multi-model IMM-ITS IMM-IPDA IMM-PDA
Single model  ITS IPDA PDA

¢ Random object existence/deterministic object existence. Filters with the deter-
ministic object existence assume object existence for each track under consider-
ation (with probability one).
Random object existence algorithms for each track calculate the probability
that there is an object being followed. The probability of object existence is
meant for use in the false track discrimination procedure.

The object tracking algorithms presented in this chapter are listed in Table 5.1.

In Table 5.1, “IMM” stands for the “interacting multiple models” algorithm,
which is incorporated in the tracker. The letter “J” stands for “joint”, or multi-
object data association. “ITS” stands for “integrated track splitting”, “IPDA”
stands for “integrated probabilistic data association” and “PDA” stands for “prob-
abilistic data association.”

The most general algorithms in Table 5.1 are IMM-JITS and IMM-ITS for
multi-object and single-object tracking respectively. Moving to the right from
column to column or down from row to row increases the specialization of the
algorithms. For example, JITS is in fact IMM-JITS with the number of object
trajectory models equal to one; IMM-JIPDA is IMM-JITS with the number of
measurement sequences (or track components as elucidated below) equal to one.
JPDA is identical to JIPDA with the probability of object existence fixed to one
(deterministic object existence).

Generally speaking, the more specialized the algorithms are, the less accurate
the object trajectory state pdf becomes, with a corresponding detriment to the
object tracking performance. On the other hand, more specialized algorithms have
significantly smaller computational requirements.

Strictly speaking, algorithms in the rightmost column of Table 5.1, namely
PDA, JPDA, IMM-PDA and IMM-JPDA, do not share the object existence
paradigm as they assume all objects to be present (deterministic object existence).
They are included in this chapter due to seamless derivation by specialization, with
a fringe benefit of obtaining somewhat more general formulae than their original
publications (Bar-Shalom and Tse, 1975; Bar-Shalom and Fortmann, 1988; Bar-
Shalom and Li, 1993; Blom and Bloem, 2002), and derivations in Chapter 4. In
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particular, these algorithms now conform to the non-uniform clutter measurement
density assumption.

The algorithms listed in Table 5.1 share a common track state, common
operations and common (Bayesian) derivations. While the single-object tracking
algorithms are specializations of the multi-object tracking algorithms, we separate
their data association expressions and derivations for reasons of clarity and reader
sanity. Other operations are common to both classes of algorithms. This is utilized
to make this chapter more consistent and more readable with a single thread to fol-
low. Common (Bayesian) derivations for the most general algorithm are provided,
from which specialized algorithms follow by applying constraints.

A common track state also creates a possibility to use different object track-
ing algorithms in the same application. An example used in MusSicki and Evans
(2004b, 2008) and Musicki and La Scala (2008) is to apply IPDA (or ITS) on
the set of tentative tracks, and JIPDA (or JITS) on the set of confirmed tracks in
difficult multi-object scenarios. A common false track discrimination procedure
(based on the updated probability of object existence) may be used for all tracks.
This combination significantly reduces the computational requirements, whilst still
providing the multi-object tracking benefits.

In this chapter a superscript (e.g., T) is sometimes used to denote track. The
symbol 7 is also used to denote the (possible) object being followed by track t.
For example, p(x; ) denotes the probability of existence of the object 7. Whenever
the meaning is obvious from the context, the track superscript will be omitted for
reasons of clarity. For example, the track prediction operation is performed on all
tracks independently, and the track superscript is omitted.

The problem statement and models used by algorithms presented in this chapter
are presented in Section 5.2. The hybrid track state, which consists of the object
existence event and object trajectory state is defined and detailed in Section 5.3.
The optimal Bayes derivation is presented in Section 5.4. The track update cycle,
which is common to all algorithms of this chapter, is presented in Section 5.5.
Various techniques to the number of components are presented in Section 5.6.
Finally, Sections 5.7 and 5.8 detail concrete algorithms for single-object and multi-
object tracking respectively.

For each tracker presented in this chapter, only one update cycle is included.
Issues of track initialization, track merging and clutter measurement density
estimation are relegated to Chapter 9. Illustrative examples are presented in
Section 9.6.

5.2 Problem statement/models

Braving the risk of repetition, this section defines and details the elements of the
problem statements or models that are assumed.
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5.2.1 Sensors

A batch of measurements is received at each sampling time k, without a priori
information on the origin of each measurement. Zero or one measurement of each
object is received at time k randomly, with the probability of detection denoted by
Pp. A random number of clutter measurements is also received at time k.

Denote by Yj the set of measurements delivered by the sensor at time k. As
detailed in Section 5.5.2, a subset of Y, denoted here by yg, is selected for track
update at time k. The selection process selects the object detection with a proba-
bility Pg, if the detection is placed within a selection gate part of the surveillance
area of volume V.

Symbol my denotes the (random) number of measurements in (cardinality of)
set yx, and yx (i) denotes the ith element of yj. Finally, Y denotes the sequence
of all measurement sets used for track update up to and including time k:

Ye=n{JY" Y=y (5.1)

In principle, and especially with intelligent sensors including the Electronically
Steered Antenna radars, the tracker has no a priori knowledge of the scan time
of sampling the next batch of measurements. The time interval between previous,
k — 1, and current, k, scan time denoted here by Af; may be different from scan to
scan and is only known at the moment of arrival of measurement set Y.

5.2.2 Objects

Single-object tracking algorithms with random object existence IMM-ITS, ITS,
IMM-IPDA and IPDA) assume the existence of either zero or one object, and
single-object tracking algorithms with deterministic object existence (PDA and
IMM-PDA) assume the existence of one object.

Multi-object tracking algorithms with random object existence (IMM-JITS,
JITS, IMM-JIPDA and JIPDA) allow for the existence of any number of objects
between zero and the number of tracks, whilst multi-object tracking algorithms
with deterministic object existence (JPDA and IMM-JPDA) assume the existence
of one object per existing track.

Maneuvering objects may change their trajectory model at any time. The model
is simplified by assuming that the trajectory model change occurs only at the sam-
pling time. Further simplification limits the number of models to M a priori known
models (as in Section 3.2.1), and the object trajectory propagation is modeled as

xp = £k, ric, Xg—1, v(k, 1)), (5.2)

where x; denotes the object trajectory at time k, ry = 1, ..., M denotes the tra-
jectory model in the time interval between k — 1 and k, v denotes the plant



140 Single- and multiple-object tracking in clutter

noise (random element) of trajectory propagation and f is a possibly non-linear
function.
In this chapter we consider the linear object trajectory model, defined by

xi = Frxg1 + vk, i), (5.3)

where F,, is the trajectory state propagation matrix of the maneuvering model ry,
and v(k, r;) is assumed to be zero mean, white Gaussian noise with covariance
Q,, which is also independent of any measurement noise sample. The transition
probability density function follows directly as

P Xk Xk—1, %) = N X FroXk—1, Qpp). (5.4)

This model also contains the non-maneuvering object trajectory, which is
obtained by setting the number of models equal to one, M = 1.

When propagating and updating track estimates, the exact value of object tra-
jectory model index r; is unknown, and state is estimated conditioned on event
ry = o,whereo =1, ..., M. For reasons of clarity, shorthand ¢ denotes the event
ry = o in this chapter. Events r;, = o are mutually exclusive, as an object may fol-
low only one trajectory model at one time. The event set is also assumed complete,
i.e., an object must follow one of the trajectory models from the set.

Propagation of the object trajectory model r; is modeled by a Markov pro-
cess with transition probability matrix by I', where I'; , = p(ry = wl|rk—1 = 0)
denotes transitional probability from trajectory model o to model w, and r denotes
the object trajectory model at time k. To a large extent, this repeats the maneuver-
ing model of Chapter 3.

5.2.3 Object measurements

Object measurements in practice do not depend on the object trajectory model, and
may be expressed by

Yk (i) = h(k, x, v(k)) , (5.5)

where yj (i) is the object measurement, h is a possibly non-linear function and
v(k) denotes the measurement noise. The object measurement exists only if the
object exists, and if the object is detected, and if the object measurement is
selected. Both the existence of the object measurement, and the possible index
i of the object measurement are not known a priori.

In this chapter we consider the linear measurement model, where object mea-
surement equals

Y (i) = Hxg + vy, (5.6)
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where H denotes the measurement matrix, and vx denotes a sample of zero mean
white Gaussian noise with covariance R, which is uncorrelated with the plant noise
sequence.

5.2.4 Clutter measurements

In this chapter we generalize the clutter model of Chapter 4. The number of clut-
ter measurements follows a Poisson distribution with somehow known intensity,
which we call the clutter measurement density.

The number of clutter measurements in surveillance space is modeled by a
non-homogeneous Poisson process, with clutter measurement density at point y
denoted by p(y) dependent on y. Denote by N(y, V) the number of clutter mea-
surements in surveillance space of volume V centered at y. The necessary and
sufficient conditions that process N is a Poisson process with intensity p(y) are
(Kingman, 1992; Ross, 2003):

1. the numbers of clutter measurements in non-overlapping regions of surveillance
space are statistically independent;

2. p(N(y, V) >22) =0(V); and

3. p(N(y, V) =1 = p(y)V + o(V),

where o(V) denotes the higher order of V. Property 1 is a direct consequence
of the infinite-resolution sensor assumption. In this chapter we use the shorthand
notation p(1) = p(yk (V).

Assume that we observe measurement space Vi at time k; this measurement
space is either the track selection gate (for single-object trackers), or the cluster
area (for multi-object trackers). The statistically mean number of clutter measure-
ments in Vj is

my = f p(y)dv.
Vi

The likelihood (a priori pdf) of a measurement yi (i), given that it is a clutter
measurement, is

Ppk(0) = pr(i)/my. (5.7)

The probability that the number of clutter measurements equals m in a measure-
ment space Vj at time k follows the Poisson distribution

Sm

wr(m) = exp(—nak)%, (5.8)

where exp(-) denotes e, with e being the base of the natural logarithm.
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The non-homogeneous clutter measurement model is both more general (it also
includes the homogeneous clutter measurement model as a special case), and more
realistic. The clutter measurement density is generally non-homogeneous, i.e., will
be different at different points in the observation space. If the clutter measure-
ment density is a priori known, we call this “parametric” object tracking. In some
applications, e.g., when the main source of clutter is the thermal noise, the clutter
measurement density can be calculated. In other applications the clutter measure-
ment density can be estimated by using measurements from prior scans, e.g., using
clutter mapping.

If the clutter measurement density is a priori unknown, we call this “non-
parametric” object tracking. In this case the clutter measurement density is
estimated in each scan using the received measurements. One approach to clutter
measurement estimation is presented in Section 9.3. All the trackers in Chapter 4
are “non-parametric” object trackers. The non-parametric object tracking assump-
tion is that the clutter measurement density is uniform within the surveillance area
covered by the track selection gate.

Some of the object tracking algorithms presented in this chapter, namely PDA,
JPDA, IMM-PDA and IMM-JPDA, have been derived in Chapters 4 and 6 using
the homogeneous clutter model; they are extended here for more general and more
realistic non-homogeneous clutter measurement models.

5.3 Track state

Here we consider a hybrid track state. Track state has a discrete component, which
is the object existence at time &, and a continuous component, which is the object
trajectory state pdf at time k.

5.3.1 Object existence

Two models for object existence propagation have been identified in MusSicki et
al. (1994). In one, termed Markov Chain One, object existence has two possible
states:

e the object either exists; or
« the object does not exist.

If it exists, the object is detectable (generates a measurement) with the probability
of detection Pp. This is the default model which is used in this chapter. The other
object existence model is termed Markov Chain Two in Musicki et al. (1994), and
has three possible object existence states:
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* the object exists and is detectable; or
« the object exists and is temporarily not detectable; or
e the object does not exist.

The object may exist and be temporarily not detectable if, for example, the object
gets temporarily concealed by an obstacle between the sensor and the object. If
the object exists and is detectable, its measurements are present in each scan with
the probability Pp. The Markov Chain Two model is adaptable to unknown or
fluctuating probability of detection (Wang and Musicki, 2007; Musicki and Wang,
2004), at the expense of a slightly more complex model. For reasons of clarity and
simplicity, the rest of this chapter follows the Markov Chain One model.

The Markov Chain One object existence model defines two mutually exclusive
and exhaustive events modeled by a random variable Ey:

A . .
xk = Ex =1 the event that an object exists,

_ A . .
Xt = Ex =0 the event that the object does not exist.

The probability of propagated object existence is obtained by applying the
Markov chain propagation formula,

[P(Xk|Yk_1)] :[ POlYH }
pGIYS D] T 1 = pOal YR

T |:P(Xk—1|Yk_1):|:y [ POG—1 1Y ) ]
PGt 1Y) 1= pOu—1 Y h ]

with the elements of matrix y being the transitional probabilities between object
existence states:

(5.9

A . . ..
Yii=DEr=2—jlEx_1 =2—10),i,je{l,2},
and

Yiut+y=»1+yo=1

This operation denotes the Markov Chain One model for object existence predic-
tion (propagation), and its pseudo-function is

pORIYS™Y = TEXp[pGu—1 YY), p1.

As discussed in MusSicki et al. (1994, 2007), the value of p»; should be zero,
from which y», = 1. The value of y»; is the transitional probability of a false
track becoming a true track. While such an event may happen in practice when
the false track starts to follow an object, it also renders the object trajectory state
pdf p(xx|xx) meaningless. The authors recommend using y»1 = 0, and treating the
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emergence of new tracks as part of the track “birth” process or track initialization,
detailed in Section 9.4. Equation (5.9) therefore reduces to

pOGIYS™ = piipOue—1 [YFD), (5.10)

where y11 denotes the probability that an object will continue to exist at time &,
given that it exists at time k — 1. Value of yy; is calculated as (Bar-Shalom and Li,
1993)
_ Aty

yir = T,
where T, denotes the average object lifetime in the surveillance region, and At
denotes the time between measurement scans k — 1 and k, with the assumption
that A, < Ty.

5.3.2 Object trajectory state

The object trajectory state at time k is denoted by x;. The a priori track state
probability density function is given by

P&, kYY) = pxalye, Y pGa [ YET), (5.11)

and the a posteriori track state probability density function is given by

P&i, xel YO = pxelxe, YO p Ol YF). (5.12)

The object trajectory state pdf, p(Xx), is always calculated conditioned on the
object existence event xi. The object trajectory state pdf conditioned on the object
non-existence event is undefined and, indeed, does not make sense.

Denote by 6k (ix), ix > 0, the event that measurement yy (ix) is the detection
of the object being tracked by the track. Event 6;(0) denotes the event that no
selected measurement is the detection of the object, which can happen because
either the object does not exist, or the object was not detected at time k, or its
detection was not selected. Assuming that the track was initialized at time k = 1,
each measurement sequence

E(ck) ={ir,....ix}; ip=0,....,mg; €=1,... k, (5.13)
denotes one possible object detection sequence; the index c is the past measure-
ment sequence index at time k, cx = 1, ..., Cx and

k
Ce =[] +mp). (5.14)

=1
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Table 5.2 Measurement sequences/track components.

c1 &1(c1) 2 &(c2) 3 &3(c3)

1 {1, 0} 1 {1, 0, 0}
2 {1,0, 1}
1 {1} 2 {1, 1} 3 {1,1, 0}
4 {1,1, 1}
3 {1, 2} 5 {1, 2,0}
6 {1,2,1}
Time 1
Time 2
Time 3

Figure 5.2 Measurement sequences/track components.

This is illustrated in Figure 5.2 and Table 5.2. At time k = 1 there is only one mea-
surement which starts the track. There is only one measurement sequence &1 (cy)
attime k = 1. At time k = 2, there are two measurements, indexed as 1 and 2. The
“null” measurement indexed as O corresponds to object non-detection or object
non-existence events. Each measurement at time k = 2 associates with the mea-
surement sequence at time k = 1 to create a measurement sequence &> (c2) at time
k = 2. The process repeats at time k = 3 where we have one measurement indexed
as 1 and one “null” measurement indexed as 0. Each measurement sequence &> (c3)
at time k = 2 associates with each measurement at time k = 3 to create one mea-
surement sequence £3(c3) at time k = 3.

The object trajectory pdf conditioned on &k (cg), or in other words assuming that
£, (cx) is the sequence of object detections of measurement set Y¥, is denoted by
shorthand p(x|ck):

pxkler) = pxléi(cr). xe. YO,
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and

p(eo) 2 pEeo) lxe YO

is the a posteriori probability that measurement sequence & (cx) consists entirely
of object detections. Events {&x (cx)|xk, Y} are mutually exclusive, as there is one
and only one measurement sequence, which consists of object detections:

ZP(Ck) = Zp(ék(Ck)IXk, YY) = 1.
Ck Ck

Given a linear system with a known object trajectory model, p(X|cr) is
obtained by applying measurement sequence &x(cx) to the Kalman filter with
corresponding object trajectory model parameters. In that case p(Xg|ck) is a
Gaussian pdf defined by its mean and covariance. In this chapter we consider a
more general case of M possible object trajectory models, and use the interacting
multiple models (IMM) estimator. Therefore, p(Xx|cx) is a Gaussian mixture of
M Gaussian pdfs

M
pxiler) = Y p(eler, o) prip(ck, 0, (5.15)

o=1

where o indexes the trajectory models, and pyx(ck, o) is the a posteriori prob-
ability of object trajectory model o at time k conditioned on the event that the
measurement sequence & (c) is correct, and

p(Xrlck, 0) = N (xk; Xejk (ck, 0), Prye(cr, 0)) - (5.16)

Applying the total probability theorem,

Ci
P&l YO =Y pGlen) pler) (5.17)
C'[;1:]1 e
=Y pGlxes 161, -+ Okin), YO
i1=0 ix=0
X PO - O i) ks YY). (5.18)

Each trajectory state pdf at time k, given measurement history & (cy), is called a
track component, indexed by cx. The number of track components, as defined by
(5.14), grows exponentially with k. This soon exhausts the available reasonable
computational resources. Any practical implementation has to limit the number
of components using the various methods discussed in Section 5.5.5. Due to this
component management, the strict definition of components as defined by (5.13)
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and (5.18) often is not valid; however, the track trajectory state pdf remains a set
of mutually exclusive components and (5.15), (5.16) and (5.17) remain valid.

As both trajectory models and track components are mutually exclusive and
exhaustive events, the following relations hold:

Ck M
Z plc) = Zﬂmk(% o)=1,

Ck=1 o=1

Ck M
Z ZP(Ck)MMk(Ck, o) =1,

ck=1o=1

p(cr), mijk(ck,0) € [0 1], Ve, o.

This object trajectory state model (a set of track components, each having an
IMM block) is a general and generic model for all algorithms presented in this
chapter. This model is directly used for the IMM-ITS and IMM-JITS algorithms,
and various degrees of specialization, one motion model and/or one track compo-
nent will be applied for other algorithms.

5.4 Optimal Bayes’ recursion

In this section we present optimal prediction and Bayes’ update. These operations
are part of every algorithm subsequently presented in this chapter. The optimal
update of the single-object trackers differ substantially from the optimal update of
the multi-object trackers, thus they are presented separately.

5.4.1 Track prediction
Track state prediction involves propagating the track state at time k — 1, defined
by
P&t Xk—1 1Y) = pGu—1 YD pxe—i -1, Y,
to the track state at time k defined by
POk, x| YD) = pOul Y h pxel e, Y.
The probability of object existence propagates as a Markov chain (Section 5.3.1):
pOuIY™") = TEXp[p(u—1 1Y), 1. (5.19)
Barring some exotic situations (MusSicki et al., 2007), relative component prob-
abilities do not change when propagating from time k — 1 to &, and
Cr—1
Pl Y = 37 pele—1, -1, Y D plar).

ck—1=1



148 Single- and multiple-object tracking in clutter

In other words, trajectory state pdf propagation consists of propagating each tra-
jectory state component pdf individually. Each state component cx—; is an IMM
block. Therefore, object trajectory state pdf propagation consists of IMM mixing
and prediction operations for each component c;_| of each track (Section 3.4.1),

{mrik—1(ck—1,0), Xijk—1(ck—1, ), Prjg—1(ck—1, 0)}o]
= IMMwp[{pti—1jk—1(ck—1, 0), Xk—1jk—1(Ck—1, 0),
Pi_1jk—1(ck-1,0),F5, Qs }s, I
IMM mixing and prediction collapses into Kalman filter prediction if the number
of object trajectory models (IMM models) equals one, M = 1, as is the case for

JITS, JIPDA, JPDA, ITS, IPDA and PDA. Then, for each component of each track
(Section 2.2.1),

[Rik—1(cx—1), Prjk—1(ck—1)] = KFp [Kx_1pe—1(ck—1), Paipe—1(ck—1). F. Q] .

The predicted pdf of the object trajectory state at time k is given by a mixture
of the predicted pdfs of the object trajectory state component pdfs,
Ci—1
POkl Y = 7 peler—1, xa YD ple), (5.20)

cx—1=1

and each pdf of the object trajectory component state is a mixture of the object
trajectory state component pdfs given individual object trajectory models o,

M

pOkler—t1, x6 Y =7 g1 (ci1, ) pGlei—1, 0, e, Y,
ol (5.21)

P&ilck—1, 0, Xk, YT = N (xps K1 (ck—1, 0), Prp—1(ck—1, 0)).

The track state propagation parameters, y, I', F and Q depend on the time inter-
val At between sampling times k — 1 and k. An example of values for F and Q
matrices is presented in Section 2.8; y and I' are discussed in Sections 5.3.1 and
3.4.1 respectively.

5.4.2 Object measurement likelihood

We use the total probability theorem to obtain the prior pdf p(y|xx, Y<~!) of the
object detection position for track,

Pyl Y = f PYIND POkl Y dx,

Xk

where we use the fact that the measurement noise in (5.6) is white.
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Applying (5.20) and interchanging summation and integration, we first obtain
the prior pdf p(y|ci—1, xx, Y1) of the object detection position given track com-
ponent ¢i—1,

Cik—1
POl Y = Y plec-D)pGla—t, e Y, (5.22)

ck—1=1

pyler—1, xe, Y =/ pYIXK) pXelcr_1, xx YT dxy.

Xk

Applying (5.21) and interchanging summation and integration again, we obtain
the prior pdf p(ylck—1, o, xx, Y<™1) of the object detection position given track
component cx—1 and object trajectory model o,

M
plek—1. x6 Y = mrp—1 (e, o) p(yler—1. o, i, Y1), (5.23)

o=1

p(¥lck_1, 0, xx, Y =/ pIXK) p(Xklek—1. 0, xi, Y1) dxg,

Xk
with
p(ylek—1, 0, xe. Y
=/X N (y; Hxp, Ri) N (Xk; Rgpe—1(ck—1, 0), Prp—1(ck—1, 0)) dxk
k
= N (¥: Ykk—1(cx—1,0), Sk(cx—1, 0)) . (5.24)

In (5.24) the predicted measurement position mean yxx—1(ck—1, o) and covariance
Sk (ck—1, o), given component cx—1 and trajectory model o, are calculated by the
pseudo-function

[Ykjk—1(ck—1,0), Sk (ck—1, 0)] = MP[Xgk—1(ck—1, 0), Prj—1(ck—1, 0), H, R],
(5.25)

which is defined in Section 2.2.1 by

Yik—1(ck—1,0) = HXgk—1(ck—1, 0),
Sk(ck—1,0) = HPy—1(ck—1, 0)H' +R.

Equation (5.24) calculates the prior measurement pdf for all surveillance
space. The prior measurement pdfconditioned on measurement being selected is



150 Single- and multiple-object tracking in clutter
given by
p(yly € Vi(ck—1,0), ck—1, 0, xx, Y1)
1 .
= —N(¥: Jxk—1(ck—1,0), S (ck—1,0)).
Pg
Equations (5.22) and (5.23) remain valid.

The likelihoods of selected measurements are equal to their prior pdfs. The
following shortcut is observed in this chapter:

Pl ce1,0) 2 plyk () lee—1. o xi YO (5.26)
p%/\f (¥ () ; ap—1(ck—1,0), S(ck_1,0)), ¥k (i) € Vilci—1,0),
0, Vi (i) ¢ Vi(ck—1,0).

A pseudo-function comprising equations (5.25)—(5.26), which calculate the object
measurement likelihoods for one Gaussian state pdf, is denoted by:

[{pr, ck—1,0)};] = ML [{yx ()}; , Xjk—1(ck—1,0), Prjg—1(ck—1, 0), H, R].
(5.27)

We can proceed to the level of component and the level of track by

M
) A . _ )
P, ck—1) = p(ye (@) le—1, xe, Y1) = Z ik—1(ck=1,0)pi(i, ck—1,0),
o=1
A Cr—1
pr(@) = pyk ) e Y = D7 pla—n) pris e,

ck—1=1

The likelihoods of all measurements not selected by a track are assumed to be zero
with respect to the track.

5.4.3 Optimal track update

The derivation is presented according to the template followed by the book. An
alternative derivation is presented in MuSicki et al. (2007) and MuSicki and Evans
(2008).

The track state is hybrid and consists of the object existence event and the object
trajectory state as detailed in Section 5.3. The a priori track state probability den-
sity function is given by (5.11),

P&, x| YY) = pxaly, Y pGu [ YET), (5.28)
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and is updated by the measurement information yi. The information provided by
set yx includes the number of selected measurements my, as well as the position of
the selected measurements. The Bayes’ equation becomes

P Vi, mi Xk, xi, YOI
(Y, me|YE1)

Pk, xlYF) = pxi, x| YD),

where we choose to explicitly include my. Using (5.28) and multiplying and divid-
ing the right-hand side by p(yx, mx|xx, Y<1),

Pk, milxe, Y
P Yk, mi| Y1)

o Pk, m X, xe, Yo
p(¥i, mi| xie, Y1)

p(Xe, Xkl Y = PGl YA

Pl Y.

Applying the Bayes’ equation separately,

Pk, milxe, Y
(Y, me| Y51

POl Y5 = POl Y, (5.29)

(Vi miclxe, x, Y1) _
Pelxe. YO = O e Y pilxe YT, (5.30)

we obtain (5.12):

p&is xk Y = pelxe, YO p (el YF).

The likelihoods needed to calculate the updated track state using (5.29) and (5.30)
differ substantially for single-object and multi-object tracking, and are considered
separately.

5.4.4 Single-object update

Measurement likelihoods

Each measurement may be a clutter measurement, or a measurement originated by
the object. To recap, the likelihood of measurement y (i), given that it is a clutter
measurement, is (5.7):

Pk (@) = pr(i)/my. (5.31)

Let 6% (0) denote the event that none of the selected measurements is the object
detection, and let 6 (i), i > 0, denote the event that measurement yi (i) is the
object detection. The event that measurement yi (i) is the object detection can
exist either conditional on the object existence {0 (i)|xx}, or as a subset of the
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object existence event {0 (i), xx}. The prior probabilities of event 6 (0) are

pOOY* =1 — PpPep(ul YD,
PO O xe, Y =1 - PpPg,

as the presence of the object measurement requires the object existence (in the
first equation), object detection and object measurement selection simultaneously.
Denote by 0k (0) the complement of event 9 (0), i.e., the event that the measure-
ment detection is present in yz. Then

pO(0)]) =1 — pB(0)]),

and, fori > 0,

PO |my, 6, 0), xx) = 1/my,

as the object measurement is equally likely to be any of the selected measurements.
The likelihood of measurement yj (i), given that it is the object detection,
is

POy (D) 16k G, x> YT = pr(i), (5.32)

defined by (5.26). Based on (5.6), the likelihood of measurement yy (i), given that
it is an object detection, and given the object state Xg, is

S (@) 2 Pk () 1Xks Ok () xx, YT = P—IGN(Yk (1) ; Hgxg, Rg). (5.33)

The positions of the Poisson clutter measurements are mutually independent,
and they are also independent from the position of the object measurement. Thus
the likelihood of the measurement set yy is the product of the likelihoods of the
individual measurements yi (i) ,i =1, ..., my.

All conditions which result in all measurements in yi to be the clutter measure-
ments have the same likelihood of y:

mg mi
_ A ) 1 .
POKIT) = POKIOO), ) = pok = [ [ Post) = —z [T oxtd),
i=1 k=1

where p, is used as the appropriate shortcut. Given the same condi-
tions, the number of selected clutter measurements equals my, with the prior
probability

— My

M

wr(my) = exp(—my) ,
my!
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The likelihood of the measurement set y, given that yx (i) is the object detec-
tion, is

mg

. _ . . - pr(i)
PO, xi, Y = pe@) [ | ok(i) = ppwiin——.
il i (0)
J#
Also,
my .
. _ . . _ Je(@)
PYEIXE, Ok (D), xe, Y = fi(d) l_[ Pok(J) = Pp,kmk/{i(l.)~
=1
J#i

In this case the number of selected clutter measurements equals my — 1, with prior
probability

—mp—1

pr(my — 1) = exp(—rig) —X——— = pp(mg) =%
(my — 1)! ik

Using the total probability theorem,
Pk, mel e, YO = plyr, mil6x(0), xe, Y p 60k (0) [, Y1)
+ p(¥k mi |0k (0), xx, YT p @ (0) xx, YA,
with
Pk mi|6k(0), xi, YT = p(yrlmi, 650), xx, Y1) p(mi |6k (0), i, YE)
= p(YilO (0), xx, YDy i p (my)
= pp.kMF(my).

Event 6;(0) is a union of mutually exclusive events 6; (i), i = 1, ..., mg, and

mp

Pk melOk(0), xi, YT =D~ p(ye, mi, 0016k (0), xx, Y1,

i=1
and, asi > 0,
Pk mi, O ()0 0), xie, Y
= p(ylmi, 0 (i), 0 (0), xe, Y1)
x O (@) lmi, G (0), xi, Y1) p(micl0k(0), xie, YT
= p(ylOk (@), X, Y pOk () lmi, 0(0), xi) e (my — 1)
= pp.iir M) pr(i)/ pr ().
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Bringing it all together,

Pr()
P milxe, YU = po e (my) (1 — PpPg + PpPg Z k(l)>
Define the measurement likelihood ratio A by

Gy milxe, Y
Pk, mel X, Y71

n (5.34)
l
—1— PpPg + PpPs Z p"(l)
then
Pk melxe, YU = pp e (my) Ag. (5.35)

Following a similar path,
Pk, milXe, xe: Y = pyi, milc(0), xie, X, Y p(01(0) e, Y
+ p(ye. melGc(0), xk. Xk, Y p@r(0) 3, Y,
and noting that
Pk, Ml 0), X, X, Y1) = p(yi, mil0k(0), xe. Y1) = prpar (mp),
and
mp
POk mil0(0), Xk, xi, Y1) = plyk, ma, 64 (0)16k 0), xa, xe, Y1),
i=1
with
Pk, mi, Ok ()10 (0), Xk, Xk, Y
= p(ylxk, m, 0k (@), O (0), xi, Y1)
x POk () Imp., O(0), xk. Xk, Y1) p(myc| 0 (0), xu, i, Y1)
= pklXe. Ok (D). xe. Y p(Ok (i) Imi, 0 (0), xi) e (mye — 1)
= pokirm) fi (D) / pi (i),

thus

Pk milxe, xe Y = poier (m) ( — PpPg + PpPg Z fkiii)

(5.36)
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Finally, the unconditional measurement likelihood p(yx, mi|Y*~!) equals
Pk, mel YY) = plye, ml e, Y pGae Y4
+ p(yis miclxe, Y pG YA,
where
Pk mil X, Y = p(yi, mil0c(0), xu, Y,
PGkl Y =1 - pGul Y,

and rearranging we obtain
Pk YY) = pprir (mi) (1 — pOal YD) (A = Ax)). (5.37)

Optimal update for my = 0
When mj = 0, the only information that y; provides is the number of selected
measurements. Thus (5.29) becomes

p(mg = 0xx, Y
p(my = 0[Y,T)

_ POO)xe. Y
PO (0)[Y 1)

pOlme =0, Y1) = pORlYh

pOwIYF,

which equals

1. (1= PpPe)pGulYh
pOklmy =0, Y1) = T
1 — PpPgp(xklY<)

(5.38)

Equation (5.30) becomes
p(my = 0lx, xx, Yo _
= oo iy Pkl YD
p(my = 0 x, ) (5.39)
~ pOail e, Y,

Pl Xk, mi = 0, Y

where the approximation is more valid with higher P (Li and Bar-Shalom, 1997).

Optimal update for my > 0

Equation (5.29) is used with the measurement set likelihoods of (5.35) and (5.37)
and becomes

Axp Ol YD
1— (1= AR pGl Y1)

POl Y5 = (5.40)



156 Single- and multiple-object tracking in clutter
Equation (5.30) is used with the measurement set likelihoods of (5.35) and
(5.36):

1 —PDPG—FPDPGZr.n:klﬁ‘—(l:) :
TVE— 2O b xelx, Y.

Py, YO =

Please note that

pi(i)

i (i) (5.41)
= pr(@) p il e, ye (), Y,

Fie@)p el Y = fili) peicl e, Y1

where the last equation is obtained by using the Bayes’ equation, and
P Xkl Xk, i (1), Y1) is the object state pdf after measurement yi (i) was used
to update the propagated object trajectory state pdf.

Define
. 1 1 — PpPg, i=0,
)= —"_. ] . . 5.42
Al = {PDPka<z>/pk(z>, i >0 (542
Note that
P16k (0), xx, YO = pxelyr, YD), (5.43)
PO @), xi, YO = p %kl xe, ye (), YT,
then
mpg
Pkl YO =) Br) pxel 0k (i), xx. YF). (5.44)
i=0
It is easy to confirm that
B (i) = pBk()lxx, Y5, (5.45)

and (5.44) is just another form of the total probability theorem.

Equations (5.34), (5.40) and (5.42) are derived without making any assumptions
on the shape of the prior object measurement pdf p(y|xx, Y<~1) (or, for that matter,
on the shape of the clutter measurement density). These equations are therefore
valid for p(y|xx, Y<~!) being a single Gaussian pdf, Gaussian mixture, or some
non-linear pdf represented by a particle filter.

Noting that the sum operation on an empty set returns zero, it is easy to
show that (5.34), (5.40) and (5.42) are valid in both the m; =0 and my; > 0
cases.
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5.4.5 Multi-object update

A multi-object situation arises when tracks share measurements, i.e., some mea-
surements are selected (gated) by more than one track. Multi-object tracking dif-
fers from single-object tracking by the measurement origin assumption. When
updating a track, each measurement has only one origin, which is one of:

¢ clutter;
¢ the object whose track is being updated;
¢ objects followed by other tracks.

As the event that a measurement is a track detection is mutually exclusive across
tracks, and not mutually independent, the optimal Bayes’ update operations have
to consider all tracks in a cluster (defined below) simultaneously. The optimal
Bayes’ track update equations in Section 5.4.3 are still valid; however, a significant
amount of work is required to adapt them to the multi-object situation. Otherwise,
track prediction and likelihoods presented in Section 5.4.1 are still valid, as these
operations are performed on a track-by-track basis, and are thus identical for both
single- and multi-object tracking.

In this section, track superscripts are used (usually 7 or 5) to distinguish
between tracks.

Clusters

In the (possible) presence of multiple objects, the measurement origins are no
longer independent. If a measurement is a detection of one object, it changes the
possibilities of the measurement outcomes for other (possible) objects, as they
have “lost” one candidate for their detections. Thus, the allocation of measure-
ments to possible objects (tracks) must be considered jointly or globally. A joint
measurement allocation is an allocation of all measurements to all possible objects
and to clutter.

The optimal Bayes approach to multi-object tracking consists of enumerating
all (feasible, defined below) joint measurement allocations, and then evaluating
them. The number of feasible joint measurement allocations grows combinatori-
ally with the number of tracks and the number of selected measurements. For this
computational reason tracks are first grouped into mutually exclusive clusters, as
detailed below:

A cluster at time k is a set of tracks and the measurements these tracks select, defined
by its complement: tracks not belonging to the cluster must not select any of the cluster
measurements.
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Figure 5.3 Clusters.

In other words, any track which selects cluster measurements also belongs to
the cluster, and adds its set of selected measurements to the set of cluster measure-
ments. Please note that this definition allows a track to belong to a cluster even
if it does not share the selected measurements with other cluster tracks. A trivial
cluster is a set of all existing tracks. For reasons of computational complexity min-
imization, clusters are always formed to contain the minimum number of tracks
conforming to the definition. A track which does not share measurements with any
other track can form a cluster.

Also note that clusters are formed anew at each scan. Two tracks which share a
cluster in one scan may be in different clusters in subsequent scans, and vice versa.
This may cause confusion, as the term cluster is used in a different manner in the
MHT (Reid, 1979) literature.

Consider the situation depicted in Figure 5.3. There are four tracks, labeled T1
to T4, and five measurements, labeled M1 to M5. Each track is depicted by its
selection gate border in the two-dimensional surveillance space. In this situation
there are three clusters with a minimum number of tracks:

e Tracks T1 and T2 both select (share) measurement M1.

e Track T3, which does not share its selected measurement M3 with any other
track, forms a cluster on its own. The fact that the selection gate of track T3
intersects the selection gate of track T2 does not count.

e Track T4 forms a cluster on its own.

Any union of two or more clusters is also a cluster.

The optimal Bayes multi-object tracking approach suffers from the curse of
complexity. The number of possible allocations of all measurements to all tracks
(“feasible joint measurement allocations” or “feasible joint events”) grows combi-
natorially with the number of measurements and the number of tracks involved.
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The number of unique assignments of m measurements to 7 tracks, assuming
that all tracks select all measurements (including the possibilities of object non-
detections), is (MuSicki and La Scala, 2008)

T
1 m
| — B
T! Eot!(T—t) >m+ DT, m
t=

m
1/ T
m!y E<m_i)Z(T+1)m!; T
i=0

The number of feasible joint events depends only on the number of measurements,
the number of tracks and the measurement selection outcomes. The number of
feasible joint events does not depend on the number of track components.

The purpose of clustering is to minimize the number of operations by separating
the tracks into groups or clusters. Assume 7' = 6 and m = 6 in (5.46). Then the
total number of feasible joint assignments is 13 327. If we divide the setof T = 6
tracks into two smaller clusters of three tracks each, each cluster selecting three
measurements, the number of feasible joint events for each cluster becomes 34,
for a total of 68.

Joint multi-object tracking is applied to all tracks in a cluster simultaneously,
while ignoring tracks which do not belong to the cluster. Thus, for the rest of
Section 5.4.5 we assume that all tracks and measurements mentioned belong to
the same cluster.

The cluster area is a union of the selection gate areas of all tracks which form
the cluster, and it effectively becomes a new selection gate for all tracks belonging
to the cluster. Denote by y; the set of measurements selected by track T at time k.
Then the measurement set selected by the cluster becomes

ve = ¥h.
T

Feasible joint data association events

v
Pﬂ
v
=

(5.46)

v
3

(%
—

A joint event is one allocation of all measurements to all tracks in the cluster, i.e.,
a joint event is a hypothesis of the origin of all meaAsurements within the clus-
ter. Mathematically, a joint event ¢ is defined by ¢ = ﬂle 0¢ (i(z, €)), with T
denoting the number of tracks in the cluster, and i(z, ¢) denoting the index of the
measurement allocated to track t by the joint event ¢.

Based on the infinite-resolution sensor and the point object assumptions, a fea-
sible joint event is a joint event which satisfies the following:

¢ cach track is assigned zero or one measurement; and
e cach measurement is allocated to zero or one track.
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Table 5.3 Multi-object joint events.

Jointevent ¢ Track T1 Track T2 Track T3

) 0 0 0
) Mi 0 0
3 M2 0 0
@1) M2 M3 M4

)
< -

T1

M1

d

Figure 5.4 Multi-object situation.

Two feasible joint events are different if the assignment of at least one mea-
surement is different. Different feasible joint events are mutually exclusive, and
we enumerate all feasible joint events. Consider the one-cluster multi-object situ-
ation shown in Figure 5.4, with three tracks, T1-T3, selecting four measurements,
M1-M4. The selection gate area limits of the tracks are shown as ellipsoids. In this
one cluster, we can identify 21 feasible joint events, some of which are listed in
Table 5.3. For example, feasible joint event (3) allocates measurement M2 to track
T1, whereas no measurements are allocated to tracks T2 and T3. Measurements
M1, M3 and M4 are declared clutter. Feasible joint event (21) allocates measure-
ment M2, M3 and M4 to track T1, T2 and T3 respectively, whereas measurement
M1 is declared clutter.

The feasible joint event space is “finely” divided into a set of mutually exclu-
sive feasible joint events. It is also more “coarsely” divided into a set of mutually
exclusive joint track detection events. A joint track detection event D divides the
set of existing tracks into two sets:

e To(D): set of tracks allocated no measurement;
o T1(D): set of tracks allocated one measurement.
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The detection event of each track is a priori independent. The prior probabilities
of no selected detection of each track n € To(D) equal

PG OIYY =1 - PyPEpGg YD,
PO Ox . Y = p@ Oy x|, Y =1 - PR P,
the prior probabilities of the selected detection of each track n € T1(D) equal
P& OY) = PLPLP (YD,
PO x!. YN = p@l O)x/. x. Y = PJPL,
thus the prior probability of a joint detection event D is

p@Y = T (1=PyPepGG 1Y) [T PoPEPOGIYS.
neTy(D) neT (D)

Following the same argument, only conditioned on the object 7 existence,

P(PIxE Y = p(DIxd. xi, Y

1-PLPL
— ooy T € To(e), (5.47)
:p(D|Yk—l) 1 PDIP(;P(Xk [Y* 1) .
POEIYET) T € Ti(¢g).

Each feasible joint event ¢ corresponds to one joint detection event D(¢e). Each
joint detection event D potentially corresponds to a number of feasible joint events.
Thus, it is a “one-to-many” correspondence. In Table 5.3, joint events (2) and (3)
correspond to the same detection event: they both imply detection of track T1, and
non-detection of tracks T2 and T3. Number of joint detection events equals 27,
with T denoting here the number of tracks. In this example, 23 = 8 joint detection
events partition the feasible joint event space of 21 feasible joint events.

As e € D(e), then

e=c¢ m D(e),
and
pCelYSYY = p(L e, DY) = p(, elD(e), Y p(D(e) Y.

Denote by (D) the set of all feasible joint events corresponding to the joint detec-
tion event D. The set of all joint events D encompasses the feasible joint event

space, and then

D eee(D) €
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Measurement likelihoods

Each track 7 is updated using the Bayes’ equations, i.e., Section 5.4.3 still applies.
For convenience, we repeat (5.29) and (5.30), where superscript T denotes track t:

k—1

X xE 1Y), (5.48)
P(xi T COIRACIME

(Y, me|xE, xZ, YEh
p(xtIxf, YY) = Lo

p(xplxs, Y. (5.49)

Equation (5.12) is also still valid:
k
p(xe X IYY) = p(x 1 YO p (ki IYF).
In multi-object situations, we need to consider the exhaustive set of mutually
exclusive feasible joint events ¢ and summing out ¢ or using the total probabil-
ity theorem

Py mel-, Y =3 p(yx, mi, &, Do), Y

&

=Y plylmi. &, D(e), -, Y1) plelmy, Dee), -, Y1) (5.50)

x p(mg|D(e), -, Y- p(D(e)|-, Y.

For the joint event ¢ define:

e My(e): set of measurements not allocated to any track;
e To(e) = To(D(e)): set with cardinality #o(e) of tracks allocated no measure-
ment;
e Ti(e) = T1(D(e)): set with cardinality #1(¢) of tracks allocated one measure-
ment;
e (7, ¢): index of measurement allocated to track t.
For joint event (2) listed in Table 5.3, To(2) = {T2, T3}, T1(2) = {T1}, and
i(T1,2) =1,i(T2,2) =0, i(T3, 2) = 0. For joint event (21) listed in Table 5.3,
To(21)={ } (empty set), T1(21) ={T1, T2, T3}, and i (T1, 21) = 2, (T2, 21) = 3,
i(T3,21) = 4.
Denote by #.(¢) the number of measurements assumed to be clutter by joint
event D(¢),

tc(e) + t1(e) = my.

The number of possible allocations of m; measurements among ¢ (¢) tracks equals

V7

_ my my!
(e = 1(@!C

e " (o)l
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where each allocation is equally (a priori) probable and therefore

plelme. D(e), Y1) = %3' (5.51)

The prior probability of 7. () selected clutter measurements equals

= tc (&)

pmg|D(e), Y1) = wr(te(e)) = exp(— mk)t
c(&)! (5.52)
)— —t1(¢) mk

tc(e)!

which does not depend on the object existence event, given the joint detection
event, thus

= pp(mg

p(mp|D(e), xF, Y = pmp|D(e), xf, xE, Y1) = p(mi|D(e), Y,
(5.53)

Following the derivation of Section 5.4.4, given the measurement allocation, the
likelihoods of individual measurements y (i) are mutually independent and the
likelihood of measurement set y; is the product of the individual likelihoods:

pwile,mi, D@, Y =TT 2D T priian, e

Yi()eMy k neTy
(5.54)

_ _tl(s) 1—[ Pk(l(n,S))

Ly A e)’

The object existence event, given &, does not change the value of the likelihoods,
although knowledge of object t state may, and

p(yele, mx, D(e), xi, Y = p(ykle, m, D(e), Y1, (5.55)
T € To(e),

e, my, D(e ,X,Ykl— e, my, D(e Ykl
p(ykle, my, D(e), xi . X; ) = p(ykle, mg, D(e), ) &8,reﬂ@)
(5.56)

Putting together (5.50), (5.51), (5.52) and (5.54) we obtain

P mel Y = ppanrmo) Y [ (1= PRPEPle, onlY*))
& nelp(e)
Pl e)

n pn n k—1
< L1 Porepiniy b GG e)

neT(e)
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For convenience, we define shortcut A(g) as

Pl ¢))

A = [ (- PRPLPlec.onY ') ] PgPEP{X/Z”Yk_I}pk(,-(,,,S))’

neTy(e) neTi(e)

thus

Pk el YY) = ppir(m) Y Ae). (5.57)

&

Comparing (5.50) and (5.57),

Pk mi, €YY = pp e (mi) Ace),
the a posteriori probability of the feasible joint event & equals

p(yx, me, €[Y™)
p(yk, mi| Y1)

_ Ae)

Y AE©

Denote by E (7, i) the set of feasible joint events which allocate measurement i to
track 7. Set E(t, 0) contains all feasible joint events & for which t € Ty(e). For
i # jsets E(t,i) and E(7, j) are mutually disjoint, and union of all sets E(t, i),
i =0,...,my, is the set of all feasible joint events.

Putting together (5.50), (5.47), (5.53) and (5.55) we obtain

p(elY:) =
(5.58)

Pk melx 8, Y = ppapr(my)

1— PLPE 1 —
Ae) + ——< A(e) |
R PO &

e€E(7,0) i=1 e€&(t,i)

(5.59)

and using (5.50), (5.47), (5.53) and (5.56) we obtain

1 — Pt P
D" G
A(e)
1 — PLPEP(XLIYRD) Z

e€&(t,0)

PO milxf x5, YY) = pp rr (my)

+ ! %f"r(i) > A (5.60)
pOEIYRY) —~ pr() ' '

i=1 e€B(t,i)
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Placing the likelihood values defined by (5.57) and (5.59) into (5.48), the a
posteriori probability of object existence for track 7 is

(1=PLPY PO Y
1—Pf PGp(kaYk T D e B(r, O)A(8)+Z Zsea(r,i)A(f‘?)

2 Al ’

pFIY) =

which, after inclusion of (5.58), becomes

(1 — PEPE)p(xF 1Y -
POXFIYS) = Dot 3 pelYO+) D pelY).
I—PDPGP(Xk |Y ) £€E(1,0) i=1 ecB(t,i
E(t, = B(t,i)

(5.61)

Remark 5.1 Event 6, (0) equals the union of joint events which are elements of
E(t,0):

o= ] e (5.62)
e€E(1,0)

Proof Each feasible joint event ¢ which is an element of set E (7, 0) implies that
7 is allocated no measurements, i.e., implies event 6, (0). Thus

e € B(r,0) = 6, (0),
or
roc (J = (5.63)
e€E(1,0)

On the other hand, each joint event that is not an element of = (z, 0) implies the
event that track 7 is allocated some measurement, meaning that 67 (0) is not true,
or

e ¢ E(r,0) = 67 (0),
which implies that

67 (0) = ¢ € E(t, 0),
or

U ecoi0. (5.64)
e€k(t,0)
From (5.63) and (5.64),

) e=¢6/0.

e€&(1,0)
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Remark 5.2 For 1 <i < my event < 6, (i), x; > equals the union of joint events
which are elements of E(t,1):

<. x>= | = (5.65)
e€B(t,i)
Proof The proof closely follows the proof of Remark 5.1. O

As a consequence of Remark 5.1 and the mutual exclusiveness of feasible joint
events,

PEEOIYH = Y pelYh. (5.66)

gel(r,0)

As a consequence of Remark 5.2 and the mutual exclusiveness of feasible joint
events, fori > 0,

POL@), X{ Y = > plelYh). (5.67)
e€l(1,i)
Including these results in (5.61),

(1 — PR P p(xF 1Y)
1 — PLPEp(xFIYFT)

mg
POLOIY") + D pOF (). x{ 1Y),
i=1

PORIYH) =
Following a derivation similar to that of (5.38) (replacing the event m; = 0 by the

event 6; (0), and yk-1 by YH), it is easy to show that

(1 — PLPH)p(xF 1Y)
1 — PEPEp(xFIYK=T)

p@OF0), xFIY") = PO )Y, (5.68)

and the updated probability of target existence becomes

mp
POGIYS) =D p@OF (), xf 1Y), (5.69)
i=0

To obtain the posterior object trajectory state pdf, we place the likelihood values
defined by (5.59) and (5.60) into (5.49), and use (5.66) and (5.67):
CHYH )

= pxfIxf, Y

1—P5Pé T k 1 m f/:(i) T (s T vk
l—PBPép(x,:\YH)p(Gk O + pOFIYET) 2i=1 pr PO 0, x 1YY

1-PL P T X 1 mi TN L TIVE
=rpppog e PO OIYY) + Somyen 20ty PO @), xg 1Y)
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which, using (5.68) and (5.69), becomes

PO O), XFIYY) + 1, S pOF (), 1 [YF)

P 1YR)

As in the case of the optimal single-object trajectory update, we define

pXEIxF, Y5 = pXE|xf, Y.

pOF @), xFIY")
pPOGIYR)

BL() = pOf DIxi, Y = (5.70)

and note that, as in (5.41),
FEOPpOEIXE Y = pi) pE X yi (1), Y,

where p(X¢ | x5, yx (i), Y*~1) is the object trajectory state pdf after measurement
v (i) was used to update the propagated object trajectory state pdf.
We can now immediately write

M
P(XEIXE YR =D BE) pEIOF (). X Y5), (5.71)
i=0
which is identical to the single-object trajectory state pdf equation (5.44). Once
the appropriate conditional data association probabilities 8/ (i) are calculated, both
single- and multi-object trajectory updates proceed in an identical manner.

5.4.6 Track trajectory update

This procedure is common to both single- and multi-target tracking and is per-
formed on each track separately. Here we omit the track superscript. Both single-
object update (Section 5.4.4) and multi-object update (Section 5.4.5) define the
conditional a posteriori data association probabilities

PO (), xk|Y*)
(O Y5)

and calculate and use them to update the trajectory state pdf as (5.44), (5.71),

Br(i) = pOr(dxe, YO =

mg
P (Xela YE) = 37 Bei) pxal0 i), 36 Y. (5:72)
i=0

Given that measurement yj (i) is the object detection,

POk (@), xi, YO = pxelxe, v (), YT,
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and given that no measurement in yy is the object detection, the updated pdf is still
the propagated pdf, i =0,

P16k (0), xx, YO = p(xil, Y.

The propagated object trajectory pdf at time k is

Cr—1 M
POl Y = 37 pla-) - Y w11, 0) pelek—1, 0, xx, Y,
cr—1=1 o=1

with
PXelck—1, 0, Xk YT = N %k Ripe—1(ck—1, 0), Pri—1 (-1, 0)).

Element i = O of the summation (5.72) is
Ci—1

B p(xilxi, Y1) = Bi(0) D plex-1)

cr—1=1
M
X Zﬂklkfl(ckfhU)p(Xk|Ck71,O’, X Y.

o=1

Element i, i > 0, of the summation (5.72) is
Bic () p (il xk, O (), Y = Bic() p el e, yi (), YE1).

The object trajectory state pdf p(Xx|xx, ¥ (i), Y<~1) is obtained by applying mea-
surement yi (i) to the propagated object trajectory state pdf, and using the Bayes’
formula,

Pl xes yi (1), Y

P (Y& @) 1k xe, YEU) p (ke YE)
P (yx @) Ly, Y1)

PO @) %) &
=T o0 37> pler—Dmip-1(cx-1, 0) p(lek—1. 0, i, Y.
cr—1=lo=1

Further applying the Bayes’ formula we obtain

Py () 1X0) pXelcr—1, 0, xx, Y1)
k_l)p(yk (@) lck—1, 0, X, YT
p(yk (@) |ck—1, o, xk, Y1)

= p(yr () X)) p(Xk|Ck—1, 0, Xk, Y

= prli, ck—1,0) p(Xilck—1, 0, Xk Yi (1), Y1),
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Thus, fori > 0,

Br () p(Xe| Xk, 6k (), YF)
Cir—1

= Be() Y plee-1)

ck—1=1

pi(i, ck—1,0)

. p(Xk| Xk Ck—1, 0, Ok (i), Y5),
Pk (@)

M
X Y k-1 (ck-1,0)

o=1

where p(Xk|xk, Ck—1, 0, Ok (i), Yk) is obtained by applying measurement yi (i) to
the propagated trajectory state pdf p(Xk|xx, ck—1, o, Y<~1) (Kalman filter update).

Each pair of a priori component c;—; and selected measurement i ,i >0, attime
k creates a new a posteriori tentative component denoted by ¢ = {cr—1, 6k (i)}.
Equation (5.72) may be rewritten as

Ck M
POl Y =Y p@) - Y G, 0) p(xiléns o, xa YO,
&=l o=1

with
PXeléx, 0, Xk, Y = N Rek Gk, 0) , Prgie G, 0)) -
Thus, for &, = {cx_1, Ok (0)},

P (Cx) pijk (Ck, 0) = Br(0) p(ck—1) mrjk—1(Ck—1,0),
and
Xk (C, 0) = Xgpk—1 (Ck—1,0) ,
Pik (Ck, 0) =Prp—1 (ck-1,0) .
Given that ¢, = {cx—1,i},i > 0,

pr(i, ck—1,0)

Pl e, YO i G, 0) = Be() p (ck—1) Rikp—1(ck—1, ) :
pr(@@)

and
. A ) _
p(Xklek. o, 3, YO = p(xelek—1, 0, xeo yi (1), Y
= N Xk; Xk(k (Ck, 0), P (Gk, 0)).

Values of Xi [k (Ck, o) and Py i (Ck, o) are obtained by applying measurement yj (i)
to the Kalman filter update with predicted mean Xy x—1(cxk—1, o) and covariance
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Piji—1(ck—1,0):
[Xkjk (Ck» 0), P (Ck, 0)1 = KFglyk (i) , Xkjk—1(ck—1, 0), Prj—1(ck—1, 0), H, R],
where KFg is the Kalman filter estimate, as defined in Section 2.2.1.
Therefore, for each component ¢ = {cr—1,1 > 0},
Pl e, YO ruw @, 0)

1, i =0,
= Br(i)p (ck—1) Mikjk—1(Ck—1,0) { pi(i, cr_1,0) .
oo ke 22 i > 0.
Pi(i)
By summing out the probability of the trajectory model, we obtain the a posteriori
probability of a new component:

M
P@rlxi, YO =D p@rlxa, YO raw G, 0)
o=1
M 1, i=0
= Zﬂk(i)P(Ck—l)ILk|k—1(Ck—1a0) pili.ck—1.0) . _ o>
o=1 pe@)
1, i=0
= Bc(@)p (ck—1) \ pr, cr_1) =0
pe@)

and then directly obtain the a posteriori probability of the trajectory model, given
the a posteriori component

3 A .
ik G, 0) = p(My = o |8k, xk, YF)
p (Gl xe. YY) pak (G, 0)

p (Gl xx, YF)
1, i =0,
= ik—1(Ck—1,0) pk(i,_ck_l,o)’ i
Pr(i, ck—1)

The a posteriori object trajectory state pdf for each tentative component ¢y, is

M
POk Xk, Y =D e @, 0) pRxléi, o, xx, YO,

o=1

where each object trajectory state pdf conditioned on the tentative a posteriori
component ¢ and object trajectory model ¢ is a Gaussian pdf,

Pk, 0, xies YO = N (X Rk (G, 0), Prgpe Gk, 0)),
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with mean and covariance defined by
[Xiik Gk, 0) , Prk (G, 0)]

[Xkjk—1 (ck—1,0) . Peje—1 (ck—1, 0)] i =0,
KFg [yk (i), Xkjk—1 (ck—1, 0) , Pre—1 (cx—1,0) ,HLR], i > 0.

Given that
mg Cr—1 M
Y B = Y pla—1) =) mrp-1(ck-1,0) =1,
i=0 cr—1=1 o=1

it is straightforward to verify that

Ck M
Yo p@) =Y mu@. o) =1.
o=1

cr=1

5.5 Optimal track update cycle

The object tracking algorithms presented in this chapter are recursive. A single
update cycle is presented in this section. This cycle is repeated for each existing
track. Track initialization issues are presented in Section 9.4.

All algorithms presented in this chapter follow the same update cycle. This sec-
tion presents the optimal track update cycle for two cases, single-object tracking
and multi-object tracking. The most general trajectory pdf shape is used, which
is multi-component, where each component is using an IMM estimator for multi-
ple trajectory models. Both single- and multi-object tracking share all track cycle
operations, with the exception of the data association operation.

The single-object data association may be derived from the multi-object data
association formulae by limiting the number of tracks to one. However, for rea-
sons of clarity and the reader’s sanity, the data association operation is presented
separately for single-object tracking and multi-object tracking.

The individual single-object tracking algorithms detailed in Section 5.7 and
multi-object tracking algorithms detailed in Section 5.8 are obtained by introduc-
ing various degrees of sub-optimality, or specialization, to the optimal track update
cycle formulae presented in this section.

The track update cycle at time k begins with the arrival of the Y batch of mea-
surements. The a posteriori state of each track T attime k — 1, p(x;_;, X;_; [YA—1)
is known, and is propagated (predicted) from time k — 1 to time k to obtain

PO, xFIYE).
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Table 5.4 Cycle k object — existence-based track update.

Operation Input Output

Scan k — 1 PXi—1, Xe—1YK1)
Prediction PO 1YY, pi—t k=1, YO pGuel YA, pxel e, Y1)
Selection Yi. pOeilxe, YO Yeo Pk G) Ixe, YO

Data association  p(xx| Y1), p(yx () Ixk, Y1) POl Y5, Bi(i)

Estimation i Bi(), pxel xe, YT p(Xklxk, Y5

Track output PO Y5, p il xe, Y6 status, Xk, Pk

Each track at time k selects a subset of measurements y; which is
used to update the track state. At this stage, the measurement likelihoods
p(yr (@) Ixf Y1), i =1,..., my, are also calculated.

The data association operation uses the measurement likelihood information
to update the probability of object existence (calculate p(x; 1Y), as well as to
calculate the a posteriori data association probabilities conditioned on the object
existence, B} (i) 2 PO D xg, YY, i=0,..., my, for each track .

The track trajectory state pdf p(x;|x; . Y¥) is obtained by using the predicted
object trajectory pdf p(xg|x;. Y*~1), selected measurements ¥y, and a posteriori
data association probabilities B; .

The track output at time k is calculated using a posteriori track state
PXp, Xf 1Y5). It usually includes track status (such as tentative, confirmed or ter-
minated), and object trajectory state mean f(,i‘ « and covariance P,fl &+ Track outputs
are used by external clients of the tracker (operators, fusion center, etc.), and are
not used in subsequent track update cycles.

One track cycle update is presented in Table 5.4. Please note that the prediction,
selection, estimation and track output operations are performed on all tracks sep-
arately (or in parallel if the hardware allows it). Data association for single-object
tracking is also performed on all tracks separately, whereas data association for
multi-object tracking is performed on all tracks (within a cluster, as discussed in
Section 5.5.4) simultaneously. Thus we omit the track superscript when describing
all operations, except for the multi-object data association.

5.5.1 Track state prediction

Track state prediction involves propagating the probability of object existence, as
well as propagating the object trajectory state pdf from time £ — 1 to time k.
The inputs to the track state prediction operation at time k are:

o the a posteriori object existence probability at time k — 1, p(yx—1|Y*™1);
and
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o the a posteriori pdf of object trajectory state at time k — 1, p(Xk—1|xx—1, Y<1),
which is parameterized by:
— the set of track components indexed by cx—1; and for each component c_1,

— the relative component probability, p(cx—1) 2 p(Er—1(cr—1)| Xk_l,Yk_l);
and

— the a posteriori IMM pdf parameterized by the trajectory model proba-
bilities px—1x—1(ck—1,0), mean values Xy_ix—1(ck—1,0) and covariances
Pi_1jk—1(ck—1, o) for all object trajectory models o .

The outputs of the track state prediction operation at time k are:

o the a priori object existence probability at time k, p(xx|Y*~1); and
o the a priori pdf of object trajectory state at time k, p (X |xx, Y<~!) parameterized
by:
— the set of track components indexed by cx—1 (not changed by this operation);
and for each component c;_1,
— the relative component probabilities p(cx—1) (not changed by this operation),
pEr—1(ck—DIxk, Y1) = p(cx—1); and
— the a priori IMM pdf parameterized by the trajectory model prob-
abilities pk—1(ck—1,0), mean values Xyx—i(ck—1,0) and covariances
Piji—1(ck—1, o) for all object trajectory models o

Here we use the results of Section 5.4.1. The probability of object existence
propagates as a Markov chain (Section 5.3.1):

pORIYS™Y = TEXp[pGu—1 YY), p).

The propagated object trajectory state pdf at time k is a mixture of the propagated
component pdfs,

Cr—1
POkl Y = 7 planpelen—r, xx, Y, (5.73)

cx—1=1

where p(cx—1) is the relative probability of the component and
p(Xklck—1, xx, Y1) is the propagated component pdf. Each propagated
component pdf is a mixture of the propagated object trajectory state pdfs, given
the component and individual object trajectory models o':

M
pOlee—1, xe Y = a1 (ce1, 0) piiler—1, 0, xe, Y

o=1

" (5.74)

PXelck—1, 0, xks YU = N (xe; Rek—1 (-1, 0), Pr—1(ch—1, 0)).
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In other words, trajectory state propagation consists of the propagation of each
trajectory state component individually. Each trajectory component state cx—p is
an IMM block and propagates by the IMM mixing and prediction operations
(Section 3.4.1):

Hmik—1(ck=1,0), Xik—1(ck=1, 0), Pri—1(cr—1, 0)}o1
= IMMwp[{pk—11k—1(ck—1, ), Xk—1k—1(Ck—1, O),
Pk—l|k—l(ck—l’ 0)7 F09 QO‘}O" r]

IMM mixing and prediction collapses into Kalman filter prediction if the number
of object trajectory models (IMM models) equals one, M = 1, as is the case for
JITS, JIPDA, JPDA, ITS, IPDA and PDA. Then, for each component of each track
(Section 2.2.1),

[Rije—1(ck—1), Prjk—1(ck—1)] = KFp [Rx—1jk—1(ck—1), Pr—1jk—1(cx—1), F, Q] .

The track state propagation parameters, y, I', F and Q, depend on the time
interval Af; between sampling times k — 1 and k. An example of values for F and
and Q matrices is presented in Section 2.8; y and I are discussed in Sections 5.3.1
and 3.4.1 respectively.

5.5.2 Measurement selection (gating)

Measurement selection (gating) selects a subset of measurements which, given that
the object exists and is detected, contains the object detection with high probability.
This probability is termed the “gating probability” and is denoted here by Pg. For
computational and software organization purposes, measurement likelihoods are
in practice usually calculated as part of this step.

This operation is performed on each track separately. The inputs to the mea-
surement selection operation at time k are:

* the set Y; of measurements delivered by the sensor; and
o the a priori pdf of object trajectory state at time k, p(X¢|xx, Y<~1). In the case
of a linear system, it is parameterized by:
— the set of track components indexed by cx_1; and for each component c;_1,
— the relative component probabilities p(cx—1); and
— the a priori IMM pdf parameterized by the model probabili-
ties  pik—1(ck—1,0), mean values Xgk—i1(ck—1,0) and covariances
Prjk—1(ck—1, o) for all trajectory models o .

The outputs of the measurement selection operation at time k are:
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* the set of measurements y; used to update track at time &, and for each selected
measurement yy (i);
o the measurement likelihood p(yx (i) |xx, YS™1). In the case of a linear system,
this is parameterized by:
— for each track component ci_1, likelihood p(yx (i) |ck—1, Xk, Y 1y of mea-
surement y (i) given track component ci_1. This is parametrized by:
— the a priori model probabilities pix—1(ck—1, o) and measurement yy (i) like-
lihood given track component cx_1 and model o, p(yx (i) |ck—1, O, Xk, Yk_l).
In the case of non-parametric object tracking (without prior knowledge of the
clutter measurement density) the outputs also include:
— the values of the selection gate volumes for each trajectory model o of each
component cx—1, Vi(ck—1,0); and
— the number of selected measurements by each model o of each component
Ck—1, Mk (Ck—1,0).

Each track has a set of components, and each component cx_1 is an IMM block
of M models. Each model o has a single Gaussian propagated object trajectory pdf
p(Xr|ck—1, 0, Y1, as per (5.20)—(5.21). First calculate the mean and covariance
of the measurement position, for each track component cx_; and for each model o
(Section 2.2.1):

[Fkik—1(ck—1, ), Sk(ck—1, )] = MP [Rjp—1(ck—1, 0), Pjk—1(ck—1, o), H, R].
(5.75)

Then form a set of measurements selected by trajectory model o of component
ck—1, denoted by yx(cx—1, 0), as the elements y of Yy satisfying

w(ck1.0) ={y e Yi: [y — Sap—1(ck_1, 0)I'S  (cr_1. o)
y {y Yy — Jxi % 5.76)

x [y — Juk—1(ck—1, 0)1 < g},

where /g is termed the gate size, which depends on the gating probability Pg.
Denote by my(ck—1, o) the cardinality of set yx(cx—1,0). The volume of the
selection gate for the {cx_1, 0} component/trajectory model combination is given
by

nn/Z
Vi(ck=1,0) = ———=v/&ISk(ck=1,0)| = C/gISk(ck-1,0)|,  (5.77)

T(n/2+1)

where I'(-) denotes the gamma function, and n denotes the dimensionality of the
surveillance area. C,, is the volume of n-dimensional hypersphere with unit radius;
forn =2,Cy =mw,and forn =3, C3 = 4/3x.
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The pseudo-function comprising (5.75)—(5.77) is denoted by

[yr(ck—1,0), Vk(ck—1,0)] = MS1[ Yk, Xijk—1(ck—1, 0), Prjg—1(ck—1, 0), H, R].
(5.78)

The set of measurements selected by the track is the union of all measurements
selected by the individual components:

Yk = U UYk(Ck—1,6),

Ck—1 O

with cardinality denoted by my. The ith element of y; is denoted by yi (i). For
non-parametric object tracking we also need the volume of the union of the selec-
tion gates. This is more involved and an efficient approximation is presented in
Section 9.3.

Measurement likelihood

Expressions for the measurement likelihoods, given that they are the track detec-
tion, are derived in Section 5.4.2. Here we skip the derivations and simply repeat
the results.

The likelihoods of the selected measurements are equal to their prior pdfs, given
that they are the (possible) object detection. If a measurement is not selected by a
track, or a track component, or a track component model, then the corresponding
likelihoods are zero.

The track likelihood of measurement yy (i) is the mean of the likelihoods of
measurement y (i) on the track component level:

Cr—1
pe@) 2 pi ) e Y = 3 ple—1)pris e,

ck—1=1

and the measurement likelihood at the track component level is the mean of the
likelihoods at the level of the individual trajectory models:

M
, A , _ :
il ck-1) = pQyk () lex—1. X Y ) =7 a1 (er—1, 0) pr(i ck-1, 0).

o=1

Finally, the track likelihood of measurement yj (i) given the track component cx_
and the trajectory model o equals

[{pk(i. ck—1,0)};] = MLy [{yk ()} » Kk—1(ck—1,0), Prig—1(ck—1,0), H,R].
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The pseudo-function ML is defined in Section 5.4.2 by
Pk(i, ck—1,0)
£ pyk () lek-1. 0, xe, Y1)
PN (0 () Jup-1(cr-1.0). Se(er-1.0)) - ¥i (D) € Viclewo1, 0),
0, Yk (i) ¢ Vk(ck—1,0).

The conditional object measurement mean and covariance are calculated by

[Fiik—1(ck—1,0), Si(ck—1,0)] = MP [Rgpe—1(ck-1, @), Prj—1(cr—1, 0), H, R],
which is defined in Section 2.2.1 by

Yik—1(ck—1,0) = HXgp—1(ck—1, 0),
Sk(ck—1,0) = HPg—1(ck—1, 0)H' +R.

5.5.3 Single-object tracking data association

The single-object tracking data association operation calculates the a posteriori
data association probabilities as well as the a posteriori probability of object exis-
tence using the measurement likelihoods. The derivations are presented in Section
5.4.4. Here we skip the derivations and simply repeat and formalize the results.

Single-object tracking ignores any possible detections of objects being followed
by other tracks. Therefore, these operations are performed on each track indepen-
dently, and may be parallelized.

The inputs to the data association operation at time k are:

o the a priori probability of object existence p(xx|Y*~!); and
¢ the likelihood py (i) of each selected measurement yy (7).

The outputs of the data association operation at time k are:

« the a posteriori probability of object existence p(xx|Y¥); and

 the a posteriori data association probabilities conditioned on object existence,
Bi(@) 2 p(@k(i)l)(k,Yk), i =0,...,my, where 6;(0) denotes the event that
none of the selected measurements is the object detection, and 6 (i), i > O,
denotes the event that measurement yy (i) is the object detection.

Denote by A the measurement likelihood ratio at time &, then

Pr(i)
pr()

mi
Ay =1— PpP; + PpPg Z (5.79)

i=1
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The a posteriori probability of object existence is given by

Axp Ol YD

POlYS) = , (5.80)
1= (1= A pOul YA
and the a posteriori data association probabilities are
Bii) = (i), Y = — - : (5.81)
Ax | PpPs ’2283 i > 0.

Equations (5.79)—(5.81) are denoted by the pseudo-function

[P O IY5), (B}, ] = ISTDA[ p (e Y ), {pe (D}, ]. (5.82)

Equations (5.79), (5.80) and (5.81) are universal in the sense that they do not
depend on the shape of the prior object measurement pdf p(y|xx, Y<~!). These
equations are valid for p(y|xx, Y¥~!) being a single Gaussian pdf, Gaussian mix-
ture, as well as for some non-linear pdf represented by a particle filter or other
non-linear estimator.

5.5.4 Multi-object tracking data association

A multi-object situation arises when tracks share measurements, i.e., when some
measurements are selected (gated) by more than one track. If the objects (tracks)
are sufficiently separated so that they do not share measurements, the multi-object
tracking reverts to the single-object tracking.

For computational reasons, in each scan k tracks are separated in clusters of
tracks which share selected measurements. The tracks and their selected mea-
surements belong to the cluster. Multi-object data association operations are per-
formed on each cluster of tracks simultaneously, and can not be parallelized.
The operations on separate clusters, however, are independent, and may be par-
allelized on this level. To distinguish between tracks, we use track superscripts
T and 7.

In this section we present the data association operations on one cluster and
all tracks and measurements are assumed to belong to the cluster. The multi-
object data association is derived in Section 5.4.5, here we present the final
results.

The inputs to the multi-object data association operation at time k are:

» the a priori probability of object T existence, p(x; [Y%~1); and

e the measurement likelihoods with respect to track 1, p;(i) 2
p(yk (@) Xz, Yk_l) for each track 7 and each selected measurement yy (7).
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The outputs of the data association operation at time k are, for each track t:

* the a posteriori probability of object T existence p(x; 1Y¥); and

¢ the a posteriori data association probabilities conditioned on object existence,
B; (i) 2 PO Dxg YY), i =0,..., myg, where 67 (0) denotes the event that
none of the selected measurements is the detection of object T at time k, and
0¢ (i > 0) denotes the event that selected measurement yy (i) is the detection of
object T at time k.

A joint event is an allocation of all measurements to all tracks. A feasible joint
event is a joint event which satisfies the following:

¢ each track is assigned zero or one measurement; and
¢ cach measurement is allocated to zero or one track.

All feasible joint measurement to track allocations are enumerated and their a pos-
teriori probabilities evaluated. They are used to calculate the a posteriori data asso-
ciation probabilities and the a posteriori probability of object existence for each
track individually.

Two feasible joint events are different if assignment of at least one measurement
is different. Different feasible joint events are mutually exclusive. For each joint
event ¢ define:

e To(e): set of tracks allocated no measurement;
e Ti(¢e): set of tracks allocated one measurement;
¢ (1, &): index of measurement allocated to track t.

The a posteriori probability of joint events is given by

pEelY) =ct T] (1 - PRPEPIIY!)

teTy(e)
. (5.83)
_1, Ppi(z, 8)
X 1_[ (PBPéP{quYk W),
reTie) pr(i(z, €))

where the normalization constant cx is calculated by utilizing the fact that feasible
joint events are mutually exclusive and that they form an exhaustive set

Zp(e|Yk) =1.

Please note that product operation on an empty set equals one.
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Track-based data association probabilities

Once the a posteriori probabilities of feasible joint events are known, they are
used to obtain the a posteriori probability of object existence and data association
probabilities for each track.

The first step is to calculate the a posteriori probabilities of allocating a measure-
ment i, i > 0, to track 7. Denote by E(t, i) the set of feasible joint events which
allocate measurement i to track 7. The event that no measurement in a cluster is
track 7 detection is the union of all (mutually exclusive) feasible joint events which
allocate no measurement to track 7 and, as the events ¢ are mutually exclusive,

pOFOYY) = > p(elY¥). (5.84)
e€&(t,0)

In the same manner, the probability that measurement i, i > 0, in a cluster is object
T detection (object T detection also implies object T existence) is

P(X5 6 OIYY) = >~ plelYh).
e€l(t,i)

The probability that no measurement in cluster is track 7 detection and that object
T exists is

(1 — PEPHP(XEIYD
1 — PLPE p(xf1YFD

p(xi, 6f (O)IY*) = (67 (O)IY").

Events {x; , 0/ (i)} are mutually exclusive for differenti > 0, and their union is the
object existence event. Therefore, the a posteriori probability of object existence is

m

P(xEIYY) =" p(xi - 07 ()IY). (5.85)
i=0

The data association probabilities are then given by
P (xf 6 DIY)
P (% 1YY)

Equations (5.83)—(5.86) are denoted by the pseudo-function

{p O IYO. (B ()},20 ] = IMTDA[{ p(f 1Y) {pf )}, ), ]-
(5.87)
As can be easily verified, for single-track clusters (T = 1), the multi-object data
association reverts to the single-object data association.

, i >0. (5.86)

BL() = p(OF DIxf. YF) =
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5.5.5 Track trajectory update

The track trajectory update as presented here is identical to both single- and multi-
object tracking. These operations are performed on each track independently, and
may be parallelized. The derivations are presented in Section 5.4.6, and only the
results are repeated here.

The track trajectory update operation has two stages. In the first stage, the a pos-
teriori trajectory state pdf is found with the maximum precision available (under
the assumptions). This stage is called here the “component update,” and is the sub-
ject of this section. The component update stage increases the number of track
components by a factor of 1 + my. Track components created at this stage are
termed the “tentative track components.”

To prevent the saturation of computational resources, the set of tentative track
components is subjected to the component control which produces a final set of a
posteriori track components at time k. The component control procedures result in
sub-optimal object tracking algorithms, and are detailed separately in Section 5.6.

The component update operation at time & is independently performed for each
track, and in this section we describe the component update operation on one track
and (again) omit the track superscripts.

The inputs to the component update operation at time k are:

* the set of measurements y; used to update track at time &, and for each selected

measurement y (i):

— the a priori pdf of selected measurement y; (i) — measurement likeli-
hoods with respect to track py(i) 2 p(yr (@) | ¥k, YU, with respect to
track components pg (i, ck—1) = pP(yYx () [ck=1, Xk> Y*~1) and with respect
to trajectory models of individual track components py(i, ck—1,0) 2
Pk (@) lex—1, 0, xie, Y

— the a posteriori data association probabilities conditioned on object existence,
Bi(@) 2 12CAOGIVE YX), i =0, ..., mg, where 6;(0) denotes the event that
none of the selected measurements is the object detection, and (i), i > 0
denotes the event that measurement yy (i) is the object detection; and

o the a priori pdf of object trajectory state at time k, p(Xg|xx, Y<~!), parameter-
ized by:

— the set of track components indexed by c_1; and for each component ¢ _1,

— the relative component probability p(cx—1);

—the a priori IMM estimator pdf parameterized by probabilities
Mik—1(ck—1,0), mean values Xg—1(ck—1,0) and covariances
Piji—1(ck—1, o) for all object trajectory models o
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The output of the component update operation at time k is:

o the a posteriori pdf of object trajectory state at time k — 1, p(xx|xx, Y*), which
is parameterized by:
— the set of tentative track components indexed by ¢i; and for each ¢,
— the relative probability p(ci) = PECEO Xk, YO
— the a posteriori IMM estimator pdf parameterized by model probabilities
Wik (Ck, 0), mean values Xk (C, o) and covariances Py« (Ck, o) for all mod-
elso.

Each pair of one a priori track component c¢x_; and one selected measurement
Yi (i) (including the “null” measurement i = 0) creates a new tentative track com-

ponent & (),
E(Cr) = {Ee—1(ck—1), O (D)} . (5.88)

For reasons of space, ¢y is usually used instead of ék(Ek). Thus p(ck) £

PEEO ks YO
The number of tentative track components equals

Cr = Cr_1 (1 + my).

The a posteriori trajectory state pdf at time k is a mixture of tentative track
component a posteriori state pdfs,

&
POkl Y = D p(@) p(xalén, xe, YY) (5.89)

=1
with the posterior probabilities of individual tentative components given by

1, i=0,
@) = pEr@ol e Y = Bepec) ) peicy) (5.90)
W, 1 > 0

Each tentative track component ¢ a posteriori object trajectory state pdf is a mix-
ture of the individual pdfs of the object trajectory states conditioned on the indi-
vidual object trajectory model o'

M
POk, Xk, Y =) e G, 0) p(iiléi, o, xx, YO,

o=1
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where the a posteriori object trajectory model probabilities of the individual tenta-
tive components are given by

1, i =0,
ik (Cr, 0) = ijk—1(Ck—1,0) - ; (5.91)
| Peklke—1{Ck—1 pelc1.0) o
pi(d, ck—1)

and the a posteriori trajectory state pdf of the individual object trajectory models
of the individual components at time k have Gaussian pdfs

PXi|er, 0, x, YO = N (xi; X (G, 0), Pepe (G, 0)),

defined by its mean and covariance

[Xkjk (Ck, 0) , Prji (i, 0)]

[Xkjk—1 (ck—1,0) . Prk—1 (ck=1,0)] . i =0, (5.92)

KFg [y (i), Xek—1 (ck—1, 0) , Prpe—1 (ck—1,0) . H,R], i >0,
where KFg is the Kalman filter estimate, as defined in Section 2.2.1. If the tentative
track component is formed by combining an a priori track component c;_1 with a
null measurement i = 0, this operation will not change the object trajectory model
mean and covariance. If the tentative track component is formed by combining an a
priori track component cx_; with measurement yy, (i), the Kalman filter estimation
operation is used to calculate the object trajectory model mean and covariance.

Given that

my Ci—1 M
Y B = Y pla-D) =) Mrp-1(ck-1,0) =1,
i=0 cr—1=1 o=1

it is straightforward to verify that

ék M
Z p(cr) = Z ik (Ck, 0) = 1.
o=1

cr=1

5.5.6 Track output

Track output is (usually) needed for confirmed tracks only, and most often con-
sists of the estimated object trajectory state position. Particularly for multi-scan
(multi-component) object trackers, this usually boils down to a choice of whether
this estimate is represented by the most likely track component (akin to the max-
imum a posteriori estimation (MAP) and usually used by MHT), or the mean
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estimate across all track components (akin to minimum mean square estimation
errors (MMSEE)). The MAP technique sometimes has a tendency to “jump” sig-
nificantly from measurement to measurement, thus the authors in most cases prefer
the MMSEE method.

Track output is not used as the input in the next track state update cycle, but
is used by the system operators, data fusion center or by some other higher-level
information processing. These operations are performed on each track indepen-
dently, and may be parallelized.

The input to the track output operation at time k is:

o the a posteriori pdf of the object trajectory state pdf at time k, p(xg|xx, YX),
which is parameterized by:
— the set of Cy track components indexed by ci; and for each component ¢y,
— the relative probabilities of track components p(cx) = p(&x(cr)| Xk, Y¥); and
— the a posteriori IMM estimator pdf parameterized by probabilities py i (ck, o),
mean values Xk (ck, o) and covariances P (ck, o) for all models o.

In optimal object tracking, the a posteriori set of track components is the set
of tentative track components, as described in Section 5.5.5. In most applied
object tracking, the track component control presented in Section 5.6 trans-
forms the set of tentative track components into a final a posteriori set of track
components.

The output of the track output operation at time & is:

¢ the mean and covariance of the object trajectory state a posteriori pdf at time &,
Xy |k and Py, respectively.

The track output operation may be performed on each track independently and
in parallel, and is defined by

[Rije Prpe] = GMix|[{Reik (k. 0), Prpe(ck, o), plemup(cr, )}, o] (5.93)

where operation GMix is defined in Section 3.3.1, and calculates the mean and
covariance of a Gaussian mixture pdf.

5.6 Track component control

Without component control, the number of components increases exponentially in
time. Denote the number of a posteriori track components at time k — 1 by Cy_,
and the number of selected measurements at time k by my. Then the number of
tentative track components Cy at time k equals

Cr = (1 +mp) Cry.
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Track component management processes the set of tentative track components
to produce the final a posteriori set of track components within computational
capabilities.

As the a posteriori set of track components differs from the Bayesian set of ten-
tative track components, this operation contributes to the sub-optimality of object
tracking filters presented in this chapter.

The input to the component control operation at time k is:

o the tentative pdf of object trajectory state at time k, p(x¢|xx, Y¥), which consists
of a set of Cy tentative track components parameterized by:
— the relative probabilities of tentative track components p(ck) =
p(ék (&) xk, YX); and for each tentative component Cg,
— the a posteriori IMM pdf parameterized by probabilities uxx(Ck, o), mean
values Xy |k (Ck, o) and covariances P (Cx, o) for all models o.

The output of the component control operation at time & is:

o the a posteriori pdf of object trajectory state at time k, p(xXx|xx, Y¥), which
consists of a set of Cy a posteriori track components parameterized by:
— the relative probabilities of track components p(cr) = p(Ex(cr)| Xk, Y¥); and
for each track component cy,
— the a posteriori IMM pdf parameterized by probabilities uyx(ck, o), mean
values Xy |k (ck, o) and covariances Py (ck, o) for all models o.

A number of techniques may be used for control management (Blackman,
1986; Salmond, 1990; Blackman and Popoli, 1999; Williams and Mayback, 2003;
Bochardt et al., 2006):

e component merging;
e leaf pruning;
¢ sub-tree pruning.

5.6.1 Track component merging

Component merging involves merging two or more tentative track components into
one. If all tentative track components merge into one a posteriori track component,
resulting in the a posteriori object trajectory state pdf approximation by one Gaus-
sian probability density function per trajectory model, we obtain the PDA-based
algorithms:

e IMM-JITS and IMM-ITS become IMM-JIPDA and IMM-IPDA respectively;
e JITS and ITS become JIPDA and IPDA respectively.
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When track components merge, the track component interpretation as the object
trajectory state pdf given a measurement sequence may become inappropriate. In
that case, the track trajectory state component pdf is the object trajectory state
probability density function approximation given a set of measurement sequences.
Track components remain mutually exclusive and exhaustive, and the track trajec-
tory state pdf remains a Gaussian mixture.

The track components merging procedure has two parts. The first is the track
component merge criteria (the choice of track components to merge into one), and
the other part is the actual track component merging.

There are various track components merging criteria, some of which are
rather complex and computationally expensive. The recent focus (Salmond, 1990;
Williams and Mayback, 2003; Bochardt et al., 2006) seems to be to merge track
components in a manner with least distortion of the a posteriori track trajectory
state pdf. The authors have found the following criterion, which is some decades
old (Singer et al., 1974), to be very simple and effective:

Merge all tentative track components with common measurement history in last N,
scans.

The reason for the effectiveness of this criterion is that the measurements lose
their “effect” the older they get. As shown in Singer et al. (1974), even a relatively
short retained track component history N,, seems to capture measurement infor-
mation effectively. A fringe benefit of this criterion is that the track component
definition is retained, albeit limited to the window of last N,, scans:

Ex(cr) = {Ok=Np+1Gk=Npy+1) -+ Ok (O} -

In the remainder of this section we describe the merging of one set of track
components ® (of cardinality Cg) at time k into one merged track component.
This procedure is valid regardless of the method used to choose the set of track
components ®. Depending on the approach used for track component merging, this
procedure may need to be repeated many times, sometimes merging the “merged”
track component with additional track components. In the case of the PDA-based
algorithms (PDA, IPDA, IMM-PDA, IMM-IPDA, JPDA, JIPDA, IMM-JPDA and
IMM-JIPDA) all track components are merged into one and Cg = C’k.

Let © denote the set of track components (of cardinality Cg) complementary
to ®. After the merging operation, all track components belonging to set ® will
be replaced by the merged track component, denoted here by ¢y = ig@. The total
number of track components is reduced by Ce — 1.
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As all track components before merging are mutually exclusive, the merged
track component i@ is mutually exclusive to all track components from the com-
plementary set ®. Relative probability of the merged track component is the sum
of relative probabilities of the “constituent” track components

plio)y= Y p@E)=1-> p@). (5.94)
k€O cre®

The object trajectory state probability density function of merged track component
ig is defined by its IMM parameters. The a posteriori probability of the object
trajectory model o, given the merged component i@, is given by

. A :
ik (o, 0) = plre = olie, xx, YY)
_ p(e=o,ielx YY)
p (ielxk. YF)

Y P =olé, xe YO p@rlx, YO

k€O

p (ie)

where the second line is the Bayes’ equation, and the third line is obtained by
applying the total probability theorem. Thus,

Z ik (Cr, o) p (Ck)
ik tio, o) = X2 s . (5.95)

Define by g (¢k, o, ©) 2 p(Elo, O, xx, YX) the relative probability that the
tentative track component ¢y is correct, given that the set ® of tentative component
is correct, and given that the object trajectory model o is correct. Given ¢ € O,
then {Ci, ®} = {c¢} and

P 0. O, YO p(er. olxe. YO

~ A - k
B (¢k,0,0) = p(Cklo, O, xx, Y) = = ,
p(®,olxk, YO p(©, olxk, YK

thus

p (&) p(o|ék, xx, YF) _ P (k) Mk (Ck, 0)
Z p (&) p(o &, xi, YF) Z P (Ck) Mk (Cr, 0)

Cre® cre®

B (Ck,0,0) = (5.96)
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The a posteriori object trajectory state probability density function, given IMM
model (object trajectory model) o and merged component ig, is given by

[xC)

=Y p(xlé. 0. xa YOB (&, 0, 0),

cke®

which becomes

p(Xelio, o, xi, YO = Z B (Ck, 0, O) N (xk; Xk (ks 0), Prje Gk, 0))

cxe®
~ N (xk; Xep (o, 0), Prilie, 0)),

with the Gaussian mixture approximated by a single Gaussian with identical mean
and covariance,

[Rk ik (i0, 0), Pk (io, 0)] = GMix[{Xkk (¢k, o), Pe Gk, 0), B (Gk. 0, ©) }Eke@]-
5.97)

The merged component ig is defined by its relative probability p(ig) (5.94), and
for each object trajectory model o a posteriori probability pi(ie, o) (5.95) and
object trajectory state mean Xk (i, o) and covariance Py (i@, o) (5.96)—~(5.97).

It is straightforward to verify that after the track component merging operation,

Cy M
> pler) =) (e, 0) = 1
o=1

cr=1

holds.

5.6.2 Track component leaf and sub-tree pruning

Track components up to and including time k£ may be graphically represented.
Without loss of generality, assume here that the track was initiated at time £ = 1
by one measurement. Form a graph with each node representing a track com-
ponent, arranged in levels which correspond to scan times. Graph nodes at level
£ el,...,k are a posteriori track components ¢, at time £. Vertices of the graph
from level £ — 1 to level £ represent measurements (as well as “null” measure-
ments) which are paired with track components at the upper level £ — 1 to form
track components at level £. It is straightforward to see that this graph is a tree, as
the vertices go only from one level to the next, and each node in the tree has only
one direct antecedent. An example is depicted in Figure 5.5.
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Time 3 measurements
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Figure 5.6 Track component tree — leaf pruning.

Leaf pruning at time k removes individual components with low relative prob-
ability p(cx). This technique may be used on its own, by removing enough track
components to keep the total number of components below its limit. If this tech-
nique is used in conjunction with track component merging or with track com-
ponent sub-tree pruning, it is used to quickly (with little computational require-
ments) remove track components with insignificant relative probabilities. Every
track component ¢ with p(cx) < 7. is simply removed from memory, where 7. ;
is the track component termination threshold.

Due to the track component pruning operations, some nodes of the track com-
ponent tree are removed. If a node on level £ < k has no descendants, it is removed
from the tree. Thus, all leaves of the track component tree are on the level k and
correspond to current track components. An example of tree pruning of the track
component situation depicted on Figure 5.5 is depicted on Figure 5.6.
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Figure 5.7 Track component tree — sub-tree pruning.

The track component sub-tree pruning at time & usually retains only one com-
ponent at levels £ < k — Np, where Np is the sub-tree pruning depth. This also
means that at each level only one measurement y, (i) is retained as the detection
of the possible object. This procedure is also sometimes called the delayed mea-
surement allocation decision. An example of sub-tree pruning of the track compo-
nent situation depicted on Figure 5.5 is depicted on Figure 5.7.

Denote by T (¢, i¢) the set of tentative track components which contain mea-
surement yy (ig):

Y (€, ip) = (€ (Cr) : Oelie) € &k (Cr)}.

At time k (based on measurement set YX), the relative probability that measure-
ment yy (i¢) is the object detection is the sum of a posteriori probabilities of all
components which contain measurement yy (ig):

PO Y = > p@),

creY (L,ip)

and the absolute probability of measurement y, (iy) being the object detection at
time k is

POio), Xl Y5 = pOalY)  >° p@).
creY (L,ip)

In single-object tracking usually only the measurement with the highest relative
probability is retained at each level, while the other measurements are removed
(with delay of Np scans) by sub-tree pruning.

In multi-object tracking, the choice of the measurement to remain at level ¢
of track 7 sub-tree is allocated using some optimization algorithm based on the
absolute measurement probability. The obvious optimization constraint is that one
measurement can be allocated to at most one track, with the exception of the “null”
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measurement. Often the auction optimization algorithm is used to allocate the mea-
surement; the details of which are outside the scope of this book and may be found
in Blackman and Popoli (1999).

In both track component leaf and track component sub-tree pruning algorithms,
a subset ® of components ¢, at time k is retained, and the complementary subset
@ of components ¢ is removed:

{Ck} = {Ek . Ek € @}.
Denote by A P the relative probability of the set ®,

AP =" p@.
& e®

The relative probabilities of the remaining components have to be adjusted as

pler) = pc)/(1 — AP),

and the probability of object existence is adjusted as

POlY5) = pOul YO (1 — AP).

It is straightforward to verify that after the track component pruning operation

Cy M
D pler) =) (e, o) =1

Ck=1 o=1

holds.

5.7 Object-existence-based single-object tracking

Section 5.7 presents the object-existence-based single-object tracking algorithms,
from the simplest (probabilistic data association or PDA) to the most complex
(interacting multiple models — integrated track splitting or IMM-ITS).

Each algorithm assumes a track state which is a specialization of the general
track model presented in Section 5.3. The specialization may be the existence of
only one object trajectory model (non-maneuvering object tracking), merging of
all track components into one (single scan object tracking), or assuming object
existence (deterministic object existence).

These algorithms are recursive. Starting from the previously updated track state
pdf (at time k£ — 1), measurements delivered by sensor(s) at time k are used to
calculate the updated track state pdf (at time k). Only one update cycle for each
algorithm is presented, as new track initialization is similar for all algorithms, and
is presented in Section 9.4.
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In some cases, PDA being one, the algorithms differ somewhat from the origi-
nally published version; the differences are duly noted.

There is a substantial amount of repetition between algorithms, as each subse-
quent algorithm is a generalization of the previous one. The intention of the authors
was to describe each algorithm briefly, and to note the amount of specialization
with respect to the optimal object tracking. Each algorithm should be read and
understood by itself, without having to read and understand the other algorithms.

5.7.1 Probabilistic data association (PDA)

Probabilistic data association (PDA) is a single-scan estimator of trajectory of a
single non-maneuvering object in clutter. Originally published in Bar-Shalom and
Tse (1975), and presented in Chapter 4, PDA instantly became a popular choice
as it is able to estimate object trajectory in significant clutter with very small com-
putational requirements. PDA is the simplest algorithm presented in this chapter.
Due to its simple structure, PDA is computationally the most efficient object tra-
jectory state estimator presented in this chapter. It does not, however, provide the
probability of object existence to be used as a track quality measure by the false
track discrimination procedure. The implicit assumption is that the object exists,
and the probability of object existence is, and remains, one. PDA propagates and
updates each track in isolation (when updating one track, the other tracks are being
ignored), and:

¢ assumes that the object must exist, i.e., the probability of object existence equals
one, and is not updated,

PO—11Y) = pOal YN = pGal YO = 1,

 assumes that the object does not maneuver, i.e., that the object follows a single
trajectory model (the number of trajectory models, M = 1):

Mi—11k—1(1) = prpp—1(1) = (1) =1,

e is a single-scan algorithm, i.e., all tentative track components are merged into
one (the number of both prior and posterior track components equals one,
Cix—1 = Cr = 1), and both the a priori and a posteriori pdfs of the object tra-
jectory state are approximated by a single Gaussian pdf:

p(ck—1) = p(cx) = 1.

Due to the single-object trajectory model, conditioning on the object trajectory
model o cancels out; ditto for the track state components:

p(lo, ) = p(l),
pClck—1, ) = p(|).
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For example,

P&l Y = pxeler—1, x, YN = pxeler—1, o, xu, YO,
pe(Q) = pr(i,ck — 1) = pr(Q, ck—1,0).

Track component control (Section 5.6) is an integral part of PDA track trajec-
tory update. All tentative track components are merged into one, and the track
update operation becomes the PDA estimation, which is detailed and presented in
Section 4.3.

The original PDA (Bar-Shalom and Tse, 1975), in Section 4.3.1, assumes uni-
form clutter measurement density. In Section 5.5.3, PDA equations are somewhat
rearranged to enable the use of non-uniform clutter measurement density. This is
applicable in the case of parametric object tracking, when the clutter measurement
density is available either theoretically, or by using some version of the multi-scan
clutter mapping estimators.

On the other hand, if the clutter measurement density is a priori unknown (the
non-parametric case), PDA estimates the clutter measurement density within the
selection gate by replacing (9.3) by

o =my/ V.

The single-scan PDA recursion is detailed in Algorithm 20. Only one track is
implicitly assumed; however, if more than one tracks are initialized, this procedure
is repeated for each existing track.

5.7.2 Interacting multiple models — probabilistic data association (IMM-PDA)

Interacting multiple models — probabilistic data association (IMM-PDA) is the
maneuvering object extension of PDA, presented in Section 5.7.1. IMM-PDA is
a single-object, single-scan, estimator of the maneuvering object trajectory in clut-
ter. In common with PDA, IMM-PDA does not provide the probability of object
existence to be used as a track quality measure by the false track discrimination
procedure. The implicit assumption is that the object exists, and the probability of
object existence is, and remains, one. IMM-PDA propagates and updates a single
track in isolation (when updating one track, the other tracks are being ignored),
and:

¢ assumes that the object must exist, i.e., the probability of object existence equals
one, and is not updated,

PO 1YY = pOal Y = pGul YD) = 1,
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Algorithm 20 PDA filter recursion equations at time k

1: Time k inputs:

¢ set Y of measurements delivered by the sensor; and

o track trajectory state mean value X;_x—1 and covariance Py_jx—1.
2: Prediction {Sections 2.2.1, 5.5.1}:

[Xk1—1, Prje—1] = KFp [Xx—1jk—1, Peo1p—1, F. Q] .
3: Measurement selection {Section 5.5.2, (5.78)}:
[yk. Vil = MSi [Yi, k-1, Prp—1. H, R].
4: Likelihoods of all selected measurements i {(5.27)}:
[{Pe(}i] = ML1 [{ye O} » Ree—1. Pre—1, HL R].

5: if non-parametric tracking then
6: Vi calculated by (5.77) {Section 5.5.2}.
7:  Clutter measurement density estimation {Section 9.3}:

o =my/ V.
8: end if
9: Single-object data association (sans object existence) {Section 5.5.3}:
[ {Be@)}}y] = ISTDA [~ {pe()}},].
10: Estimation/merging {Section 4.3}:
[Reik, Prik] = PDAE [Rijk—1, Prge—1, v (DY, {Br(D} %, . H, R].

11: Output trajectory estimate:
e track mean value X;x and covariance Py k.

¢ assumes that the object may maneuver, i.e., that the object may switch between
more than one trajectory models (number of trajectory models M > 1),

* is a single-scan algorithm, i.e., all tentative track components are merged into
one (the number of both prior and posterior track components equals one,
Cr-1=Cr = 1),

p(ck—1) = p(cx) = 1.

Due to the single-track component, conditioning on the track component can-
cels out:

pClck—1,-) = p(|).
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For example,

P&l Y = pxeler—1, xe, YO,
pi(i, ck—1,0) = pr(i, 0),

ik (C, 0) = (i, 0).

If the number of object trajectory models equals one, IMM-PDA reverts, both
conceptually and algorithmically, to PDA.

Track component control, Section 5.6, is an integral part of the IMM-PDA track
trajectory update. All tentative track components are merged into one and the track
update operation becomes the PDA estimation, performed once for each object
trajectory model o.

The original IMM-PDA (Houles and Bar-Shalom, 1989), as well as the deriva-
tion in Chapter 4, assumes uniform clutter measurement density. In Section 5.5.3,
the IMM-PDA equations are somewhat rearranged to enable the use of non-
uniform clutter measurement density. This is applicable in the case of parametric
object tracking, when the clutter measurement density is available either theoreti-
cally, or by using some version of the multi-scan clutter mapping estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), IMM-PDA estimates the clutter measurement density within the selection
gate by using the procedure defined in Section 9.3. This is also different from
the original publications, due to an efficient approximation of the selection gate
volume.

A single-scan IMM-PDA recursion is detailed in Algorithms 21 and 22. Only
one track is implicitly assumed; however, if more than one tracks are initialized,
this procedure is repeated for each existing track.

5.7.3 Integrated probabilistic data association (IPDA)

IPDA extends PDA by adding to it the recursive propagation and update of the
probability of object existence, and, in the non-parametric case, a different and
improved calculation of the clutter measurement density.

Integrated probabilistic data association (IPDA) is a single-object, single-scan
estimator of non-maneuvering object trajectory in clutter and the probability of
object existence. As the probability of object existence provides the tools for the
false track discrimination procedure, IPDA is the simplest single-object tracking
in clutter algorithm (presented in this chapter), which can be a basis for a complete
object tracking solution. IPDA is also conceptually the simplest and computation-
ally the most efficient random object existence estimator presented in this chapter.
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Algorithm 21 IMM-PDA filter recursion equations at time k: part I

1: Time k inputs:
¢ set Yy of measurements delivered by the sensor; and
e for each object trajectory model o':
— time k — 1 a posteriori model probability ux—_1x—1(0); and
— trajectory estimate mean value Xx_x—1 (o) and covariance Py_x—1 (o).
2: IMM mixing and prediction {Sections 3.4.1, 5.5.1}:
[{mik—1(0), Kip—1(0), Prpp—1(0)}, |
= IMMwp[{mr—1k-1(0), Kk 1k—1(0), Pr_1jx-1(0), F, Qo } . T].
3: Measurement selection {Section 5.5.2, (5.78)}:
[yk(0), Vi(o)] = MS; [Yi, Kxji—1(0), Prr—1(0), H, R], for each o,

ve = [ Jw0).

4: Likelihoods of all selected measurements i > 0 {(5.27)}:

[{pr@i,o)};] = ML [{yx )}; . Xkk—1(0), Pre—1(0), H, R],  for each o,
pr) =) pag-1(0) pii, 0).

5: if non-parametric tracking then
Vi calculated by (9.6) {Section 9.3}.
7:  Clutter measurement density estimation {Section 9.3}:

a

p = myg/ Vg.

8: end if
9: Single-object data association (sans object existence) {Section 5.5.3}:

[— {Bk()}1,] = ISTDA [—, {pr ()}, ] .-

As such, it provides the object tracking in clutter solution for a number of actual
systems.

IPDA propagates and updates each track in isolation (when updating one track,
the other tracks are ignored), and:

¢ assumes random object existence and recursively calculates the probability of
object existence;
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Algorithm 22 IMM-PDA filter recursion equations at time k: part II

10: for each trajectory model o do
11:  Posterior model probabilities pi (i, '), given measurement i > 0

{(5.91)}:

1, i =0,
k(i 0) = pik—1(0)  pp(i, o)
pr()

12:  Posterior model probability gk (o) {(5.95)}:
ik (@) = Y B pie i, o).
i>0
13:  Posterior data association probabilities 8 (i, o), i > 0 {(5.96)}:

_ Be(i) L Q=0
T RO+ Yo B DG () | B2 s,

pr()
14:  Estimation and merging {Section 4.3}:
[Xk1k (), Prii(0)]
= PDAE [Xkk—1(0), Prjx—1(0), {yx (D)1, . {Be(i, o)}, , H, R].

15: end for
16: Output trajectory estimate:

[Keje. Pepe] = GMIx[{&ii (0), P (0), mage(0)}, -

B o)

¢ assumes that the object does not maneuver, i.e., that the object follows a single

trajectory model (the number of trajectory models, M = 1),
Mr—1k—1(1) = prp—1(1) = pep(1) = 1;

e is a single-scan algorithm, i.e., all tentative track components are merged
into one (the number of both prior and posterior track components equals
one, Cx—1 = Cr = 1),

plcx—1) = plex) = 1.

Due to the single-object trajectory model, conditioning on the object trajectory
model o cancels out; ditto for the track state estimate components:

p(lo, ) = pCl),
p(lek—1,-) = pCl).
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For example,

P&l Y = peler—1, i YO = peler—t, o, x, YO,
pe(i) = pr(i,ck — 1) = pr(i, ck—1,0).

Track component control (Section 5.6) is an integral part of the PDA track tra-
jectory update. All tentative track components are merged into one, and the track
update operation becomes the PDA estimation, which is detailed and presented in
Section 4.3.

IPDA was originally proposed in MusSicki (1994) and MusSicki et al. (1994)
for non-parametric object tracking. Use of non-uniform clutter measurement den-
sity in parametric object tracking was subsequently added in MusSicki and Evans
(2004a).

In Section 5.5.3, IPDA equations are presented for the case of parametric object
tracking, when the clutter measurement density is available either theoretically, or
by using some version of the multi-scan clutter mapping estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), IPDA estimates the clutter measurement density within the selection gate,
as presented in Section 9.3.

A single-scan IPDA recursion is detailed in Algorithm 23. Only one track is
implicitly assumed; however, if more than one tracks are initialized, this procedure
is repeated for each existing track.

5.7.4 Interacting multiple models — integrated probabilistic
data association (IMM-IPDA)

Interacting multiple models — integrated probabilistic data association (IMM-
IPDA) is the maneuvering object extension of IPDA, presented in Section 5.7.3. It
was introduced in MusSicki et al. (2004a) and MusSicki and Suvorova (2008).

IMM-IPDA is a single-object, single-scan, estimator of maneuvering object tra-
jectory in clutter, as well as a recursive estimator of the probability of object exis-
tence. IMM-IPDA propagates and updates a single track in isolation (when updat-
ing one track, the other tracks are being ignored), and:

e assumes random object existence and recursively calculates the probability of
object existence;

e assumes that the object may maneuver, i.e., that the object may switch between
more than one trajectory models (the number of trajectory models, M > 1);

e is a single-scan algorithm, i.e., all tentative track components are merged
into one (the number of both prior and posterior track components equals
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Algorithm 23 IPDA filter recursion equations at time k

1: Time k inputs:

e set Yy of measurements delivered by the sensor;

o probability of object existence p(xx—1/Y*"!); and

* object trajectory state mean value X;_1jx—1 and covariance Py_qjx—1.
2: Track state propagation (Sections 2.2.1, 5.5.1):

POGIY ™) = yiipGu—11YD),
[Rkje—1. Prje—1] = KFp [Rk—1jk—1. P11, F. Q] .
3: Measurement selection {Section 5.5.2, (5.78)}:
[y, Vil = MS1 [ Yk, Rke—1, Pee—1. HL R].
4: Selected measurements likelihood {(5.27)}: Vi:
[{pe@};] =ML [{yx )}; , Reje—1, Pre—1, H, R]..

5: if non-parametric tracking then
6: Vi calculated by (5.77) {Section 5.5.2}:
7:  Clutter measurement density estimation {Section 9.3}:

p =i/ Vic = (mi — PpPap(xl Y ™))/ Ve
8: end if
9: Single-object data association {Section 5.5.3}:
[P Ol YO). (Br (D)) %y] = ISTDA[p O Y1), {pr @)% ].
10: Estimation/merging {Section 4.3}:
[Xiiks Prje] = PDAE [Rjk—1, Prk—1, {ye (DY, L {Br ()}, . H,R].

11: Output object trajectory estimate:
 mean value X;x and covariance Py ;.

one,Cr_1 =Cr =1),

pck—1) = p(cr) = L.

In other words, due to the single-track component, conditioning on the track com-
ponent cancels out:

pClck—1,-) = p(|).
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For example,

Pl x, Y = pxicler—1. xu. Y,
pik(i, ck—1,0) = pi(i, o),
ik (Ck, 0) = ppk (i, o).

If the number of object trajectory models equals one, IMM-IPDA reverts, both
conceptually and algorithmically, to IPDA.

Track component control (Section 5.6) is an integral part of the IMM-IPDA
track trajectory update. All tentative track components are merged into one and the
track trajectory update operation becomes the PDA estimation, performed once for
each object trajectory model o.

In Section 5.5.3, IMM-IPDA equations are presented for the case of parametric
object tracking, when the clutter measurement density is available either theoreti-
cally, or by using some version of the multi-scan clutter mapping estimators.

On the other hand, if the clutter measurement density is a priori unknown
(the non-parametric case), IMM-IPDA estimates the clutter measurement density
within the selection gate, as presented in Section 9.3.

A single-scan IMM-IPDA recursion is detailed in Algorithm 24. Only one track
is implicitly assumed; however, if more than one tracks are initialized, this pro-
cedure is repeated for each existing track. The algorithm shows that the trajec-
tory estimate update, detailed in Algorithm 22, is identical in both IMM-PDA and
IMM-IPDA. In other words, the trajectory estimate update does not depend on
the probability of object existence, which is a desirable outcome. Algorithm 22
is also identical in IMM-JPDA and IMM-JIPDA, further indicating the seamless
connections between algorithms in this chapter.

5.7.5 Integrated track splitting (ITS)

Integrated track splitting (ITS) was published in MusSicki et al. (2003, 2007). ITS
extends IPDA by keeping multiple track components, or sufficient statistics of
measurement scans for more than one measurement scan. The ITS object trajec-
tory state estimate pdf approximates the true pdf better than IPDA. As a conse-
quence, ITS is more successful in track retention, false track discrimination and
object trajectory state estimation than IPDA, especially in difficult situations of low
probability of detection and/or high clutter measurement density. As another, this
time not so positive consequence, ITS requires significantly more computational
resources than IPDA. This is tunable and the track component control provides
a trade-off mechanism between computational requirements and object tracking
performance.
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Algorithm 24 IMM-IPDA filter recursion equations at time k
1: Time k inputs:
¢ set Yy of measurements delivered by the sensor; and
¢ probability of object existence p(xx—1 |Yk_1); and
« for each object trajectory model o':
— time k — 1 a posteriori model probability pti—1x—1(0); and
— trajectory estimate mean value Xx_x—1 (o) and covariance Py_x—1 (o).
2: Track state propagation: object existence and IMM mixing and prediction
{Sections 3.4.1, 5.5.1}:

PORIY* ™) =y p G Y1),
[{mik—100), Kek—1(0), Pap—1(0)}, ]
= IMMwmp [ {si—11k-1(0), Kk—1)k—1(0), Pr1je-1(0), F5, Qo } . T].
3: Measurement selection {Section 5.5.2, (5.78)}:
[yx(0), Vi(0)] = MS1 [ Y, Xe—1(0), Prpe—1(0), H, R], for each o,
Vi = Uy Y (0).
4: Likelihoods of all selected measurements i > 0 {(5.27)}:
[{prG. o)} ] =MLy [{yx ()} . Xek—1(0), Prr—1(0), H,R],  for each o,
(@) = 3 o Rik—1(0) p (i, 0).

5: if non-parametric tracking then
Vi calculated by (9.6) {Section 9.3}.
7. Clutter measurement density estimation {Section 9.3}:

p =i/ Vi = (mx — Pp P pOulY™1)/ Vi,

a

8: end if
9: Single-object data association {Section 5.5.3}:

[P Ok Y5). 1Bk (D)%) = ISTDA[p e Y1), (i)} |-
10: Algorithm 22 {IMM-PDA Part II — trajectory estimate update}

Integrated track splitting (ITS) is a single-object, multi-scan estimator of non-
maneuvering object trajectory in clutter, as well as the probability of object
existence.
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ITS propagates and updates a single track in isolation; when updating one track,
the other tracks are being ignored), and:

e assumes random object existence and recursively calculates the probability of
object existence;

e assumes that the object does not maneuver, i.e., that the object follows a single
trajectory model (the number of trajectory models, M = 1),

mi—1jk—1(ck—1, D) = prpp—1(ck—1, 1) = ppp(cx—1, 1) = 1;

¢ is a multi-scan algorithm, with a non-negative number of retained track compo-
nents.

Due to the single-object trajectory model, conditioning on the object trajectory
model o cancels out:

p(lo, ) = p(l).
For example,

P&l Xk, ci—1, Y = pel e c—1, 0, YT,
pi(i, ck—1) = pr(i, ck—1,0).

Track component control (Section 5.6) is an integral part of practical ITS appli-
cations (although not necessary from a strictly theoretical point of view). However,
as opposed to IPDA, the system designer has absolute freedom (limited by the
computational resources, of course) of the track component control method and
the number of retained track components. If merging component control is applied
to the limit, and all track components are merged into one, ITS reverts to IPDA.

In Section 5.5.3, ITS equations are presented for the case of parametric object
tracking, when the clutter measurement density is available either theoretically, or
by using some version of the multi-scan clutter mapping estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), ITS estimates the clutter measurement density within the selection gate, as
presented in Section 9.3.

A single-scan ITS recursion is detailed in Algorithms 25 and 26. Only one track
is implicitly assumed; however, if more than one tracks are initialized, this proce-
dure is repeated for each existing track.

5.7.6 Interacting multiple models — integrated track splitting (IMM-ITS)

IMM-ITS, published in Musicki er al. (2004b, 2007), extends ITS by includ-
ing multiple-object trajectory models. Thus, the IMM-ITS object trajectory state
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Algorithm 25 ITS filter recursion equations at time k: part I

1: Time k inputs:
e set Y, of measurements delivered by the sensor;
o probability of object existence p(xx—1|Y*™!); and
e for each track component cx_1:
— relative probability p(cx—1); and

— mean Xy _ 1k—1(ck—1) and covariance Pk 1|k 1(ck=1).
2: Track state propagation {Sections 2.2.1, 5.5.1

POGIYS ™ = piip a1 YD),

3: for each track component c;_; do

[Xkjk—1(ck—1)s Prj—1(ck—1)] = KFp[Xx—1jk—1(ck—1), Pr—1jk—1(ck—1), F, Ql.

4: end for
5: Measurement selection {Section 5.5.2, (5.78)}.
6: for each track component cx_1 do

[Yk(ck—=1), Vi(ck=1)] = MS1[ Yk, Xkjk—1(ck—1), Prjk—1(ck—1), H, R].

7: end for
Yk = U Yi(Ck—1)-
Ck—1
8: for each selected measurement yi (i) do

9:  for each track component c;_1 do
10: Selected measurement likelihoods {(5.27)}:

{pr(, ck—1)}il = ML1[{yk (D) }i, Xkjk—1(ck—1), Prk—1(ck—1), H, R].

11:  end for
12: Measurement likelihoods:

pr) = plex—1) pilis ce—1).
Ck—1
13: end for
14: if non-parametric tracking then

15: Vi calculated by (9.6) {Section 9.3}.
16:  Clutter measurement density estimation {Section 9.3}:

p =g/ Vi = (mx — Pp P pGulY1)/ Vi,

17: end if
18: Single-object data association {Section 5.5.3}:

[P Y), (B}, ] = ISTDA p Ol YD), {pe (D},

]-
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Algorithm 26 ITS filter recursion equations at time k: part II

19: Form tentative components ¢ = {i, cx—1},i =0, ..., my.
20: for each ¢; do {(5.90) and (5.92)}:

1, i =0,
p(ck) = B (@) plck—1) - { peli.c=D) ;g
pr(@) ’

Xk jk—1(ck—1)s Prjg—1(cx—1)1, i =0,

[Xk 1k (Ck), P (Cr)] = . .
FHIRECRD ThIkECk [KFE[Yk @), Xkk—1(ck—1), Prjg—1(ck—1), H,R], i > 0.

21: end for
22: Component control {Section 5.6}:

{Ch, AP (C1)s Xk (Ck)s Prir (€} = Leks {p(cr), Xeqr (i), Prgr(cr) Yoy }-

23: Output trajectory estimate:

[Rk ks Prje] = GMix [ (Reji (i), Prje (ci), p(ci) bey |-

estimate pdf approximates the true pdf even better than ITS. As a consequence,
IMM-ITS further improves on the ITS performance in track retention, false track
discrimination and object trajectory state estimation in the case of maneuvering
objects.

Interacting multiple models — integrated track splitting IMM-ITS) is a single-
object, multi-scan, estimator of maneuvering object trajectory in clutter, as well as
a recursive estimator of the probability of object existence. IMM-ITS propagates
and updates a single track in isolation (when updating one track, the other tracks
are being ignored), and:

¢ assumes random object existence and recursively calculates the probability of
object existence;

¢ assumes that the object may maneuver, i.e., that the object may switch between
more than one trajectory models (the number of trajectory models, M > 1);

e is a multi-scan algorithm, with a non-negative number of retained track
components.

If the number of object trajectory models equals one, IMM-ITS reverts, both con-
ceptually and algorithmically, to ITS.

Track component control (Section 5.6) is an integral part of the IMM-ITS appli-
cation (although not necessary from a strictly theoretical point of view). However,
as opposed to IMM-IPDA, the system designer has absolute freedom (limited by
the computational resources, of course) of the track component control method and
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the number of retained track components. In common with ITS, the track compo-
nent control provides a trade-off mechanism between computational requirements
and object tracking performance. If merging component control is applied to the
limit, and all track components are merged into one, IMM-ITS reverts to IMM-
IPDA.

In Section 5.5.3, IMM-ITS equations are presented for the case of parametric
object tracking, when the clutter measurement density is available either theoreti-
cally, or by using some version of multi-scan clutter mapping estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), ITS estimates the clutter measurement density within the selection gate, as
presented in Section 9.3.

A single-scan IMM-ITS recursion is detailed in Algorithms 27 and 28. Only
one track is implicitly assumed; however, if more than one tracks are initialized,
this procedure is repeated for each existing track.

5.8 Object-existence-based multi-object tracking

This section presents object-existence-based multi-object tracking algorithms,
from the simplest (joint probabilistic data association or JPDA) to the most
complex (interacting multiple models — joint integrated track splitting or
IMM-JITS).

Each algorithm assumes a track state which is a specialization of the general
track model presented in Section 5.3. The specialization may be the existence of
only one object trajectory model (non-maneuvering object tracking), merging of
all track components into one (single-scan object tracking) or assuming object
existence (deterministic object existence).

All algorithms presented in this section share optimal multi-object tracking data
association. However, due to the necessity to limit the number of track components
commensurate to the computational resources available, as described in Section
5.6, these algorithms are not optimal.

All algorithms are recursive. Starting from the previously updated track state
estimate (at time k — 1), measurements delivered by sensor(s) at time k are used
to calculate the updated track state estimate (at time k). Only one update cycle
for each algorithm is presented, as the new track initialization is similar for all
algorithms, and is presented in Section 9.4.

In some cases, JPDA being one, the algorithms differ somewhat from the origi-
nally published version; the differences are noted.

There is a substantial amount of repetition between algorithms, as each subse-
quent algorithm is a generalization of the previous one. The intention of the authors
was to describe each algorithm briefly, and to note the amount of specialization
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Algorithm 27 IMM-ITS filter recursion equations at time k: part I

1: Time k inputs:
¢ set Yy of measurements delivered by the sensor;
« probability of object existence p(xx—1|Y*"!); and
¢ for each track component cx_1:
— relative probability p(cx—1), and for each object trajectory model o':
* time k — 1 a posteriori model probability pi_1jx—1(ck—1,0); and
* mean )A(k,1|k,1 (Ck,1 , O‘) and covariance Pkfl\kfl (Ck,1 , G).
2: Track state propagation {Sections 3.4.1, 5.5.1}:

PO = pip G-t 1Y
3: for each track component cx—1 do {IMM mixing and prediction}

[{mri—1(cx—1. 0), Kep—1(ck—1. 0), Prpp—1(ck—1. 0)}, ]
= IMMwp [ { k—1jk—1(ck—1, 0), Rk—1jk—1(ck—1, 0),
Pi1ji—1(ck-1.0), F5, Qo } . T].

4: end for
5: Measurement selection {Section 5.5.2, (5.78)}.
6: for (each track component c;_1) and (each trajectory model o) do
[yx(ck—1,0), Vk(ck—1,0)] = MS1[Yi, Xpjk—1(ck—1, ), Prjk—1(ck—1. 0), H, R].
7: end for
Yk = U UYk(Ckth)-
Ck—1 O

8: for each selected measurement yi (i) do {measurement likelihood}
9:  for each track component cx_; do
10: for each trajectory model o do {(5.27)}

{pk(, ck—1,0)}i1 = MLi[{yx (D)}i, Xkjk—1(ck—1, 0), Prjg—1(ck—1, 0), H, R].
11: end for
Pr(i, ck—1) = Zﬂk|k—1(0k—1, o) pi(i, ck—1,0).

o

12:  end for
pr) =Y plex—1)pii, cx-1).
Ck—1

13: end for
14: if non-parametric tracking then
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15: Vi calculated by (9.6) {Section 9.3}.
16:  Clutter measurement density estimation {Section 9.3}:

p =i/ Vi = (mx — Pp P pGulY™1)/ Vi,

17: end if
18: Single-object data association {Section 5.5.3}:

[POIYS), (BN | = ISTDA [ pOl Y, o, |

207

Algorithm 28 IMM-ITS filter recursion equations at time k: part II

19: Form tentative components ¢ = {i, cx—1},i =0, ..., my.
20: for each ¢, do {apply (5.90), (5.91), (5.92)}
5 1, i=0,
p(cr) = B (@) p (ck—1) - peli,ck—1) .
A T )
Pr(i)
21:  for each trajectory model o do
3 1, i =0,
ik (Ck, 0) = Pijk—1(Ck—1,0) -\ pi(i, ck—1,0) P50
Pr(i, ck—1) ’

[Xepk Gk, 0) , Pr (G, 0)]

_ { [Ripk—1 (ck—1, ) s Prk—1 (ck—1, 0)]
KFg [yk (i), Xkjk—1 (ck—1,0) , Pee—1 (ck—1,0) , H, R],

22:  end for
23: end for
24: Component control {Section 5.6}:

{Ck {P(Ch), Ik (Ck, 0), Xk (Ck, 0), P (Ck, )} }i, )

i =0,
i > 0.

— {cr, Ap(cr), {rr (ks 0), Xir ek, 0), Pr(ck, 0)}o ber )-

25: Output trajectory estimate:

[Rkjk» Prje] = GMix [ {(Kepk (k. 0) L P (ck, 0) , p (ck) B (ks 0) }epor |-
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with respect to the optimal object tracking. Each algorithm should be read and
understood by itself, without having to read and understand the other algorithms.

5.8.1 Joint probabilistic data association (JPDA)

Joint probabilistic data association (JPDA) is a single-scan estimator of non-
maneuvering multi-object trajectories in clutter. JPDA is the simplest, and also
computationally most efficient, multi-object tracking algorithm presented in this
chapter. It does not, however, provide the probability of object existence to be
used as a track quality measure by the false track discrimination procedure.

e JPDA assumes that each track under consideration follows an existing unique
object, i.e., the probability of object existence for each track equals one, and is
not updated,

POu—11Yh) = pOul Y1) = pOulYH) = 1.

e JPDA assumes that none of the objects being tracked maneuvers, i.e., that
the objects follow a single trajectory model (the number of trajectory models,
M =1),

mi—1k—1(1) = pgpe—1(1) = pge(1) = 1.

Different objects (tracks) may follow different trajectory models, however.

e JPDA is a single-scan algorithm, i.e., all tentative track components are merged
into one (the number of both prior and posterior track components equals one,
Cx—1 = Cr = 1), and both a priori and a posteriori pdf of object trajectory esti-
mates are approximated by a single Gaussian pdf for each track:

p(ck—1) = p(cx) = 1.

Due to the single-object trajectory model, conditioning on the object trajectory
model o cancels out; ditto for the track state estimate components:

pClo, ) = p(l),
pClek—1,-) = pCl).
For example,
POl Y = pOaader—t, xe, Y = peler—1, 0, Y,
pk() = pi(i, ck — 1) = pr(i, ck—1, 0).

Track component control (Section 5.6) is an integral part of the JPDA track
trajectory update. All tentative track components are merged into one, and the track
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update operation becomes the PDA estimation, which is detailed and presented in
Section 4.3.

The original JPDA (Bar-Shalom and Fortmann, 1988) assumes a uniform clut-
ter measurement density not only per each cluster area, but across the whole of the
surveillance area. In this section, the parametric JPDA is introduced, which uses
prior values for the non-uniform clutter measurement density for each measure-
ment individually.

Non-parametric JPDA equations are modified from the original ones, to calcu-
late the clutter measurement density for each cluster separately. Details may be
found in Section 9.3.

If the tracks are well separated, JPDA reverts to PDA. A single-scan JPDA
recursion is detailed in Algorithm 29.

5.8.2 Interacting multiple models — joint probabilistic data association
(IMM-JPDA)

Interacting multiple models — joint probabilistic data association (IMM-JPDA)
is the maneuvering object extension of JPDA, presented in Section 5.8.1. IMM-
JPDA is a single-scan estimator of maneuvering multi-object trajectories in clut-
ter. In common with JPDA, IMM-JPDA does not provide the probability of object
existence to be used as a track quality measure by the false track discrimination
procedure.

e IMM-JPDA assumes that the object must exist for each track under considera-
tion, i.e., the probability of object existence equals one, and is not updated,

PO 1Y = pOal Y = pOul Y = 1.

e IMM-JPDA assumes that the objects may maneuver, i.e., that each object may
switch between more than one trajectory models (the number of trajectory mod-
els, M > 1). Each object may have its own set of trajectory models and model
transition probabilities.

e IMM-JPDA is a single-scan algorithm, i.e., all tentative track components are
merged into one (the number of both prior and posterior track components
equals one, Cr_; = Cy = 1),

p(ck—1) = p(cx) = 1.

Due to the single-track component, conditioning on the track component cancels
out:

p(lek—1,-) = p(|).
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Algorithm 29 JPDA filter recursion equations at time k

1: Time k inputs:
¢ set Y; of measurements delivered by the sensor; and
¢ for each track t trajectory estimate mean f(,f_ll «—1 and covariance

P‘[
k—1lk—1"
2: for each track T do
3:  Track state prediction {Sections 2.2.1, 5.5.1}:

[XEk—1> Piw—1] = KEp[X{_ 11 PL_y_ 1, F. QJ.
4:  Measurement selection {Section 5.5.2, (5.78)}:
[Yliv th] = Msl[ka ﬁak_p Pl:lk—lv H, R]-
5:  Measurement likelihood for each selected measurement i {(5.27)}:

[{p,ﬁ(i)}i] = MLI[{Yk ()} v’21€|k—1v PII<'|I<—1’ H, R]-

a

end for
: for each cluster do {Section 5.5.4}:

Vi = Uy/f-
T

8:  if non-parametric tracking then
9: Cluster Vi calculated by (9.7) {Section 9.3}:
10: Clutter measurement density estimation {Section 9.3, (9.11) and (9.7)}:

p =MTTumk {1}z, {pg (D)}e,i)/ Vi

~

11:  endif
12:  Multi-object data association (sans object existence) {Section 5.5.4,
(5.87)}:
[{—. (B (O}i=0},] = IMTDA[{1, {p{ (D}i0}.]-
13: end for

14: for each track 7 do
15:  Estimation/merging {Section 4.3}:

[§l€|k’ Pl€|k] = PDAE[ﬁlz\k—l’ Plz\k—l’ ye@OYZ) (B (D)o, H, R]'

16:  Output trajectory estimate:
¢ track mean value )A(/tl « and covariance Pltl k-
17: end for
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For example,
POl Y = peler—t. xi Y,
Pk, ck—1,0) = pi(i, 0),
ik (Ck, 0) = pp(i, 0).

If the number of object trajectory models equals one, IMM-JPDA reverts, both
conceptually and algorithmically, to JPDA. If the tracks are well separated, IMM-
JPDA reverts to IMM-PDA.

Track component control (Section 5.6) is an integral part of the IMM-JPDA
track trajectory update. All tentative track components are merged into one and
the track update operation becomes the PDA estimation, performed once for each
object trajectory model o .

The IMM-JPDA algorithm, as presented in this chapter, allows parametric
object tracking in non-homogeneous clutter. If the clutter measurement density
is a priori unknown (non-parametric case), IMM-JPDA estimates the clutter mea-
surement density within each cluster by using the procedure defined in Section
9.3, which is somewhat different from the originally published approach (Blom
and Bloem, 2002).

A single-scan IMM-JPDA recursion is detailed in Algorithm 30. As mentioned
previously, the algorithm shows that the trajectory estimate update, detailed in
Algorithm 22, is identical in both IMM-PDA and IMM-JPDA, as well as in both
IMM-IPDA and IMM-JIPDA (below). In other words, the trajectory estimate
update does not depend on the probability of object existence, which is a desirable
outcome.

5.8.3 Joint integrated probabilistic data association (JIPDA)

Joint integrated probabilistic data association (JIPDA) was published in
Musicki and Evans (2002), and MusSicki et al. (2004b). JIPDA extends JPDA by
adding the recursive propagation and update of the probability of object existence.
From a different viewpoint, JIPDA extends IPDA by providing multi-object capa-
bilities.

JIPDA is a single-scan estimator of non-maneuvering trajectories of multiple
possible objects in clutter and their probabilities of object existence. As the prob-
ability of object existence provides the tools for the false track discrimination pro-
cedure, JIPDA is the simplest multi-object tracking in clutter algorithm presented
in this chapter, which can be a basis for a complete object tracking solution. Due
to its simple structure, JIPDA is computationally the most efficient multi-object
random object existence estimator presented here. An application of linear multi-
target tracking, described in Section 9.2, also enables simple and computationally
efficient multi-object tracking.
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Algorithm 30 IMM-JPDA filter recursion equations at time k

1: Time k inputs:
¢ set Yy of measurements delivered by the sensor; and
¢ for each track t and each object trajectory model o
— time k — 1 a posteriori model probability u,ﬁ_ k= 1(0); and
— mean f(,f_”k_l(a) and covariance P/€—1|k—1 (o).
2: for each track T do
IMM mixing and prediction {Sections 3.4.1: 5.5.1}:

[{Mz\k—l(a)’ﬁzlk—l(o)’ P1f|k—1(‘7)}a]
= IMMwmp [{ILZ—uk—l(")’ 72/:—1|k—1(0)’ P/Z—1|k—1(°')’ F,, Qa}a ) l“] .

98]

4:  Measurement selection for each model o {Section 5.5.2, (5.78)}:
[V (@), Vi @)] = MS) [ Ye. K10, PRy, (o), HLR].
5:  for each selected measurement i do {measurement likelihood, (5.27)}

[{pi G, o)}, ] = MLi[{yx D)}i, X1 (0), P, (0), H, R], for each o,
p]:(i) =24 ﬂl:|k—1 (G}p,f(i, o).

a

end for
end for
: for each cluster do {Section 5.5.4}

v = JUJvi(o.

9:  if non-parametric tracking then
10: Vi calculated by (9.7) {Section 9.3}.
11: Clutter measurement density estimation {Section 9.3, (9.11) and (9.7)}:

p =MTTwmk {1}z, {pg (D}e,i)/ Vi

®

12:  endif
13:  Multi-object data association (sans object existence) {Section 5.5.4,
(5.87)}:
[{= {Bi 2o} ] = IMTDA{L {pE )} o). |-
14: end for

15: For each track t apply Algorithm 22 {IMM-PDA, part II: trajectory
estimation update}.
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e JIPDA assumes random object existence and recursively calculates the proba-
bility of object existence for each track under consideration.

e JIPDA assumes that each object (if it exists) does not maneuver, i.e., that the
object follows a single trajectory model (the number of trajectory models,
M =1),

Mi—1k—1(1) = prpe—1(1) = pgpe (1) = 1.

Different potential objects (tracks) may follow different trajectory models.

e JIPDA is a single-scan algorithm, i.e., all tentative track components of each
track are merged into one (the number of both prior and posterior track
components equals one, Cy_1 = Cr = 1),

p(ck—1) = p(cr) = L.

Due to the single-object trajectory model, conditioning on the object trajectory
model o cancels out; ditto for the track state estimate components:

p(lo, ) = p(l)
pClek—1,-) = p([).
For example,

Pl Y = pxeler—1 i YO = peler—1, o, YO,
pe(i) = pr(, ck—1) = pr(, ck—1,0).

Track component control (Section 5.6) is an integral part of the JIPDA track
trajectory update. All tentative track components are merged into one, and the track
update operation becomes the PDA estimation, which is detailed and presented in
Section 4.3.

In Section 5.5.4, JIPDA equations are presented for the case of parametric object
tracking, when the clutter measurement density is available either theoretically, or
by using some version of the multi-scan clutter mapping estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), JIPDA estimates the clutter measurement density within each cluster area,
as presented in Section 9.3.

In the case of well-separated tracks, JIPDA reverts to IPDA. The single-scan
JIPDA recursion is detailed in Algorithm 31.

5.8.4 Interacting multiple models — joint integrated probabilistic data
association (IMM-JIPDA)

Interacting multiple models — joint integrated probabilistic data association (IMM-
JIPDA) was published in MuSicki and Suvorova (2008). IMM-JIPDA is the
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Algorithm 31 JIPDA filter recursion equations at time k

1: Time k inputs:
¢ set Yy of measurements delivered by the sensor;
» for each track 7, the probability of object existence p(x;_; |Y*~1); and
e trajectory estimate mean ’A‘lz—u «—1 and covariance Pl§—1| 1"

: for each track T do

Track state propagation {Sections 2.2.1: 5.5.1}:

POGEIYEY = piip (i 1YETD,
[ﬁilkfl ’ P1§|k71] = KFP[’A‘ILkal’ Plffllkfl’ F, Q]~
4:  Measurement selection {Section 5.5.2, (5.78)}:
[yi. V&1 =MS;[Y, X1 Php_ps H, R].

W N

5:  Measurement likelihood for each selected measurement i {(5.27)}:

[{Plf(i)}i] = MLI[{Yk (0} » ﬁziuc_p Pl§|k—1a H, R]-

6: end for
7: for each cluster do {Section 5.5.4}
v = Jvi.
T
8:  if non-parametric tracking then
9: Cluster Vi calculated by (9.7) {Section 9.3}.

10: Clutter measurement density estimation {Section 9.3, (9.11) and (9.7)}:

p = MTTwk (PO 1Y D)o, (PE D))/ Vi
11:  endif
12:  Multi-object data association {Section 5.5.4, (5.87)}:
{ PG Y ABE()izo}, ] = IMTDA[{ p(x{ IY* ™). (pf (D}iso0}. |-

13: end for
14: for each track T do
15:  Estimation/merging {Section 4.3}:

16:  Output trajectory estimate:
e track mean value ’A‘IZI . and covariance P,Zl i
17: end for
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maneuvering object extension of JIPDA presented in Section 5.8.3, as well as the
multi-object extension of IMM-IPDA presented in Section 5.7.4.

IMM-JIPDA is a single-scan estimator of maneuvering trajectories of multiple
possible objects in clutter and their probabilities of object existence.

e IMM-JIPDA assumes random object existence and recursively calculates the
probability of object existence for each track under consideration.

e IMM-JIPDA assumes that each object (if it exists) may maneuver, i.e., that the
object may switch between more than one trajectory models (the number of
trajectory models M > 1). Each object may have an individual set of trajectory
models and model transition probabilities.

e IMM-JIPDA is a single-scan algorithm, i.e., all tentative track components of
each track are merged into one (the number of both prior and posterior track
components equals one, Cy_1 = Cr = 1),

p(ck—1) = p(cx) = 1.

In other words, due to the single-track component, conditioning on the track com-
ponent cancels out:

pClek—1,-) = p(Cl).
For example,

P&elxe, Y = pxeler—1, xx, Y,
pi(i, ck—1,0) = pr(i, o),
ik (Ck, 0) = Pk (i, 0).

If the number of object trajectory models equals one, IMM-JIPDA reverts, both
conceptually and algorithmically, to JIPDA. In the case of well-separated tracks,
IMM-JIPDA reverts to IMM-IPDA.

Track component control (Section 5.6) is an integral part of the IMM-JIPDA
track trajectory update. All tentative track components are merged into one and the
track trajectory update operation becomes the PDA estimation, performed once for
each object trajectory model o.

In Section 5.5.4, IMM-JIPDA equations are presented for the case of para-
metric object tracking, when the clutter measurement density is available either
theoretically, or by using some version of the multi-scan clutter mapping
estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), IMM-JIPDA estimates the clutter measurement density within the cluster
area, as presented in Section 9.3.
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Algorithm 32 IMM-JIPDA filter recursion equations at time k

1

W N

Y o

10:
11:
12:

13:
14:

15:

16

: Time k inputs:
¢ set Yy of measurements delivered by the sensor; and
» for each track 7, the probability of object existence p(x;_; |Y*~1); and
e for each object trajectory model o':
— time k — 1 a posteriori model probability [le_ll w—1(0); and
— mean X;_, 1 (o) and covariance Pl€71|k71 (o).
: for each track t do
Object existence propagation {Section 5.5.1}:

POGIYS™Y) = yrip O 1Y,
IMM mixing and prediction {Section 3.4.1}:
[{i"1§|k—1(0)’ ’A‘/§|k—1(0)’ Plz\k—l (U)}g]
= IMMMP[{ILIE—1|I<—1 (@), Xe_1k—1(0), Pr_y 1 (0), Fo, Qv}o’ ri.
Measurement selection for each model o {Section 5.5.2, (5.78)}:
[y (@), V{ (0)] = MS1[ Y, X4 (0), P{;_; (0), H, R].
for each selected measurement i do {measurement likelihood, (5.27)}

[{P; (i,0)}il = MLI[{Yk )}, 72/:|k_1(0)7 P]§|k_1(0)v H, R], for each o,

PR =D i1 (@) P, o).

end for
end for
: for each cluster do {Section 5.5.4}

ve = JUvi .

if non-parametric tracking then
Vi calculated by (9.7) {Section 9.3}.
Clutter measurement density estimation {Section 9.3, (9.11)}:

p = MTTwk (PO 1Y D)o, (PE D))/ Vi
end if
Multi-object data association {Section 5.5.4, (5.87)}:
{POEIYS). (BE())izo},] = IMTDA[{ p(xf Y™, {pf ()}is0}, |-

end for
: For each track t apply Algorithm 22 {IMM-PDA, part II: trajectory
estimation update}.
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A single-scan IMM-JIPDA recursion is detailed in Algorithm 32. Note (again)
that the trajectory estimate update, detailed in Algorithm 22, is identical for IMM-
PDA, IMM-IPDA, IMM-JPDA and IMM-JIPDA.

5.8.5 Joint integrated track splitting (JITS)

Joint integrated track splitting (JITS) was published in MusSicki er al. (2003)
and Musicki and Evans (2008). JITS extends ITS by adding multi-object track-
ing capabilities. In a similar fashion to ITS, JITS provides a better approxima-
tion to object trajectory state estimate pdf than JIPDA. As a consequence, JITS
is more successful in track retention, false track discrimination and object tra-
jectory state estimation than JIPDA, especially in difficult situations of the low
probability of detection and/or high clutter measurement density. As another
not so positive consequence, JITS requires significantly more computational
resources than JIPDA. This is tunable and the track component control provides
a trade-off mechanism between computational requirements and object tracking
performance.

Joint integrated track splitting (JITS) is a multi-scan estimator of non-
maneuvering trajectories of multiple possible objects in clutter and their proba-
bilities of object existence.

¢ JITS assumes random object existence and recursively calculates the probability
of object existence for each track under consideration.

o JITS assumes that each object (if it exists) does not maneuver, i.e., that the object
follows a single trajectory model (the number of trajectory models, M = 1),

Mi—1k—1(1) = pir—1(1) = pgp(1) = 1.

Each track may have an individual trajectory model.
e JITS is a multi-scan algorithm, with a non-negative number of retained track
components.

Due to the single-object trajectory model, conditioning on the object trajectory
model o cancels out:

pClo, ) = p(l).
For example,
plck—1. xk. Y1) = pelek—1, 0y, Y,
Pi(i, ck—1) = pr(i, ck—1,0).

Track component control (Section 5.6) is an integral part of JITS applications
(although not necessary from a strictly theoretical point of view). However, as
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Algorithm 33 JITS filter recursion equations at time k

1: Time k inputs:
¢ set Yy of measurements delivered by the sensor;
» for each track 7, the probability of object existence p(x;_; |Y*~1); and
e for each track component cj_1:
— relative component probability p(c;_,); and
— estimate mean X;_ 1 (ck—1) and covariance Pli—1|k—1 (ck—1).

2: for each track T do

3: p(xklek_l) =yupr(x;i_, |Y*—1) {track state propagation, Sections 2.2.1,
5.5.1}.

4:  Trajectory state propagation for each track component cx_1:

[XEp—1(ce—1), Phy_y (cx—1)] = KPFp[X{_ 1 (cx—1), P_ i1 (cx—1), F, Q].

5:  Measurement selection for each track component cx_; {Section 5.5.2,
(5.78)}:

[¥i (cx—1), V{ (cx—1)] = MS1[ Y, X iy (cx—1), P (ck—1), H, R].
6:  for each selected measurement i do {measurement likelihood, (5.27)}
[{pi G, cx—D},] = MLi[ {yx D} » X1 (c—1), Py (ck—1), H, R],

for each ci_1,

Pi@) = plei_ )it c).

Ck—1

~

end for {each selected measurement i}
end for {each track t}
: for each cluster do {Section 5.5.4}

ve = J U viter-n.

T Ck—1

o ®

10:  if non-parametric tracking then
11: Vi calculated by (9.7) {Section 9.3}.
12: Clutter measurement density estimation {Section 9.3, (9.11)}:
p = MTTwk (PO 1Y D) e, (PE Do)/ Vi
13:  endif
14:  Multi-object data association {Section 5.5.4, (5.87)}:
PG 1Y ABE )20 )] = IMTDA[{ p(xf 1Y), {p{ (D}iz0}, ]

15: end for {each cluster}
16: For each track T apply Algorithm 26 {ITS filter, part II: trajectory estimation
update}.




5.8 Object-existence-based multi-object tracking 219

opposed to JIPDA, the system designer has absolute freedom (limited by the com-
putational resources, of course) of the track component control method and the
number of retained track components. If merging component control is applied to
the limit, and all track components are merged into one, JITS reverts to JIPDA. If
the tracks are well separated, JITS reverts to ITS.

In Section 5.5.4, JITS equations are presented for the case of parametric object
tracking, when the (non-homogeneous) clutter measurement density is available
either theoretically, or by using some version of the multi-scan clutter mapping
estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), JITS estimates the clutter measurement density within each cluster area,
as presented in Section 9.3.

A single-scan JITS recursion is detailed in Algorithm 33. The algorithm shows
that the trajectory estimate update, detailed in Algorithm 26, is identical for both
JITS and ITS. This confirms (again) the seamless connections between algorithms
in this chapter.

5.8.6 Interacting multiple models — joint integrated track
splitting (IMM-JITS)

Interacting multiple models — joint integrated track splitting (IMM-JITS) was
published in Musicki and Evans (2008). IMM-JITS extends JITS by including
multiple-object trajectory models. Thus, the IMM-JITS object trajectory state esti-
mate pdf approximates the true pdf even better than JITS. As a consequence,
IMM-JITS further improves on the JITS performance in track retention, false track
discrimination and object trajectory state estimation in the case of maneuvering
objects.

IMM-JITS is a multi-scan estimator of maneuvering trajectories of multiple
possible objects in clutter and their probabilities of object existence.

e IMM-JITS assumes random object existence and recursively calculates the prob-
ability of object existence for each track under consideration.

e IMM-JITS assumes that the object (if it exists) may maneuver, i.e., that the
object may switch between more than one trajectory models (the number of
trajectory models M > 1). Each track may have an individual set of trajectory
models and associated transition probability matrices.

If the number of object trajectory models equals one, IMM-JITS reverts, both
conceptually and algorithmically, to JITS.

e IMM-JITS is a multi-scan algorithm, with a non-negative number of retained
track components.
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Algorithm 34 IMM-JITS filter recursion equations at time &

1: Time k inputs:
¢ set Yy of measurements delivered by the sensor;
» for each track 7, the probability of object existence p(x;_, [Y5~1); and
¢ for each component c;_; and object trajectory model o':
— relative component probability p(c;_,);
— time k — 1 a posteriori model probability ”IZ—1| i—1(Ck—1,0); and
— estimate mean f‘;ﬁfukq (ck—1, 0) and covariance P,Lllkfl (ck_1,0).
2: for each track t state propagation {Sections 3.4.1, 5.5.1}:

POEIYSY =y p G 1IYET,

foreach cx—1:  [{mf_i(ck-1,0), Xy (cx—1,0), Py (cr—1,0)}, ]
= IMMMP[{ILJZ,WC,](CI(—I» 0), §(1€71|k71 (Ck—1,0), P]§71|k,1 (Ck—1,0),
FO" QU}U’ r]

{Measurement selection, Section 5.5.2, (5.78)}
3: for each track t, component cx_; and trajectory model o do

[y]‘i(ck717 0)7 ka (Ckfl’ G)]
= Msl [ka ﬁ]El]{_l(ckfl ) 0)7 P[zlk_l(ckfl ) 0)7 H’ R]

4: end for
{Measurement likelihoods, Section 5.5.2, (5.27)}

5: for each selected measurement i > 0, track T, component cx_ and trajectory

model o do

[{p]: (la Ck—1> O)}l] = ML] [{Yk (l)}lv )A(]ZV{_](C]C—]’ U), P]:|k_1(ck—1v 0)7 H7 R]’

piGck-1) = Y i (1, 0) pi i, k-1, 0),
o

PE) =Y plci_)pili.ceon).

Ck—1

6: end for
7: for each cluster do {Section 5.5.4}

ve = J U Uvi (k1. 0.

T Ck—1 O
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8:  if non-parametric tracking then
Vi calculated by (9.7) {Section 9.3}.
10: Clutter measurement density estimation {Section 9.3, (9.11)}:

p = MTTvk ({p O 1Y D)o, APE D)2/ Vi

2

11:  endif
12:  Multi-object data association {Section 5.5.4, (5.87)}:

[{PGE 1Y), B ())izo}, ] = IMTDA[{ p(x{ IY* ™). (P} (D}is0}, |-

13: end for {each cluster}
14: For each track 7 apply Algorithm 28 {IMM-ITS filter, part II: trajectory
update}.

Track component control (Section 5.6) is an integral part of the IMM-JITS
application (although not necessary from a strictly theoretical point of view). How-
ever, as opposed to IMM-JIPDA, the system designer has absolute freedom (lim-
ited by the computational resources, of course) of the track component control
method and the number of retained track components. If the merging component
control is applied to the limit, and all track components are merged into one, IMM-
JITS reverts to IMM-JIPDA. If the tracks are well separated, IMM-JITS reverts to
IMM-ITS.

In Section 5.5.4, IMM-JITS equations are presented for the case of paramet-
ric object tracking, when the (non-homogeneous) clutter measurement density is
available either theoretically, or by using some version of the multi-scan clutter
mapping estimators.

If the clutter measurement density is a priori unknown (the non-parametric
case), IMM-JITS estimates the clutter measurement density within each cluster
area, as presented in Section 9.3.

A single-scan IMM-JITS recursion is detailed in Algorithm 34. The algorithm
shows that the trajectory estimate update, detailed in Algorithm 28, is identical for
both IMM-JITS and IMM-ITS. This confirms (again) the seamless connections
between algorithms in this chapter.

5.9 Summary

Existence-based object tracking algorithms are introduced in this chapter. This
class of object tracking algorithms is important in practical aspects of tracking. In
reality, the set of detections contains false detections. Therefore the object tracker
needs a method to distinguish between true and false tracks while catering for
missed detections. Recursively calculated probability of object existence provides
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a basis for solving this problem. This chapter introduces IMM-ITS and IMM-JITS
as the generalized Bayesian solution of the problem with the most relaxed set
of constraints. Then other algorithms, i.e., ITS, IMM-IPDA, IPDA, IMM-PDA,
PDA, JITS, IMM-JIPDA, JIPDA, IMM-JPDA and JPDA are derived for specific
scenarios by adding scenario-specific constraints.
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Multiple-object tracking in clutter:
random-set-based approach

Typically, multiple-object tracking problems are handled by extending the single-
object tracking algorithms where each object is tracked as an isolated entity. The
challenge comes when the targets are close by and there is ambiguity about the
origin of the measurement, i.e., which measurements are from which track (in
general). Using similar techniques of data association, multiple measurements are
assigned to multiple objects (in general). However, such an extension of single-
object trackers to multiple-object trackers assumes that one knows the number of
objects present in the surveillance space, which is not true.

This problem leads to some of the serious advances and methods of “data
association” logic of these trackers. The data association step calculates the origin
of the measurements in a probabilistic manner. It hypothesizes the measurement
origin and calculates probabilities for each of the hypotheses. For example, a
single-object tracking algorithm considers two hypotheses under measurement
origin uncertainty — “the measurement is from an object of interest” or ‘“the
measurement is from clutter.”” Such algorithms ignore the possibility of the
measurements originating from other objects. This problem is partially solved by
introducing the hypothesis “the measurement is from the ith (out of N) objects.”
But setting the number of objects to a specific value is a limitation by itself.
Moreover, this approach does not provide any measure for the validity of the
number of objects. Multi-object trackers need to estimate the number of objects
and their individual states jointly.

More than one measurement within the validation gate of a track can be con-
sidered as a new track hypothesis. A multiple hypothesis tracker (MHT) takes this
approach. However, this leads to an unbounded solution set because the framework
does not support the track management. Ad-hoc rules like “an object becomes
invalid if it does not get measurements for n number of consecutive scans” are
applied to limit the number of objects, but these rules (and the parameters of such
rules) are arbitrarily set and usually set based on operator’s “intuition” rather than

223
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any systematic approaches. The integrated PDA filter (IPDA, Chapter 4) and its
variant, joint IPDA (JIPDA, Chapter 9), proposes a bounded, albeit approximate,
solution where each track (hypothesis) is maintained based on a quality mea-
sure (object existence probability) and therefore results in a dynamically changing
but limited number of tracks. Another bounded solution is based on IMM-PDA!,
which resolves the problem through “proof by contradiction.” It assumes the exis-
tence of objects but limits the number of objects based on the probability of observ-
ability. These rules are more systematic approaches than MHT-based filtering with
respect to track management, but are not optimal methods to estimate the number
of targets.

Random finite set formalism (RFS)

In summary, all these multiple-object tracking algorithms are extensions of the cor-
responding single-object trackers. Even though these provide an idea of the num-
ber of objects present, they do not have explicit modeling to estimate the object
number. A more rigorous approach is based on (RFS) (Mahler, 2004a, 2004b).
Fundamentally it approaches the modeling of multi-object tracking by introducing
sets that contain a random number of single-object states, each of which is a ran-
dom vector. It allows the dynamics of each object (member of the object set) to
vary according to some motion model while the the number of objects (members
in the set) is allowed to vary according to some point process model. The tracking
problem is to compute the posterior density, called the global posterior density,
of this set-valued quantity. This set-based representation enables the framework
to capture the uncertainty in the number of objects. Moreover, this set notation
renders the ordering of each single-object state immaterial, i.e., the set {x, x>}
is equivalent to {x7, x1}. In this manner it captures the essential elements of the
multiple-object tracking problem — estimating the number of objects and estimat-
ing the state of each of the objects. RFS-based calculus then resolves the estimation
problem of both the number of objects and each of their states from the observa-
tions (which are also modeled as a set).

The RFS-based filter approaches the estimation problem in the same way as
the standard single-object tracking algorithms does. It utilizes Bayes’ theorem to
propagate the density in time. However, the density is defined on sets rather than
on normal vectors or matrices. This requires the statistics of a randomly varying
finite set captured by some measure analogous distribution function for random
variable. “Belief mass” is defined to be the required function whose derivative

1 IMM-PDA is usually used to track maneuvering targets in clutter. However, in Bar-Shalom et al. (1989), it
has been adopted to use for establishing target presence by using one model, called an observable model, with
0 < Pp <1, and the other model, called an unobservable model, Pp = 0.
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gives rise to multi-object set-based Markov density and likelihood function. These
calculus (derivative and integral operations) are performed on sets according to
finite set statistics (FISST) calculus (Appendix B, Mahler, 2004a).

This chapter introduces the optimal Bayes formulation of the RFS filter and its
associated object motion and sensor measurement equations. When the complete
density of a randomly varying set (any number of objects may appear or disap-
pear) is propagated through the optimal Bayes recursion of the multi-object set,
a combinatorial problem arises. This problem is well recognized in the literature
(Mahler, 2003a; Zajic and Mahler, 2003; Vo et al., 2005; Sidenbladh, 2003; Vo and
Ma, 2006). A more practical solution is to propagate only the first-order moment
of the multi-target density. This gives rise to the probability hypothesis density
(PHD) filter. The PHD is defined as the density that gives the number of targets
in a space when integrated over that space. Because PHD is concerned about the
number of targets, the recursion of PHD follows a point process modeling and
relevant calculus.

This chapter introduces the PHD and its various practical implementations. A
simple single-object tracker based on RFS formalism will be developed as an
example of the RFS filter as well as an exercise of the RFS calculus. Following
Challa et al. (2002c¢) the integrated PDA (IPDA) filter will be derived as a practical
implementation of the theoretical RFS-based filter equations. The well-established
joint IPDA filter is also derived from the PHD filter equations (Challa and Chakra-
vorthy, 2009). Both the IPDA-based filter and RFS-based filter were independently
developed at roughly the same time. These derivations show the theoretical con-
nections between these two approaches and establishes IPDA and joint IPDA as a
practical implementation of near optimal multiple-object trackers.

6.1 The optimal Bayesian multi-object tracking filter

In the subsequent sections, models for object dynamics and sensor measure-
ments will be presented according to the random set terminologies. The relevant
Markov transitions and likelihood functions will be derived and used in the opti-
mal Bayesian recursion. This chapter makes use of finite state statistics, which
was introduced by Ron Mahler (2004a), and a brief overview is presented in
Appendix B.

6.1.1 Target dynamics and sensor measurement models in RFS

Using random set notation, the object motion model is given by

Crg1 = @i (Xg, Vi) U Br(Xy), (6.1)
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where @ (-) represents the change of object dynamics fromtimet = ktot = k + 1.
B(-) caters for the object birth process in the multiple-target case.
Similarly, the sensor model in random set notation is given by

2 =T(X)UCX), (6.2)

where T (-) defines the measurements originated from the true objects, and C(-)
accounts for clutter measurements.

6.1.2 Markov transition density and likelihood function in RFS

The statistics of the finitely varying random state set 'y is described by its belief-
mass function,

Briy_1 SIXk—1) = Prob(I'y € 8) = p(T'x € S).

This is the total probability of finding all objects in region S at time k, if at time
k — 1 they had a multi-object state X;_1.

Similarly, the statistics of the finitely varying random state set X is described
by its belief-mass function,

B (SIXk) = Bsyua, SIXk) = p(Z U Ak ©8).

This is the total probability that all observations in a sensor (or multi-sensor) scan
will be found in any given region S, if the object has state x.

By differentiating these belief-mass functions (using the generalized Radon—
Nikodym theorem), one can obtain multi-object Markov densities and multi-object
measurement likelihoods (Goodman et al., 1997). As belief-mass functions are
functions of sets, the derivatives are set derivatives. Using FISST one can obtain
the derivatives of belief-mass functions and hence the multi-object Markov densi-
ties and multi-object likelihoods as follows:

e The multi-object Markov density is a set derivative of the belief-mass function
Brij—: (S|Xk—1) and can be represented as follows:

8,81_‘/(|k71 (S|Xk—l)
5X '

Sie—1 X[ Xp—1) =

e The multi-object measurement likelihood is a set derivative of the belief-mass
function By, (S|Xy) of the corresponding sensor model and is given by

8Bz, (SIXk)

v, (Vi |Xk) =
fu(y 5ye
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6.1.3 Optimal Estimation in RFS

These multi-object Markov transition densities and likelihood functions can then
be used in the standard Bayesian non-linear filtering equations to obtain a recur-
sive method for the multi-object posterior density. The general form of the Bayes’
recursion is the same as in the case of the single-sensor, single-object tracking
problem, and is given by

1
Frk (ke y) = < foelx0) / Sttt X5 1) fi 11 Ka—1 [y H8X5 1.
(6.3)

However, note that the integration in the Bayesian recursion equation above is
a set integral. Consider the single object tracking problem with object existence
uncertainty. The following scenario is assumed: if there are no object present in
the scene, then this will continue to be the case. However, if there is one object in
the scene then this object either will persist (with probability p,) or it will vanish
(with probability 1 — p,). Specifically, the goal is to determine if a target exists
and, if it does, its state. This problem, with at most one target assumption, was
first addressed by Musicki et al. (1994) almost in parallel to the introduction of
FISST by Mahler (1997). Musicki ef al. provide an approximate solution to this
problem under linear Gaussian assumptions and named their techniques IPDA.
Techniques based on this are presented in Chapters 5 and 9. This simple object
tracking is suitable for introducing random set formalism and it can be used to
derive useful filters.

6.2 The probabilistic hypothesis density approximations
6.2.1 First moment of RFS: the PHD

In a single-object tracking problem, two mostly used statistics of the posterior den-
sity are — the first-order moment (a vector, posterior expectation) and the second-
order moment (matrix). Higher-order moments are ignored and these first two
order moments are assumed to be sufficient statistics for the posterior density.
In such a case, recursion of these two statistics ensures the complete propaga-
tion of the density. If advancing the similar argument by proposing that even the
second-order moment can be neglected, the posterior density is described by only
the first-order moment and the recursion of first-order moment alone is sufficient
for a filter algorithm (this approach is taken in the constant gain Kalman filter).
However, representing a complete density by its first-order moment is justified
if the density is unimodal and significantly concentrated around its mean (low
variance).
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Desired conditional density
f k\k(xk\yk)

Expand measurement history
k
Frpr (xxly"*)

Simplifying
assumptions

Invoke Bayes’ rule
XS5 elxe) frpp—1 (Xkly

k—l)

Multiple-object tracking in clutter

Simplifying
assumptions

Global likelihood density
fen (yrlxi)

Global Markov transition density
Jrje—1(xx ly*=1)

Normalization

A= [ fo (Velxk) fipp—1 (2 ly* ) dxy,

Tt (e |y)

1

A

Find approximate solution for

Iow (VkIXk) fojp—1 (X |y

k—l)

Recursive Bayesian solution

Summary of the recursive Bayesian framework for multiple-object tracking.

The same logic has been extended to derive implementable algorithms within
the random set formalism. To propagate the higher-order moment (second order),
one needs to resolve combinations of possibilities. Just to illustrate, let us
assume a two-object case. Possible realizations for object state set X can be
{o}, {x1}, {x2}, {x1, Xo}. For a higher number of objects these combinations can
become extremely large and therefore harder to manage. Therefore represent-
ing the density with only the first-order moment and propagating the first-order
moment only is useful. This first-order moment is called “probabilistic hypothesis

density” (PHD). It is defined below:

within that space.

PHD is a density whose integration over a space results in the number of objects present
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In this sense it is different from probability density that integrates to 1 when
taken over the entire space. The PHD recursion filter is derived in the following
sections.

6.2.2 PHD prediction

Let fip(X |Z*) be the multi-object posterior density at k. Its prediction is given
as

Fier1k(X1Z5) =/fk+1|k(X|W)fk|k(W|Zk)5W,

where fi41x(X|W) is the multi-object Markov transition density. The probability
generating functionals (p.g.fl) of the predicted density is

Grsilh] = / WX i (X1 248X
= / ( f thk+1|k(X|W)8X) fie(W(ZEysw

_ / Gratilh X1 fik (X|Z)5 X, 6.4)

where G41k[h]X] is the p.g.fl of the fiy1x(X|W). The PHD of the predicted
density if the gradient derivative of p.g.fl evaluated at h = 1:

0Gk+t1ik

x L

Diy1x(x) =

Now, the multi-object motion model consists of the dynamic transition of existing
targets, the spawning of new objects from existing ones and the birth of new object.
The model is given by

iy = T(X) UW(X) UWYp(X),
where:

e T(X) is the set of surviving objects, T(X) = T(x)) UT (xp) U---U T(X7);
e W(X) is the set of spawned objects, W (X) = W(x1) UW(xp) U---UW(X;);
e Wy(X) is the set of new-born objects.

Then the p.g.fl Gy111k[h|X] is given by

Grriklh1X1= (1 — ps + pspi)™ x b x ep.
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Therefore,
_ X o X k
Gryiklh] = f(l — ps +pspr)” x by X ep frp(X|Z7)8X

— o f (1= py + pep)® x b fie(X1Z96X
= epGril(1 — ps + pspn)bnl, (6.5)
where:

o bp(®) = [ B by 1 (X[X)SX s the p.g.fl of by 1 (X[X);
° ¢ = fhxbk+1|k(X)8X is the p.g.fl of by 1k (X);
o pr(x) = [ h(Y) fit1k (YI%).

Substituting ®[h] = (1 — ps + pspn)bn,

G G
%[h] = U R (en G [DTRT])
X 5X
) I}
= (5_6};) G [@[h]] + en <_Gk|k[q>[h]]> . (6.6)
X oX

The PHD of Gji1xdx[h], Dii1x(X) is the functional derivative evaluated at
h=1:

3Gr+1ik
D1k (x) = 5—;'

(i)

)
=brr1p(x)-1+1- (S—ka[cb[h]])
X

(1]

)
Grik[@[11] + e (&ka[cb[h]])

h=1 h=1

’

h=1

where by 1)k (x) is the PHD of the k + 1|k(X). Now the PHD of Gy [®[A]] is

Dy
Diy 11k (x) Z/W[l]-Dmk(W)dW,

where

Dy F)
S—[h] = — (1 = ps(W) + ps(W) pp (W) Dy (W)
X oX

) b)
= ps(W) <6—Ph (W)) bp(w) + (1 — ps(W) + ps(W) pp(W)) —bp (W)
X 50X

= Ps(W) fit 11k XIW)bp (W) + (1 — ps(W) + ps (W) pr (W) Dicr-11x (X|W).
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Therefore, setting 7 = 1, we get

o
1) ¢
The time update of PHD is given by

[1] = ps(W) fet1)k XIW) + Drg 1 (X|W).

D1k (X) = by (x) + / Ps (W) fie 11k (XIW) by (W) + b1 (X|W)dw.

6.2.3 PHD update

Let us denote fii1x(X |Z¥) as the time-predicted multi-object posterior and
Ziy1 =1{z1,...,Zy} as the set of newly collected measurements. The data
updated posterior is then given by Bayes’ recursion formula,

fiertpr1 (X1 ZEY = K71 f1 (Z1X, X) frpin (X1 25,

where the normalization factor is
K = fin1(Z1Z5) = / Fes1(ZIX. X) foq 1 (X1 Z)8X.

To resolve the PHD formulation, let a two-variable p.g.fl be defined as
Flg, h] = / / WXg” fir1 (Z1X, X) fire(X1Z4)8X8Z

_ / / WX Gt [g1X, X fis i (X1 258X, 6.7)

where the multi-object measurement density is

GrrilglX, x*] = f g% fir1(Z|X, x*)8 Z.

The normalization factor K can be written as

m

K = fir1(Z|Z5 = 1[0, 1.

0Zy, ... 0Z
Similarly, the PHD of fit1jx+1(X|Z*¥*!) can be written as

1 8m+1F

- [0, 11.
Jir1(Zk11Z5) 2y, . . . 821 5%

Dig1jk41(x|1 Z5F) =

Now, the observation model is as follows:

T=Y¥x)U---UXEX,)UB



232 Multiple-object tracking in clutter

where X (x;) is the observation (empty if missed) from ith object and ® is the
state-independent Poisson false alarm. It is also assumed that X (-) and ® are all
statistically independent. This independences implies that

Gr1181X, X*] = Grp1lglxi] - Grr1[g1xn]Golg]
where
Grti1lglxil =1 — pa(X;) + pa(Xi) pg(Xi),
Pe(X) = /g(z)f(zlx)dz,
Golgl = 1817,
el = [ s@eands

Then the two-variable p.g.fl becomes
Flghl = [ [ 150 = po + pop 107 fi (X125

= M (= pi + popoh) fee(x1200X

= MG k(1 = pp + pppe)hl.

In order to result in a closed-form solution of the data-updated PHD, let it be
assumed that the time-updated multi-object posterior fiyx(X |Z¥) is approxi-
mately Poisson:

Giprklh] = eoth=r,
olh] = /h(x)s(x)dx.
Therefore, the PHD of the density is
D1k = ps(X).
Then,
Gi+1k[(1 — pp + pppg)h] = exp(uo[h(1 — pp)] + nolhpp pgl — mu),
F(g, h) =exp(Ak[g] — A+ po[h(l — pp)] + pnolhpppgl — ).

Setting h =1,

F(g, 1) =exp(ik[g]l — A + nolppl + nolpppgl).
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In general, the denominator of the data-updated posterior is given by (taking the
derivative of F(-) and setting g = 0)

feri(Z|1ZY) = e 710 [T de(@) + polppLal.

zeZ

Similarly, the numerator of the data-updated posterior is given by

8m+1F

_ ,—A—polppl _
a0 = [ Geto+ nalpoLd it = po) 00

4+ e~ *—holppl 1_[ (Ac(z) + nolppLal)
zeZ

<) 14 p(X) Ly(X)s (X)

rc(z) + 1o [ppLal

zeZ

Substituting the numerator and denominator, the data-updated PHD can be
obtained:

upp (X)L (X)s(X)
Ac(z) + o[ ppLy]

D11 (%) = p(1 = pp)(¥)s () + )
zeZ

Diy1x[ppLy]
Ac(z) + Dy 1kl pp Lyl

= (1l = pp)(X) Di411k (%) + Z
zeZ

" PD(X)Lz(X) Diy 1% (X)
DitielppLs

6.2.4 The cardinalized PHD approximation

The PHD filter successfully avoids the problem of the computational intractabil-
ity of the complete Bayes’ recursion of RFS by approximating the multi-object
posterior density as a Poisson distribution and propagating the first-order moment
only. However, it has been shown to have unstable performance in estimating the
object number Nk, especially in the presence of missed detections and very high
clutter (Erdinc et al., 2005). This instability stems from two main reasons, which
are discussed below:

e PHD gives the total number of objects by linear approximation. For example,
for the single-object case, PHD gives the expected number of objects at k as

Nijk = (1 — pp xp_ ;) Nijk—1,
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or the true formula
(I = pp,xe_1 ) Nkjk—1

Ny =
| I — Nijk=1PD.x,4

If Nijk—1 =1, the PHD approximation yields (1 — pp x,_,), where the true
formula correctly results in 1. Thereby, PHD loses the information due to
linearization.

¢ Secondly, the PHD employs the “expected a posteriori” estimator for the number
of objects:

Niw =Y n.pep(nly").
n>0
However, minor modes in the distribution that are induced by false alarms may
cause the expected value to shift erratically. This will also result in instability in
deciding the number of objects.

To overcome this instability one needs to propagate the higher orders of the
true multi-object distribution. But this is not practical because the result would
run again into a combinatorial problem that gave rise to the original first moment
approximation. Therefore another alternative is proposed in Mahler (2007). The
resulting algorithm is aptly named the “cardinalized PHD (CPHD) filter” because
it propagates the entire distribution of object numbers (cardinality of the multi-
target set) along with the first-order moment of the multi-object distribution. In
this way, the CPHD filter retains the advantage of propagating only the first-order
moment of the multi-object distribution (and thereby avoids the problem of combi-
nation under a large number of objects) and avoids the problem of approximating
the object number with a linear function. Moreover, from the cardinality distribu-
tion, the number of objects is estimated by “maximum a posteriori (MAP)” rather
than “expected a posteriori (EAP)” to avoid instability caused by the erratic shift
of expectation under the high-clutter scenario. However, in cardinalized PHD, the
model for spawning (from existing targets) needed to be omitted in order to achieve
a closed-form recursion formula.

6.2.5 Summary of the PHD
One iteration of the PHD filter algorithm is detailed in Algorithm 35:

Algorithm 35 PHD filter recursion equations at time k

1: Time k inputs:
¢ set Yy of measurements delivered by the sensor; and
e density at time k — 1, Dk,1|k,1(xk,1|yk_1).
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Algorithm 36 PHD filter recursion equations at time k

2: Prediction:
Dij—1 ¢ [y 1) = Vk(Xk)+/[PS,k(Xk—l)fk|k—l(Xk|Xk—1)+bk|k—1(Xk|Xk—1)]

X D 1je—1Xg—1|¥" " Ddx;—1,

where:

* v (Xx) is the intensity for objects appearing at time k;

e ps.k(Xx—1) is the object survival;

* fklk—1(Xk|Xk—1) is the single-object Markov transition density;

* byjk—1(Xk|Xx—1) is the intensity of spawning of object from existing ones.
3: Update:

PD .k (Xk) [ (2k |Xk)
Micr(zi) + ¥ (zi[yF—1)

D xely¥) = | (1 — ppa(x0)) + Z Dyji—1,

Zr €Yk

where:
o Yy = [ ppi f @elx) Dige—1 e[y 1);
* pp.k(Xg) is the probability of detection;
* fi(zx|xy) is the single target likelihood function;
e ) and ci(z) are the false alarm (clutter) intensity and false alarm spatial
density respectively.
4: Number of targets. The number of objects in the region is given by:

Nk :/Dk|k(xk|yk)dxk-

6.2.6 Summary of CPHD recursion

Before presenting the CPHD iteration, we first introduce some notation for clarity.

(1) o
J)e = pr
(1) o
Jj)p A=)

¢ Binomial coefficient:

¢ Permutation coefficient:
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e Inner product:

f a(x)B(x)dx, if «, B are real-valued functions,
o0

(aB) = Y a)B(), ifa, p arereal sequences.
1=0

* ¢;(-) is the elementary symmetric function of order j defined for a finite set y

by
eiy= Y Jl¢&

SCy.|S|=j ¢es

and ep(y) = 1

The CPHD filter algorithm is presented in Algorithm 37.

Algorithm 37 CPHD filter recursion equations at time k

1: Input at time k:
¢ Cardinality distribution of k — 1: the distribution of object number:

o0

Zpkfukfl(n)-

n=0
e Intensity at k — 1, Dy_qjx—1 (Xk—1 v h.

2: Prediction:
n
Prk—1() =Y pyan— j) [ ] IDk-1k—1 o1 1y, prc11()
j=0 klk—1

Dij—1(xx [y 1) = / DSk (Xk—1) frk—1 X [Xk—1)dXp—1 + Vi x,

where:

x ,DY (1 — pss. D)7
. ]‘[[D,p](j)=2(j) s DY (L= pse DY 7
C

; (1, v)
klk—1 I=j
* fiik—1(.|xx—1) is the single-object transition density at time given past state

Xk—15
¢ y is the intensity of spontaneous birth;
* pyk(n — j)is the cardinality distribution of spontaneous births.
3: Update:

WO Dy—1 Xk [y*=1); yi1(n) prji—1 (n)
WO Dik—1 i ly*=1); vl (), prge—1 ()’

DPklk =
(
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Dijie (x¢ %)

(W Di—1 eIy vk, prii—1)
(WkO[Dk|k—1(Xk|yk_1); Y&l Pkjk—1)

N Z Vin (W Di—1 ey yie \ {ze} ], pri—1)

= (1 - ppr(xk)) Dyjje—1(Xkly

’

Dije—1 (xe|y* ™D,

et Wk [Dicje—1 Xy 1); yil, prje—1)
where
min(|y|,n)
° u — — | —
WD, yIm = Y Iyl = Dipki(yl = ) ( L u)
j=0 P
—(j+u)
(1 = pp.a(xe), D)' -
x Dy ej (Bi(D, y1));
( AkC
. Vir(x,2) = e (20) fk(ZIX)pD k (X);
® Ek(D,Y) = {< ,Wk,z>lze)'k}§
e fi(.|xg) is the single-object measurement likelihood at k given the target
state X;
* pp.k(Xx) is the probability of object detection at time k given the target
state xi;

* pk.k(+) is the cardinality distribution of clutter.

6.3 Approximate filters

The PHD filter recursion formula in (35) does not have a closed-form solution
in general. Therefore, even though PHD provides an alternative to propagate the
first-order moment of the RFS distribution, it is hard to implement it. However,
the particle PHD filter (Sidenbladh, 2003; Zajic and Mabhler, 2003; Vo et al., 2005)
and Gaussian mixture PHD filter (Vo and Ma, 2006) are proposed, which result
in a closed-form solution of the general PHD recursion formula under various
conditions and approximations.

6.3.1 Gaussian mixture PHD filter

Another approximate implementation of PHD filter is called the “Gaussian mix-
ture PHD (GMPHD) filter.” In order to obtain a closed-form solution under the
GMPHD filter algorithm, there are certain conditions, which are summarized
below:
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1. Each object follows a linear Gaussian dynamical model given by

Sek—1 Xk [Xk—1) = N (Xk; Fe—1Xk—1, Q—1),

and each sensor has a linear Gaussian likelihood model given by

S @i |xr) = N (zi; Hixi, Ry),

where:

e N(a; b, ¢) denotes a Gaussian density of random variable a with mean b and
covariance c;

e F;_; is the state transition matrix;

¢ Q_1 and Ry_; are the process and observation noise covariances respec-
tively.

2. The object persistence (survival) and detection probabilities are state indepen-
dent:

Pp.k(Xk) = PD k,
Ps.k(Xk—1) = ps.-

3. The object birth and spawn intensities are in the form of a Gaussian mixture,
given by

Jy.k
ve(xi) =Y wl Nxg:ml Py,
i=1
Jh’k . . . .
Dijk—1 (X [Xg—1) = Z w[i,k-/\/(xb Flj,’k_lxk—l + “i,k—l’ Qi,k_l),
j=1
where:

) w;/ k,m;'/ k,Pi/ . are the weight, mean and covariance of the ith spawn com-
ponent,i =1,2,..., J,x, and J) x is the total number of components;

. wék,Fi’k_le_l —I—ulJ,’k_l,QlJLk_1 are the weight, mean and covariance of
the jth birth component, j = 1,2, ..., Jp, and Jp  is the total number of
components.

It is also assumed that the density at k — 1 is a Gaussian mixture of the form

Jr—1
Di—1j—1 (-1 |y = Z Wi N (xe—; m_y, Py_y).
i=1
Under the stated conditions and assumptions, the PHD recursion is reduced to the
GMPHD algorithm, which is detailed in Algorithm 38.
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Algorithm 38 Gaussian mixture PHD filter recursion at time k

1: Input to the recursion at time k:
Je=1 )
e Density at time k — 1, Dk_1|k_1(xk_1|yk_1) = > w,’c_l./\/'(xk_l; m;_,

) i=l1
P;{_ -
2: Prediction:

Die—1 % lY* ™) = D ppe—1 &e 1y ™) + D sepe—1 ey ™) + v (x0),

where:
Iy k
ye(xe) = Y wh N P
i=1
Jr—1
k—1 j i ' )
Ds k-1 (Xxly" ) = Z wi N ks o Pl p—1)s
i=1
i i _ i i )
[ms,k» S,k\k—l] =KFp [mk—l’ P Fr, Qk]’
wfg,k = pS,kwli_l;
Jk—1 Ib .k
k—1 o i .
Dp pik—1(Xkly" ) = Z Wp,k ZN(Xk,bfk , Pb,Jk|k—1)’
i=1 =1
iL,j _ yi J .
my =K, T
i,Jj _ i J T J
Pk = Fp i 1Py o1 By )" +Qp -
3: Update:
k k—1 )
Dy (Xk|y") = (1 — pp.k) Dije—1 (X ly" ) + Z (z1) Dy ik (Xp; 2k ),
2 EZL
where:

Jkjk—1
Do zi) = Y wi ()N 0 my (20), Py
i=1
pD,kw]idk_l‘hi (zk)

Jre—1 .
Meck(z) + po Y Wiy 1qi (z)
i=1

wh(z) =

’

i (z) = N (z; Homl, | HiPy,  H + Ry);
[m;dk(zk)’ P;Clk] = KFE [Zk, m;dk_la Pk|k—la Hk’l ’ Rk]
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6.3.2 Particle PHD filter

In a similar way to particle filter single-object tracking, the particle PHD filter
approximates the density by “particle representation” and propagates the density
according to the prediction and update step of the PHD filter. The algorithm is
presented in Algorithm 39.

Looking at the resampling stage of the particle PHD filter, it must be noted that
the new weights, {w,i}iL:" |» do not add up to 1, but rather to Nk|k. The updated

particles, b~x;<, are copied ;,ﬁ times with the constraint

Li—1+Jk

Z ¢ = Li.
i=1

6.3.3 Gaussian mixture CPHD algorithm

Similar to the GMPHD algorithm for the standard PHD filter, there exists a car-
dinalized version called the Gaussian mixture CPHD (GMCPHD) algorithm. It
was first proposed in Vo et al. (2006). The GMCPHD algorithm assumes the
object dynamic evolution, sensor models, object survival/detection probabilities
and object birth intensities in the same way that GMPHD does (described in Sec-
tion 6.3.1 — note that there are no spawning intensities present in the cardinalized
PHD formulation). Moreover, the intensity and cardinality distribution at k — 1 are
assumed to be

Jk—1
Di_1j—1(Xk—1ly) = Z w N s my_, Py,

i=1

and Y 2 5 pk—1(n) respectively. Under these assumptions, the CPHD algorithm
reduces to the GMCPHD algorithm. The steps of one iteration of GMCPHD are
detailed in Algorithm 40.

6.3.4 Track labelings

PHD based filter avoids the “track-to-measurement” association and thereby
reduces the computational complexity (when compared to data-association-based
multiple-object tracking algorithms. It recursively updates the density and state
estimates. However, the update and state estimation process does not maintain
track identification. To propagate the track id, the estimates states (or chosen peaks
in the density) need to be associated with already existing objects. This process is
called “track labeling” or “track to estimate association.”
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Algorithm 39 Particle PHD filter recursion at time k

1: Time k inputs:
¢ set Y, of measurements delivered by the sensor; and
e weights and samples of time k — 1 - w,’;_l , x;;_l respectively,
i=1,2,..., L.
2: foreachi =1,2,...,L;_; do
* sample X} =~ gi (. |x§€ /35
_ Prlk— 1(Xk X )

L4 w .
k=1 = T @) k=l

end for
4: foreachi = Ly_1+1,Ly_1+2,...,Lx—1 +sJrdo
e sample X} >~ pi(.|yk);

b

~ 1 &)
e W = — pors .
klk—1 Tk prRL |y
5: end for
where:

e p(.lyx) is the importance density such that y, (xx) > 0 implies p(.|yx) > 0;
* gi(.|Xk—1, yx) is the importance density such that ¢y x—1(.[Xx, Xg—1) > 0
implies gk (.[Xk—1, y) > 0;
* Prie—1(1Xks Xi—1) = Pk Xi—1) frpe—1 (X [Xk—1) + Dje—1 (Xke [Xk—1)3
e Ji is the number of completely new-born object out of the birth process.
Ly_1+J
6: for each z; € y; do Ci(zx) = Z Yk, Zk(xk)wklk |-

j=
7: end for

8: foreachi =1,2,...,L;_1, Jr do

~i Si PR fi(zk|XL)
wy = [1 — Ppk(X) + xkck(z],i)jnck(zkk) ] k\k 1

9: end for
10:
R Ly—1+Jk
o Compute the total mass Nyjx = ) u?,ﬁ.
J'_
P Li—1+Jk ; Li
e Resample X to get { =%, x .
P {Nkk k}z 1 s {Nklk kL:l

e Rescale the weights by Nk|k to get {wk, xk}L I

Let the rth active track at k£ be denoted by ‘L'k .x» Where r is the label for the track
that started at some time in the past k. The track has state estimate and covariance
xk| ¢ and Pk‘ « respectively:

r — r A
Tk = Xipeo Prpe)-
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Algorithm 40 Gaussian mixture CPHD filter recursion equations at time k

1: Input at k:
(0]}
* Cardinality distribution at k — 1: Y pr_1(n).
n=0
. Je—1 . .
e Intensity at k — 1: Dg_jjk—1 (Xx—1ly) = w,l{_l./\/'(xk_l; m}{_l, P_D.
i=1

2: Prediction:

DPrlk—1(n) = Zpy,k(” - ) l_[ [Di—1jf—1 Ke—1 1Y), pr—110)),

j=0 klk—1

D1 XY™ = D1 & V™D + vex»

where: Ty k
* o) = Y wh N Py (6.8)
i=1
Je-1 4 4
. D ipe—1(x [y = Z wi N &ess g P pp1)s

i=1

[mis,k’ Pis,k|k—1] = KFP[m;c—l’ PZ—l» Fi, Qk]?
wg,k = Ps,szifl-
3: Update:
WO Dye—1 Xely*=1); yi1(m) prk—1 (n)
<W/?[Dk|k—l(xk|yk_l)§ Yl Prk—1)

(Wkl[wk\kfﬁ Vil Pklk—l)

(Wf[ww—l; Ykl Pk|k—1)

+ Y Dol z),

ZkEYk

Prik(n) =

kfl)

Dije x|y = (1 = pp x(xx)) Diji—1 (Xe |y

where:
k-1

© Doz = Y wip@)N (g m (), Pl)s

i=1

min(|y|,n)
. Wi, yl(n) = ;O (¥l = N'pxilyl = J) (J. iu),,

(1= pprxp), D)n_(j+u)
(1, w)"

ej(Ex(w, yi));
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. (1, Arck)
Yir(w, z) = {—PD,kwTQk(Z) CZE Yk
Akck(2x)
N Jre-1qT |
* Wilk—1 = [wklk—l""’wklk—l] ;

c @ =[gl@....q0 @]

* QIi(Z) = PD,kw1i|k,1C];i(Zk)N(Z§ Hkm;dk,]a HkP;-dk,lH]{ + Ry);
(Wl Twrpe—15 & \ {2}, Pklk—l).
<W1?[wk|k—1§ Ykl Pk\k—l)

. wi (z) =

) [ ), Pl ] = K Fe[ze, mig, _y, Pt Hi, ', Ry

Let the peaks in the updated density at k be a list — Py x. The basic idea of the
track labeling is to match peak(s) from the peak list with each of the tracks in the
existing list.

One approach is “peak-to-track” association (Lin ef al., 2006). This approach
validates the peaks against the predicted position of the existing objects. The vali-
dated peaks are then used to update the existing objects. In the case of more than
one validated peak, new tracks are initiated with the history of the old objects
copied and the updated state from the new validated peak is added to the history.
Some constraints can be imposed in order to limit the candidate assignments (Lin
et al., 2006). Moreover, if a track is not associated with any peak continuously for
some pre defined number of scans, the track is terminated.

The other approach uses the weights, w;'cl «» Of the peaks in the updated density to
decide the “track-to-estimate” association (Panta et al., 2005). If the weight is more
than some suitably chosen threshold, the peak is a candidate for assignment. If
more than one peak satisfies the criterion, new tracks are initiated with the history
of the associated track copied over and the new peak is added to the list. Moreover,
a decision to terminate the ith track is taken if the weight w,il i 18 below some
predefined threshold or if the track cannot be associated with any peak for some
pre defined number of scans, or a suitable combination of both of these criteria.

Both new tracks are initiated if a certain peak is not associated with any of the
existing tracks. The initial weight, state estimate and covariances are chosen to suit
the particular application, constraints and other prior knowledge.

6.3.5 State estimation

The PHD recursion formula propagates the density or first-order moment of
the multi-object posterior. But it does not give the estimate of state. Object
state estimation needs to be carried out separately after the density recursion



244 Multiple-object tracking in clutter

is done. The general state estimation process of the PHD filter is described
below.
The integration of density at k gives the expected number of tracks, Ny:

Jklk
Nik = Z Wk
i=0

where Ji is the number of peaks.

For the particle PHD filter, the next step is to group the existing particles into
Nk« clusters, where the cluster centers are considered as the estimate of states. For
the Gaussian mixture PHD filter, the state estimate can be directly obtained from
the peaks of the Ny x surviving Gaussians.

Similar to the standard PHD filter recursion, CPHD recursion does not explicitly
provide the state estimate of the objects. The cardinalized PHD filter propagates the
entire cardinality distribution along with the first-order moment density. Moreover,
to be neutral to spurious peaks caused by heavy clutter scenarios, CPHD prefers to
estimate the object number by the “maximum a posteriori” method,

Ny = arg max Pkl (1).

The Gaussian mixture CPHD filter chooses the Nyjx Gaussian with most
weights (w}(| i) and the peaks of the Gaussians are the desired state estimates.

6.4 Object-existence-based tracking filters

In the terminology of random sets, we consider a finite random set 'y of object
states whose only instantiations are the single event x; = J (i.e., no targets are
present) or the infinitely numerous events x; = {X;} (i.e., a single object is present
and has state x;), where x; is the random variable representing the state of the
object. A sensor collects reports originating from the object with a probability of
detection Pp and, in addition, collects reports from clutter objects that are uni-
formly distributed in space with probability of detection Pr4 (i.e., the probability
of detection of clutter sources). We denote the random measurements set as X
and its instantiations as yx, where |yx| = my, i.e., at time k the sensor collects mj
measurements. The problem is to determine the best estimate of the object state if
it exists, given all the measurements from the sensor.



6.4 Object-existence-based tracking filters 245

We will apply this formalism to solve a simple object tracking in clutter problem
with object existence uncertainty.

6.4.1 Random set model for object dynamics

Random set motion models are usually described using (6.1), where By (-) deals
with the process of object birth. For the problem under consideration, X;_; =
or X;_1 = {xx_1} (i.e., there can be up to one object in the scene and there is no
birth process) and define the instantiations of I'y as X = @ or Xj = {xx}, with
probability py = 1 — p, and p,, respectively. Since there is no birth process, the
random set motion model could be reduced to @ (Xyr_1, Vi_1) without the birth
process. This model encapsulates a random set evolution, where, if no objects are
present in the scene, this will continue to be the case. However, if there is one
object in the scene then this object either will persist (with probability p,) or it
will vanish (with probability 1 — p,). The dynamics described by the random set
@i _1(Xk—1) also covers object existence (persistence), as Px_1(Xx_1) can take
on the empty set as a value. The statistics of the finitely varying random state-set
'y is described by its belief-mass function

Brij—1 SIXk—1) = p(T'x €9).

This is the total probability of finding all objects in region S at time k. If there is at
most one object, then it is the total probability of finding the object, if present, in
any region S.

If Xx—1 = @, 'y can have only one (set) value, i.e., ¥ (from the assumption that
if the object does not exist at time k — 1, then it will continue to be the case), the
belief measure is given by

ﬂrk|k71(8|@) = p(Fk =0 - S) =1.

Writing this in terms of the density function, we have

5ﬂrk|k—l
S{xk—1}
On the other hand, if X;_1 = {xx—1}, then I'; can take on two (set) values, {x;} or

(¢ with probabilities p, and 1 — p, respectively. In such a case, the belief measure
can be calculated as follows:

Brij—i Sl{xk—1}) = p(T'x =0 € S|{xx—1}) + p(Tk = {X} € S|{x—1})

Srk—1019) = @ =1.

=1—py+po / P (Xp|Xp—1)d X
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The complete Markov transition density for at most one object scenario can be
written as

f@19) =1,
SOXk-1}) =1 = py,
S Xk 1H{Xk-1}) = pop Xk |Xk—1).

6.4.2 Random set model for sensor measurements

Let X be the random set which models the observation set of a sensor which
is a union of the random set corresponding to the target ¥; and the random set
corresponding to clutter Ay. The case where there is no clutter is considered first.
If there are no clutter objects and if the object exists, the possible realizations for
X, are:

* X, = {yi}, where y is the measurement originating from the object and takes
on any value y; € R, and
° E//c =10,

due to the fact that the sensor has non-zero probability of no detection. Due to
the random detection process, sometimes, even when the object exists, the sensor
does not detect it. The statistics of this random set are described by the belief
measure /3212 (SIX) = p(X}, € S). The belief mass is the total probability that all
observations in a sensor (or multi-sensor) scan will be found in any given region
S, if the object has state x; = {x¢}:

Bs; (SIXk) = p(Z; S Sl{xk})
= p(Z; = Ol{xh) + p(E; # 0, f S Sl{xe)).

Assuming that the detection process and the measurement process are independent
and the probability of detection is Pp, then

Bs; SI{Xi}) = p(Z; = Ol{xi}) + p(Zg # II{xi) p(Z; S SI{xic})
=1— Pp + Pppy; (SI{x}).

Taking clutter and false alarms into account, the typical observation set ¥ will
have the general form

Y = Z]/(UA](.

Here X, is the random set of measurements due to the object. It contains either
one measurement or is the empty set. The subset Ay of observations, on the other
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hand, models the clutter process. The assumption is that clutter observations are
generated by “clutter objects” and can be modeled in the same way as the object
of actual interest, but whose noise statistics may differ from those of actual object
objects.

For a clutter object, a zero probability of detection means that the clutter object
is never observed by the sensor. Likewise, a unity probability of detection for a
clutter object means that the clutter object always generates a spurious observa-
tion. Thus, for a clutter object, the probability of detection is Pr4 (also known
as the probability of false alarm). Hence the belief measure of the random set of
observations generated by a clutter object is similar to the single object with missed
detections,

B(ES) =1—=Pra +Prapc(S),

for some probability measure p., with spacial density c. It follows that the typical
sensor observation set Xy will have the form X; = X; U Ag, where X" models the
objectand Ay = Ar(1) U A (2) U--- Ax(M), where each Ar(j) models an indi-
vidual clutter source at time k. Assuming that each A (j) has the same probability
measure p. and probability of false alarm Pr4 and that the object measurements
are independent of clutter, we have

B, (SIXk) = p(E;, Ak € S)
= p(Z; SSP(ALSS)
= p(Z SSp(A(D) €S, ..., A(M) €8)
= p(Z, SS)p(Ak(D) €8) -+ p(Ar(M) S S)
= By, (SIXK)B(S).
The derivative of this function gives the global likelihood f~, (yx|xx). However,

the belief function is composed of a product of two belief functions. Using the
product rule of set derivatives, it can be shown that

T e IXe) = ferun, VelXe)
= > Fu (Zax0) fa Ve — Z). (6.9)

Zi Sy
The global density of the clutter process is

M
n

fadérs ... &) = n! ( )P’}A(l —Pr)M e - &),
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M\ . — .
where ( n) gives the number of combinations of n out of M. If the clutter is

assumed to be distributed uniformly in the surveillance volume V, then c(§;) =
1/V. The global density reduces to
1 (M -
fadén, oo 60} = n!W (n ) P (1 —Pr)M".

If M is large and Pr4 is small, then A may be approximated by a Poisson process.
In that case, the global density can be further simplified to

| 1 Ae™
fl\k{sl, s bnt = n-W 0
If there are mj measurements from clutter, and denoting fa, {&1,...,&,} by
pc(my), the clutter density becomes
pe(my) = ——A"e ™", (6.10)

[z

Note that p.(my) = pc(my — 1)A/ V.
The likelihood function from the object measurement process is given by

Bs; (SIXk) = p(Zp = Ol{xi}) + p(Z; # Oz} p(Z) S Sl{xi))
=1— Pp+ Pppy; SI{xi})

— f@Ix0) + /S FyIxo,

which implies that the likelihood function is given by
S @Ixx) =1— Pp, (6.11)

)
fyedxe) = 304 pPs; SI{xi})

= Pp p(¥k|Xk)- (6.12)

The overall likelihood function when the object exists, i.e., when x; = {Xx}, is
obtained by substituting (6.10), (6.11) and (6.12) into (6.9):

T elx) = fypua, (VelXe)
= fu DX far (e (D), - .. ye(mi))
+ Y Fy k@I far (v — k@D,
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using Z; = {yx(i)} = {measurement i originated from object and has value y (i)},

my
J2e kX)) = pe(mi) (1 — Pp) + pc(mi—1) (PD ZP(Yk(i)|Xk))

i=1

3 L p POV .
= pelmi) | 1= Pp+ == pyx()Ixe) |

i=l

When the object does not exist, x; = @, the typical observation set ¥ will have the
general form

X = EIQUAk.

However, unlike the case where the object exists, X, takes only one value, i.e.,
%, = @. The likelihood has no contribution from the object and is equal to

T2 YklD) = ferun, (Yk19)

1
= fAk(yij) = pc(my) = W)\.mke_)L.

6.4.3 Bayes’ update

The general form of the Bayesian recursion is given by (6.3):

1
S (xi|y") = Kf):()’k|xk) / Skt (x| Xk = 1) fi -1 (Xk — 1y* 16Xk — 1

1
= sz(YHXk){fk\k—l(XkM)fklk—l(myk_l)
+ / Pttt (<6151 D) Fi 11 (x5} IyE 18Xk — 1),

The posterior density fix (Xk |yk ) has the form in

fk\k(ﬂlyk ) = posterior probability that no objects are present,

fk|k({xk}|yk) = posterior probability of one object with state {xx},

where fix (X |yk) is a probability density in the sense that

1
/ Fek e ly)oxe = fip DY) + o f fie(xily*) = 1. (6.13)
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First,

1 1
Fipe (X ly") = Zfz(yk|{Xk}>fk.k_1({xk}|®)fk|k_1<@|yk‘l> + < fo e

X (/ fkkl{xk}|{xkl}> Fi—tp—1 (K= 1 Y™ Hd Xk — 1

. PpV & .
_7r (Z”) (1 — Pp+ % gpm(z)m))

X <0+ Pv/P(Xk|xk—1)P(Xl<—1|yk_l)dxl<—l)

) , P V mig )
- % (1 —Pp+ i;p(yk(l)lxk))

X / PXeIXk— 1) p et [y Ddxp .

It is evident from (6.13) that
fan @y =1- f Sew (i} 1y5).

Thus, by deriving the posterior for fk|k({xk}|yk), we can simultaneously get the
posterior for fix (¥ |y¥). These last two equations form the Bayesian filtering equa-
tions for the problem of single-object tracking with object existence uncertainty.
The posterior probability of object existence (persistence) is given by

Py (posterior) = / Fue(xaIyb).

Under Gaussian assumptions, one can derive the integrated probabilistic data asso-
ciation (IPDA) filter, as shown in the next section.

6.4.4 The integrated probabilistic data association filter

The integrated probabilistic data association (IPDA) filter, proposed in MusSicki
et al. (1994), is derived based on the work of PDAF (Bar-Shalom and Fortmann,
1988) by introducing the concept of object existence. However, the same filter
can be derived from the random set formalism by making approximations and
introducing a Markov chain model for the evolution of object persistence. The
random set object motion model in Mahler (2000) encapsulates a model of random
set evolution, where, if no objects are present in the scene, this will continue to
be the case. If, however, there is one object in the scene then this object either
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will persist (with probability p,) or it will vanish (with probability 1 — p,). These
probabilities are defined as probabilities of object persistence in Goodman et al.
(1997). These parameters can be directly related to the object existence Markov
chain used in IPDA. Both existence and persistence model the same thing, i.e.,
if the object is not present then it will continue to be the case and if the object is
present then it will continue to be so with finite probability. From this point of view,
there is no difference between the object existence probability defined in MusSicki
et al. (1994) and the object persistence probability p,, in Goodman et al. (1997).
In IPDA, a Markov chain model is used to evolve the object existence (persistence)
probability between sensor measurement times. In the original work of IPDA, two
separate Markov chains were proposed — Markov chain 1 and Markov chain 2.
Markov chain 2 deals with the observability issue along with the object existence
(persistence). Here, the focus is only on Markov chain 1. Owing to this Markov
model, all the equations containing target existence probability terms must replace
the static probability of object existence p,, to a dynamic probability of object
existence prjk—1,v-

In the original derivation of IPDA, object existence (persistence) is defined as a
random variable taking values 9% and 9; modeling object existence (persistence)
and object non-existence (non-persistence). The Markov chain that defines this
transition between these states over time is given by

[P(?k)} _ [Vn 712} [P(?k—l)]

pOW ] Ly v ][ pOu-1) |

One important fact to be noted is that, in all the works reported on IPDA, the
Markov transition probability from non-existence to existence is zero, and non-
existence to non-existence is 1. This in effect excludes the event that the object
can come into existence from a non-existent state, enforcing the equivalence
of existence and persistence. Thus, the probability of object persistence can be
equated to the probability of object existence. As these probabilities evolve over

time according to a Markov chain, we need to define three aspects of object
existence:

e prior probability of object existence and non-existence, px_ijk—1,0 and
Pk—11k—1,v>

 predicted probability of object existence and non-existence, pijk—1,0 and
Pklk—1,v5

* posterior probability of object existence and non-existence, pi|k,» and pgk,v.

Recognizing pyx—1,0 = p(9) and incorporating this Markov chain into the ran-
dom set formalism, and involving linear Gaussian assumptions, the IPDA is
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derived. The Markov transition density is

[Pklk—l,v] _ [ Vi1 0} |:Pk—1|k—1,v:|

Pklk—1,5 L=y ][ pe—1k-1,5

Thus there is one free parameter y1; and the predicted probability of object exis-
tence can be obtained as

Pklk—1,0 = Y11 Pk—1lk—1,0 + 0 X pr_1k-1,5
= Y11 Pk—1lk—1,v>

and the predicted probability of object non-existence is

Pklk—1,5 = Y11 Pk—1jk—1,0 + 1 X pk—1k-1,5
=1 = Y1) Pr-11k=1,0 + Pk—1jk—1,7-

As all practical algorithms use some form of gating and consider only the mea-
surements that fall inside the chosen gate, the probability of detection Pp needs to
be modified to include the probability that the target-originated measurement will
fall within the gate, usually denoted by Pg. The overall probability then becomes
Pp Pg and is subsequently used in all equations in place of Pp.

Considering the simplifications that can be introduced into

¢ i PpPgV & .
fur(x) 1y = % (1 — PpPg + % ; p(yk<z>|Xk>)

X/P(XkIXk—l)P(Xk—l|yk_l)ka—1,

the integral is identified as the Chapman—Kolmogorov integral, and solves
to a Gaussian density if p(xx—1|y*~!) is Gaussian and the transition den-
sity p(xx—1|x¥~1) is also Gaussian. Under these Gaussian assumptions, the
solution to the Chapman—Kolmogorov equation is equivalent to the Kalman
predictor equation and results in a Gaussian density, usually represented by

N (X Xk jk—1, Prjg—1)-

The likelihood function

If the sensor is assumed to obtain target-originated measurements that are linear
in the state of the target and is assumed to have been affected by additive white
Gaussian noise, then the measurement likelihood,

p(Yk(D)IXk) = N(yx(i); Hxr, Ry),

is also Gaussian, where H is the measurement matrix and Ry is the measurement
noise covariance.
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The conditional density

Under these assumptions, the posterior can be further simplified to:

Pe(Mi) Prik—1,v

Fipk (X [y) = A

PpPgV & .
1 - PpP; + — XI:N(YZ; Hxp, Ry)
1=

X N (Xk; Xkfk—1, Prjk—1)-

If we define A;; = N(yx(i); Y&, S), where

k = HXkjk—1,
Sck = HPgi—1 H' + Ry,

the posterior can be further simplified to

Firk (Xe 1y

Pe(my) prjk—1, X
= S (L PoPG)N (6t et Pre—1)

mg

Z N (yk(@); Hxi, Ri)N (Xi; Xiek—1, Prje—1)-
i=1

n Pe(mi) prjk—1,0 Pp PcV
A A

The updated density can now be written in a simplified form as

mg

Fek Kel¥®) = BewON X6 K1 Peje—1) + D BN (e Ky, Pl
i=1

The updated density is the same as derived in Section 5.7.3.
The B; are usually referred to as the data association probabilities and are given
by

Pe(Mi) Prik—1,5

Bi,5(0) = A .
DPe(mi) piji—1,
Br.v(0) = Cf'”a — PpPg),
. Pe(mi) prjk—1,0 PPV
Bk (i) = . A | . X A;c,

mj
Biv(0) + Brw(0) + Y Brwli) = 1.

i=1
From this, the normalizing factor A can be obtained:

PpPgV

A = pc(mp) prjk—1,5 + Pe(mi) prjk—1,0(1 — Pp Pg) + Pc(mk)Pk|k—1,uTA2-
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Recognizing that  pgx—15 + prjk—1,0 =1, and using 8 = PpPg —
ka PDPGVAi
i=1" X k

A = pe(mp)(1 — 8k prjk—1,v)-

Substituting,
DPklk—1,5
Br,5(0) = ,
! (1 = 8k Prj—1.0)
Pklk—1,v
Bi,v(0) = (1 - PpPg),
0 (I — 8k prjk—1,v)
. Dklk—1, PpPgV
Bro(i) = Ly AL

(I = Sk prjk—1,0) A

These data association probabilities are the same as derived in Section 5.7.3.
The posterior probability of target existence is

mg
/fkk(xk|yk) :/,Bk,v(o)N(XIdf(kkl»Pkkl)+Z,8k,v(i)N(Xk§f(;(|k,P;<|k)
i=1

mg
= Bw(0) + Y Bru(i).
i=1
Thus,
(I = k) Prjk—1,v
Phklk,v = .
1 — Sk prjk—1,v

The posterior target existence probability is exactly the same as in Section 5.7.3.
The IPDAF has been derived using the formalism of random sets for single-
object tracking in clutter, under linear Gaussian assumptions.

6.4.5 Joint IPDA derivation from Gaussian mixture PHD filter

The IPDA filter has already been derived from the random-set-based filter in Sec-
tion 6.4.4, revealing the theoretical connection between the two frameworks. Sim-
ilarly, in the multi-object tracking context it can be systematically shown that the
joint IPDA (JIPDA) filtering algorithm can be derived from the Gaussian mixture
PHD filter equations (Chakravorty and Challa, 2009). The following sections will
go through the theoretical relation between the two algorithms and then follow the
steps of the Gaussian mixture PHD that will result in the joint IPDA equations
under the following conditions:

1. Each object follows a linear Gaussian dynamical model.
2. Object survival and detection probabilities are independent of state.
3. There is no explicit object birth and spawning event.
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Composite density

Object intensity

Object2 i

X
Figure 6.1 Object intensity in state space.

Joint IPDA and PHD filter

In the IPDA approach, the object state consists of dynamic parameters (position,
velocity, etc.) and its existence. The IPDA algorithm provides a formulation to
propagate the joint probability density given by

P(Xk—1, Xk—1 = 1 Z1x—1) = p(Xi—11Z1:k—1) PXi—11Z1:k-1) (6.14)

where x| denotes the dynamic state of the object, xx—1 = 1 denotes the exis-
tence of the object and xx—; = 0 denotes non-existence of the object. In IPDA, the
object state density is assumed to be Gaussian. Therefore the expression in (6.14)
becomes

PXk—1, Xk—1 = U Z14-1) = p(Xk—1 = UZ1:k—1) P(Xk| Z1:4-1)
= wr N (Xg—1; m—_1, Pr_1), (6.15)

where wx—1 = p(xk—11Z1:x—1). In a multi-object environment, each object is rep-
resented by (6.15). The composite probability density for N such objects, where
each has a density given by (6.15), is as follows:

N

> wp N mi_ P, (6.16)

i=1
The composite density in (6.16) can be intuitively interpreted as the object inten-
sity. For simplicity (but without losing generality), let us assume that there are two
targets, N = 2. The corresponding (assumed) component and composite density
are shown as dotted and solid lines respectively in Figure 6.1.

In the figure, each dotted line corresponds to the component density function

w,i_lN (Xr—1; mf{_l, Pf{_l) and hence does not integrate to one over the entire
state space. The interpretation of the composite density is as follows: the object
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intensity within infinitesimally small state-space dXx is

N

Z w]lg_lN(Xk—l; m;c_p P;c—l)lxk—lzdxk—ldxk_l'
i=1

Therefore the integration of the expression above over the entire space will yield
the total number of objects within the entire state space:

N N
/Z W N Xe—155_ 1 Pr_dXp—1 = Z Wiy

i=1 i=1

As a result, the composite density in (6.16), which is derived from the IPDA for-
malism of object tracking, conforms to the definition of the probability hypothesis
density. The composite density can then be called the probability hypothesis den-
sity, following PHD terminology, and can be expressed as shown:

N
Di—1jk—1(Xk—11Z14-1) = Z Wi N Ke—155_1 - Pr_p).
i—1

In IPDA terminology:

1. w,i_l is the prior object existence probability of the ith target;
2. N(X¢—1; mj{_l , P};_]) is the prior state probability density of the ith object.

JIPDA derivation

Based on the equivalence established in Section 6.4.5 between IPDA-based joint
object state (both dynamic and existence) density and the PHD, the recursion of
GMPHD (as in Section 6.3.1) will be shown to result in the joint IPDA (JIPDA)
algorithm under some required approximations. These approximations are listed
here again for clarity:

1. Each object follows a linear Gaussian dynamical model.
2. Object survival and detection probabilities are independent of state.
3. There is no explicit object birth and spawning event.

These approximations are exactly the same as the necessary conditions for
GMPHD with Dj, gjk—1(Xk|Z1:k—1) = 0 and yx (xx) = 0 (to cater for no object birth
and spawning event). Therefore, the GMPHD recursion is applicable for the JIPDA
derivation. Starting from the initial density, Di—1jk—1(Xx—1]Z1:k—1), these recur-
sion steps will be described next.
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Prediction

Dij—1Xk| Z1:k—-1) = Ds kjk—1 Xk | Z1:k—1) + Db kjk—1 Xkl Z1:6—1) + v (Xk)-
(6.17)
The object birth and spawning are not explicitly modeled in the IPDA approach.
Therefore, the corresponding intensities, Dy xjk—1(Xk|Z1:k—1) = 0 and yx (x¢) = 0.
However, the existing objects survive with probability pg , and the corresponding
predicted intensity is given as follows:

N
DS,klk—l(Xk|Z1:k—l) = Z w/l<|k_1N(Xk; mg,k, PfS,k|k—1)’ (6.18)
i=1
[mfg,k, Pfg,]dk_]] = KFpred[Fk—l, m;.(_], > P;;_]» Qk—l]’ (6.19)
Whio = PSAWi_|- (6.20)
According to (6.17), the predicted density is

N
Digpe—1 (%1 Z1k—1) = Y wiye N (s mils g, P i) (6.21)

i=1
Update
Dy (X1 Z1:1)
= (1= pp) D1 k| Z1—)) + Y Do i (% )

VYA

N
=D (1= pp)wjge_ N (xic mils g, Plg )
i=1

N

PoWE gt (zx) ; '
N Z Z DAkWik—19k N (s mi (). Py (22))

N ; .
2k€Z; | i=1 Mecr(zy) + PD.k Z wl{’lk*lq/ﬁ (zx)
i=1

Il
.MZ

w]idk_l (1 — PD,k)N(Xk§ misvk, P{?,k|k—1)

i=1

N Z pD,kQI;v(Zk) N(Xk; m;.dk(zk), P;dk(zk))

2k her () + Ppk 2. w194 (k)

=
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N
_ i Ai i i
= Z wklkflﬁk,ON(Xk’ mg ., Pg 1)

i=1

+ Y W Bl N (ks mi ()., Pl (z0) | (6.22)

2 €7

where:

,ézi,o = (1= pp.r),
5i PD.kd} (Zk)
’Bk,Zk = N . . ’
k() + pog 2 w191 (2x)
i=1

[mfdk(Zk), P;dk(zk)] = KFUPdate[m;clk—l’ zk, Hy, P;.<Ik—1]'

JIPDA approximations

The GMPHD filter results in a Gaussian mixture for the density expression as
in (6.22). The next step for GMPHD is to employ either “track to peak™ assign-
ment (Lin et al., 2006) or “data-association” (Panta et al., 2005) scheme. How-
ever, IPDA approximates the sum of Gaussians for each i (each term within the
outermost summation sign in (6.22)) by a single Gaussian. For the ith object,
the updated state density is the Gaussian mixture approximation of compo-
nent densities. This approximation can be obtained from (6.22) and is shown
below:

e i i
wk|k 1:Bk ON(Xk’mSk’ Sk|k 1 Z wk|k 1:Bk 2 (Xk’mk|k(zk)’Pk|k)
2 EZL

i i i
=|ProTt Z B | Wkik—1

2 €2k

x| B N (xes iy o, P ) Z B! N (% mi (7). Py, )

€l

i i i
= wklkN(Xk’ my Pk\k)’



6.4 Object-existence-based tracking filters 259

where:
Wi = | Bot+ D B | Wit (6.23)
€2k
: Bio
Bio= 7 ——, (6.24)
'B/l(,o + Z ﬁllc,lk
2 EZ)
[ Bllcz
B = = =, (6.25)
‘ '811<,0 + X:Z ﬂllc,zk
Zir€li
i P i i
mj, = BLom, + Y AL, mi (). (6.26)
VAV

vk = Bio(Ps 1 + (mlg , —my ) (mi , —my )
+ Z ﬁ/i,zk (P;dk + (m;dk(zk) - m5<|k)(m;<|k(zk) - m5<|k)/)- (6.27)
7y €72k

The update density in (6.22) can now be expressed by substituting the approximate
updated Gaussian obtained in (6.23):

N
D (k1 Z12) = > why N (e mi i Pl ). (6.28)
i=1

In joint IPDA terminology:

1. w,"dk is the posterior existence probability of the ith object, w,ilk = p(Xli =
1Z10):

2. B o Bi 2 Are the joint data association probabilities of the ith object (in the
multiple-object tracking context).

Track management in JIPDA

The states, as well as the existence probabilities, of the existing N objects are
updated according to (6.28). In order to provide a measure of track quality, JIPDA
divides the track list based on the existence probabilities w}'{l - The general scheme
for such division is summarized below:

1. “Confirmed track™: ith track is confirmed if wfd & = Yeont-
2. “Terminated track™: ith track is terminated if w,"d i < Verm-

3. “Tentative track™: ith track is tentative if | < w,il < V2
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(where the thresholds, y(.), are chosen suitably). Moreover, several tracks may also
be merged if they share a common measurement history over the past few (suit-
ably chosen number of) scans and/or if they are close (suitably defined). Once the
track management scheme is applied, all or some of the N objects may survive to
continue into the next scan. Accordingly the object density of (6.28) is readjusted
to

M
D (X1 Z1) = Y wi N (xi: mig, Py, (6.29)

i=1

where M < N. Moreover, the joint IPDA does not explicitly model the object birth
or spawning. However, it initiates a new object at k based on a suitable initiation
method (discussed in Section 9.4). Each new object is assigned with a certain exis-
tence probability and initial state density (of Gaussian form). These initiated object
are then added to the overall object density, and the final expression becomes

M Mrew
Dy Xk | Z1:1) = Z w/l<|kN(Xk§ m’,§|k, P}dk) + Z w,ﬂV(N(Xk; m,jdk, Pi‘k)
i=1 =1
M+Mpew
= Y wiN (3 miy Py, (6.30)

i=1
where:

* M., is the number of new tracks initiated at k;
. w,ﬂl i m,il  and Plj<| « are the initial object existence probability, mean and covari-
ance for the jth initiated object respectively.

Terminating the existing objects and adding new objects in the density does not
pose any problems with the definition of density because the integration of the
adjusted density in (6.30) over the entire space still provides the total number of
objects within the space. This expression of density in (6.30) becomes the input
density for k + 1 and thus completes the proof of the joint IPDA recursion from
the GMPHD formulation.

6.5 Performance bounds

In standard single-object tracking filters or their extensions into the multi-target
tracking problem, the performance of the algorithm is captured by the (time aver-
aged) RMS error. While RMS captures the performance in terms of state error, it
is not well suited for evaluating multi-object tracking algorithms because it does
not include the error in its estimation of object numbers. In a true multi-object
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tracking algorithm, the number of objects is a random variable, and therefore any
multi-object algorithm needs to be awarded (or punished) for its correct (or incor-
rect) evaluation of the number of objects along with the state estimate for each of
those objects. The “Wasserstein distance” is proposed as the correct measure of
performance evaluation in Hoffman and Mahler (2002) for the multi-object track-
ing context. Here a summary of the evaluation process is presented.

The performance evaluation of any tracking filter is done by calculating
the “distance” between the truth and the result from the filter. In RFS termi-
nology, this distance is between two sets X and Y, where X = {X1,...,X;,},
Y ={y1,.--,¥m}

Let d(x, y) be the distance metric between elements x and y on Euclidean N
space. From any finite subset, an empirical distribution is constructed as

1 n
dx(x) =~ ;5 (x),

1 m
Sy (y) =— ;syim.

The Wasserstein distance between X and Y is defined as

n m
dy (X.Y)=inf 7|y > " Cijd(xi. /)P,
i=1 j=1

d¥(X.Y) = infmax <i<n,1<j<my Ci jd(xi, ¥ )7,

where:

e the infimum is taken over all n x m “transportation matrices” C = C; ;;

~ |1, ifG; #0,
* 57710, otherwise:
e C is an n x m transportation matrix if C; ; >0 for all i =1,...,n, j =
I,...,m,andifforalli =1,...,n,j=1,...,m,
n m
1 1
Cij=— C=—
D Cij=— Y Cij=-,
i=1 j=1

n m
(which implies ) > C;; =1).
i=1j=1

In general p > 2 is used. The distance can be explained intuitively as follows.
Suppose there is only one ground truth, G = {g}, while the tracker output consists
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of several objects, X = {x1, Xp, ..., X, }. Among all the outputs, {xy, ..., X,,_} are
assumed to be close to the ground truth while {x,} is the outlier. Setting p = 1 in
the distance equation will almost ignore the remaining “outlier” objects. However,
setting p > 2 will put more and more weight on the “outliers” and therefore will
increasingly punish the tracker for an incorrect estimation of the number of objects
(or the targets away from the truth). This was exactly the objective of the perfor-
mance evaluation of a true multi-object tracker. Therefore, “Wasserstein distance”
is appropriate for the evaluation purpose and is now widely used in the literature
(Mabhler, 2003b; Panta et al., 2005; Vo et al., 2005, 2006).

6.6 Illustrative example

For a simulation study, a two-dimensional surveillance region of size 500 x 500 is
considered. Each object state consists of position and velocity in each dimension
given by xp = [xr  Xxr Y&k 17. The object survival probability pg ; = 0.98.
Each object follows a linear dynamic model given by

Xy = Fro1Xe—1 + Vi1,

where
1 T 0 0
0O 1 0 O
Fiet=1o o 1 17|
0 0 0 1

and v;_1 has a Gaussian distribution with mean zero and covariance Qj_1, which
is given by
T3/3 T%/2 0 0
T2/2 T 0 0
0 0 T3/3 T?)2
0 0 T?2 T

Qi1 =¢°.

In the expressions above, T is the sampling period and is assumed to be 1s. The
process noise standard deviation g is assumed to be 2. Object birth is assumed to
have Gaussian mixture intensity as follows:

Vi) = 025N (xi; myy, Py) + 0.25N (xi; my, Py),

where | =[100 10 30 —10]", 3 =[400 —10 30 —10]" and P, =
diag([25 0 25 O0])).

The sensor collects the positions of the objects in each scan. The observation
model is as follows:

z; = Hpxg + wy,
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Figure 6.2 Object trajectories (solid line) and collected observations (dots) in one
sample simulation run.

where
1 0 0 1
Hk‘[o 0 1 0]’

and w; is the measurement noise that has Gaussian distribution with mean zero
and covariance R, given by

50
R_|:O 5:|. (6.31)

The sensor detects each object with a probability of detection pp x = 0.9. The
sensor also collects false detections (clutter) that are modeled as a Poisson RFS
with intensity with density Ay = 2x10™*m™2 or roughly 50 clutter returns over
the whole surveillance region per scan. The simulation runs for 30 scans.

The object trajectory superimposed on all observations collected over the entire
simulation time is shown in Figure 6.2. Figure 6.3 shows the tracker result for one
sample run. The curve indicates that, when the objects were well separated, the
estimated probability distribution of the number of objects and their states were
converging to the true distributions indicated by the downward trend of the curve.
However, once the objects came close and crossed, due to errors in association
and/or estimation, the estimated distribution diverges from the true.

For evaluation purposes the tracker is executed for 200 Monte Carlo runs and
the Wasserstein distance for each run is averaged at each time point. The resulting
performance curve is shown in Figure 6.4.
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Figure 6.3 GM-PHD tracking result.
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Figure 6.4 GM-PHD tracker performance.

6.7 Summary

In this chapter, a generalized model for multiple-object tracking is introduced. The
random finite-set-based model captures the essential problem faced by any tracker
algorithm under the multiple-object scenario: estimating the number of objects
along with the estimation of dynamic states of each of those individual objects. The
objects are modeled as a member of finite sets where the number of members can
be randomly (but finitely) varying. Once the model is in place, Bayesian recursion
resolves the problem of estimation. In this chapter, the optimal Bayesian recursion
is discussed for random finite set models. The optimal recursion is also shown to
reduce to the standard IPDA filter under the single-object scenario (with object
existence uncertainty). Moreover, several approximated filters, PHD and CPHD,
are discussed as a practical random-set-based filter because the optimal version
causes combinatorial problems for a large density of objects.
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Bayesian smoothing algorithms for object tracking

Estimation of an object state at a particular time based on measurements collected
beyond that time is generally termed as smoothing or retrodiction. Smoothing
improves the estimates compared to the ones obtained by filters owning to the
use of more observations (or information). This comes at the cost of a certain time
delay. However, these improvements are highly effective in applications like “sit-
uation awareness” or “threat assessment.” These higher level applications improve
operator efficiency if a more accurate picture of the actual field scenario is pro-
vided to them, even if it is with a time delay. For these applications, besides object
state, parameters representing the overall scenario, like number of targets, their
initiation/termination instants and locations, may prove to be very useful ones.
A smoothing algorithm can result in a better estimation of the overall situational
picture and thus help increase the effectiveness of the critical applications like sit-
uation/threat awareness. This chapter will introduce the Bayesian formulation of
smoothing and derive the established smoothing algorithms under different track-
ing scenarios: non-maneuvering, maneuvering, clutter and in the presence of object
existence uncertainty.

7.1 Introduction to smoothing

Filters, introduced in previous chapters, produce the “best estimate” of the object
state at a particular time based on the measurements collected up to that time.
Smoothers, on the other hand, produce an estimate of the state at a time based
on measurements collected beyond the time in question (the predictor is another
estimator where the estimation at a certain time is carried out based on measure-
ments collected until a point before that time). The operations of these three types
of estimators are schematically shown in Figure 7.1.

Based on how the smoother uses the collected measurements to estimate a past
state, there are three types of smoothers:

265
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Filter:
state estimation
att=k
Smoother: Predictor:
state estimation state estimation
atr=k-d atr=k+d

| \/

| A —33

Time

Measurement collected
until 7=k

Figure 7.1 Estimation: filtering, smoothing, prediction.

| e
L

Estimate atr=k—d Measurement at ¢t = k

Figure 7.2 Fixed lag smoothing.

e Fixed lag smoothing: estimates the past state which lags by a fixed amount
(Figure 7.2).

 Fixed interval smoothing: the states within time interval from¢t =k — Ntot =
k are estimated using the measurements within the window of the same interval
from t =k — N to t = k. The continuous smoothing is carried out by sliding
the window while keeping the interval N fixed (Figure 7.3).

e Fixed point smoothing: estimates a state at a particular point of time in the
past. This is carried out generally to improve the system initial conditions
(Figure 7.4).

In the next section, the optimal Bayesian smoothing recursion will be presented.

7.2 Optimal Bayesian smoothing

One can build the state at a time k — N from measurements received until after
that particular time. In the context of Bayes’ theorem, if the composite object state
attime t = k — N is denoted by X;_u and the set of observations until time t = k
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Figure 7.4 Fixed point smoothing.
is denoted by y* = {y, Yx—1, - .., Yo}, the object state estimation is given by
k P (YkIsk) k—1
p(sly’) = ————==pGily” ). (7.1)
POYEIY)

Modeling the state vector sy in (7.1) as the augmentation of past states from time
t =k — N tot = k provides the basic smoothing framework to develop a smooth-
ing algorithm. This approach of augmenting the state vector is an easy approach
to design a Bayesian smoothing recursion. First the augmented state and obser-
vation models will be discussed in the next section. Often this augmented state
approach is criticized for increasing the computational complexity of the smooth-
ing algorithms. However, with the rate at which computing speeds are increasing,
this criticism is no longer of any practical significance. This augmented state mod-
eling allows the smoothing recursion to follow the same densities as the standard
Bayesian filter does in Section 2.1.

7.2.1 Augmented models for smoothing

Using the same formalism introduced in Chapter 1, in the augmented state
approach, the object dynamic state is re-modeled as

T
Skz[slz skT_1 SZ_N] (7.2)
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where s ) is the state vector at a particular time and hence Sy is an augmentation
of state vectors of past time instants.

With the redefinition of object dynamic state vector, both the object dynamic
model and sensor model need to be modified (Section 1.3) respectively as

Sk = g(Sk—1, Vi) (7.3)
Vi = [ (Sk, wi). (7.4)

Therefore, for the augmented state model, the Bayesian formulation of (7.1)
results in

S
p(Sely) = % x p(Sely* ™) (7.5)
S
= % x / P(SkISk—1) p(Sily D). (7.6)
Sk-1

It is evident from (7.6) that the posterior state density p(Sklyk) is recursively
obtained from prior density p(Sx|y*~') and thereby holds the basic block of
developing a smoothing algorithm. The recursion is similar to the standard filter
equation.

Therefore by introducing the augmented state vector, it is possible to utilize
the same Bayesian formulation (stated in previous chapters) for finding out pos-
terior state density. But in the process, the states si,Sg_1,...,Sg—n also get
updated through the measurement at time ¢t = k. Therefore, the same framework
provides a filtered estimate for state si, the rest of the state vector elements,
Sk—1,Sk—2, - - - » Sk—n are smoothed. For illustration purposes, a linear model for
object dynamics and sensor model will be assumed for the derivation of the
Kalman Smoother, PDA Smoother, IMM Smoother and IPDA Smoother.

7.3 Augmented state Kalman smoothing
7.3.1 Object dynamic model

Let us assume an object is moving in one dimension at a fairly constant speed. If we
denote x; as the position in one dimension and X as the velocity in that dimension
at time t = k, the composite object state is Xy = [xx Xk 17. The object dynamic
is then given by

Xp = Fixg—1 + i,

1 T

where
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(T is the sampling interval) and vi is the additive process noise to allow small
deviation from constant speed constraint. The process noise is a zero mean, white
Gaussian with variance Q. For smoothing, the state vectors are augmented to
give rise to Xy = [x,{ x,{_l e x,{f N 17. The past states are governed by the
following transition equation:

Xi—m = Xi—p,

where I is the identity matrix with appropriate dimension; the past states remain
the same.
The augmented state dynamic model is then given by

Xk = FiXg—1 + Vi, (7.7)
where:

¢ FYy is the state transition matrix given by

=
S
S
S

I 0 0 0
Fe=|0 I 0 o0f.
0 I 0

¢ V; is the process noise vector given by

Vk = [Vk 0o .- O]T )
¢ Q. is the process noise covariance matrix given by
Q. 0 -+ 0
O 0 --- 0
Qr = N (7.8)
0 : R
0 0 O

7.3.2 Sensor measurement model

We shall assume that, at any particular time ¢ = k, the sensor is receiving the mea-
surements of the current position of the object. In that case, the sensor measure-
ment equation is given by

Yi = Hixg + wy,

with Hy = [1 0] and wy is zero mean, white Gaussian noise with variance
Ry. For the smoother the state vector is augmented. Hence, the smoother sensor
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equation is
Vi = HiXk + Wy, (7.9)
where
. Hy=[H 0 --- 0]

(it is noted that with Hg defined as above, the measurement vector remains the
same, Yy = Yk);

e W, = w; is the sensor noise vector. The sensor noises are drawn from a normal
distribution with mean zero and variance R; = Ry (because the sensor measure-
ment vector is not changing).

7.3.3 The state estimate

The conditional mean of the posterior density p(Xi|y*) is the best MMSE estimate
for the state X. The recursion for p(Xk|yk ) is given by (7.6) and stated here for
clarity:

Pyl Xy)

Xp|y*) = =
p(Xkly™) (Y [YAT)

X f pXiel X)) pXi—1 Iy 1), (7.10)

Xi-1

where:

o p(yrly*™1) is the normalization factor;
e p(yx|Xy) is the likelihood function;
. p(Xk|yk_1) = ka,] PXi | Xk—1) pXg—1 |yk_l) is the prediction density.

The recursion formula along with different densities defined above is exactly the
same as the ones for the standard Kalman filter in Section 2.2. The Gaussian and
linear assumptions also hold for the smoother. Therefore, Theorem 2.1 is applica-
ble and so are the derivation steps for the Normalization factor, Likelihood function
and Prediction densities. Therefore we can use the same results as in Section 2.2
with the state vectors and matrices replaced by the augmented models given by
(7.7) and (7.9). The resulting solution is the augmented counterpart of the standard
Kalman filter and is termed as augmented state Kalman smoother.

7.3.4 Augmented state Kalman smoother equations

Starting from a prior knowledge of the state estimate Xk, lk—1 and associated error
covariance Py_jjx— at time t = k — 1, the augmented state Kalman smoother
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(AS-KS) will calculate the object state estimate Xkl x through the following steps:
[ﬁklkfl ,Pr—1] = KFP[Xkl =1 Pr—1jk—1, Fi, Q]
[f(kuc, Py ] = KFgly, Xik—1, Peje—1, He, Ri]-

7.4 Smoothing for maneuvering object tracking

In Chapter 3, the maneuvering object tracking problem was discussed in detail and
the Interacting Multiple Model (IMM) algorithm was shown to be most effective
under the filter maneuvering scenario. The IMM-based smoothing formulation for
maneuvering object tracking was carried out by Helmick ef al. (1993, 1995, 1996).
In Challa et al. (2002a, 2002b), the augmented model of Bayesian smoothing is
utilized to extend the IMM algorithm into smoothing. The algorithm is called the
“augmented state IMM” (AS-IMM) algorithm. The AS-IMM algorithm has the
advantage of following the standard IMM algorithm steps (Section 3.4) just by
augmenting the past states as described in (7.2).

7.4.1 Optimal Bayes’ estimation of AS-IMM

For a simple multiple model approach for maneuvering object tracking, the object
dynamic model (7.7) is modified as

Xi = F{ Xio1 + ULV (), (7.11)

The system may at any time switch between any two models ry =i and ry = j,
and the model transition is governed by a Markov chain with known transition
probabilities

wij = P(rp = jlre = i),

wherei, j =1,2,...,d.
The sensor model is also modified to cater for different models and is given by

yi = H/ X + Wy. (7.12)
Then, the underlying Bayesian formulation to obtain the posterior density of the
augmented state based on the collected measurement set is given by
d
PCily") =) pCi My, y9 P(M IyY), (7.13)
j=1
where the following notation is used:

. . . 1T
M,ﬁ:[M,‘}f MM M,ﬁV’J] . (7.14)
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M ;{j signifies that the model M/ that corresponds to the ith lag of the state aug-
mented system is in effect at time k and wherei =0, 1,2, ..., N.

The posterior density calculation in (7.13) is same as given in (3.45). The major
challenge is to find out the model probabilities for all lags of the augmented state.
These probabilities are discussed below.

7.4.2 The model probabilities of the AS-IMM

Provided that measurements with different time indices are independent of each
other, the model probability update for model M,l{’J at time k using the current
measurement yi is given by

. 1 Ce —
P(M,i”|yk>=5p(yk|M,i”,yk hely-h (7.15)

1 ke ke
= SPM Y Th Py,
where the normalization factor § = Z?:l P(M ;{j |yk) is available once the right-

hand side of (7.15) for each individual model M,i’j , j=1,...,d, is evaluated.
Each term in the numerator of (7.15) will be derived here:

1. p(yxIM ,ij , y¥~1) — the model-based measurement likelihood for the ith lag:

d
_— o h
M Y =3 py Myt Y Pt My
h=1

h=1 s=1 w=
X pOyxl MY, MY M My
x P(MY" 1My, . P(M M)

—_

d
x P(My M
ld 1 d d
=<2
h=1 s=1 w=1

d
X N(Yk§ Yelk—1 S}f) Ty Tjn »_ . (1.16)
=1

Ool»—t
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where the following relations are identified according to the structure of the
augmented state filter:

pOkIMIY MPS M My YY) = py My
=N (vi $rs SY)
P MLy = PV M) = 7
Py = PO YY) = k- D).

2. P(M ;{J ly*~1) — the predicted model probability for the ith lag, which is calcu-
lated as in the standard IMM.

Substituting these calculated values in (7.15), the probability P(M ,l(J ly¥) is cal-
culated and that gives the probability of P(M,JC Iy¥) in (7.13).

7.4.3 State estimation of AS-IMM

The model-based state density update p (X |Mi, y©) in (7.13) is the same as in the
standard IMM algorithm (3.45). So the updated state density p(Xy|y*) follows the
same step as in the IMM filter algorithm, once the model probability P(M,i Iy%) is
calculated through (7.15).

7.4.4 AS-IMM algorithm equations

Algorithm 41 AS-IMM filter recursion equations at time k

1: for each model j do
e Predicted model probability vector:

d
wiklk — 1) = POy ™) = " ijuik — 1),
i=1
e Mixing probability:
wijj(k — 11k — 1)
= P(M}_,[M], ¥
=1k =1k =1 plk=1k=1) - uf;k—1k=D]",
where

h
i (k—1
Mfl‘j(k—uk—l):% h=0,1,...,N.
Wkl =)
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¢ Mixing estimate:

d
AO' . A .
Xk]—l\k—l = § :dlag{“ilj(k — 1k — 1)}X;<—l\k—l'
i=1

¢ Mixing covariance:

QU

. /\Oj
k 1k— Z {Péc—llk—l + [ Xi—1 = X2y ]

i=1
A07 .
X Xe1 = X7 1| diaglpaiy tk — 1k = D),
where
diag{uil;(k — 1k — D} = [0k — 1k — DI, ... wf (k= 1k = DL].

and I, is a unit matrix of dimension identical to single state x.
2: end for
3: for each model j do {model- based filtering}
e Predicted state: Xk|k  =F Xk 1k~ 1 + Uy.

¢ Predicted covariance: Pk|k = F Pk k- 1F/ + Q.
4: end for
e Updated state:

J i’ -1
Xk|k_X klk— 1+Pk|k 1Hj (H'P, ik—1 2+ Ri) i - HJXklk -
e Updated covariance:
i _pi J i -1 J
Pie = Pre—t — Prpe— lH/ (H/P; klk— (B + Ry~ H Pk|k 1

5: Model probability update: .
¢ The overall likelihood for the y; for model M,jc:

d d d
Al (k) :Z Z ZN(Yk? Hwﬁ;culkfl’HwPllculklewT"‘ R)sw -~ Tj.

1s=1
* Model probability update for model M (k):
19 (k)
k)
wjklk) =

ny (k)
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where

W (klk = DA (k)
SV klk — DAL (K)

i (k) =

6: Output combination:

d
Xie = ) _ diag {u; (klk)} X,
j=1

d
Py = Z {Pﬁk + Xk — X;Qk][f(mk - X;jdk]/} diag {p; (k|k)}
j=1

where

diag {11, (kIK)} = diag [ 1) (0L, 1 f (), . 14O, |

7.5 Smoothing for object tracking in clutter

PDA (Section 4.3) is the most popular and effective algorithm for tracking objects
in clutter. One of the first attempts to extend the algorithm for smoothing was
Mahalanabis et al. (1990). But later, in Challa er al. (2002a,b), the augmented
modeling of the target state is used to propose a smoothing algorithm for object
tracking in clutter. The algorithm results in the same step as in the standard PDA
filter (Section 4.3) and is called the augmented state PDA (AS-PDA) algorithm.

7.5.1 Bayesian model of augmented state PDA smoothing

In a cluttered environment, the sensor may collect measurements from sources
other than the targets. Moreover, the sensor may also miss the object. These two
constraints are modeled as follows:

¢ The collected measurements are given by

Yk = {yx(1), yx(2), ..., yx (M)},

where n is the number of validated measurements received at time ¢ = k.
e The sensor detects the object with a certain probability of detection 0 <
Pp <= 1.

The object dynamic and sensor model are the same as given in (7.7) and (7.9)
respectively.
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7.5.2 Gating in AS-PDAS

The measurement validation process starts with the previous state estimate
Xk—1jk—1 and associated covariance matrix Py_jx_1. The standard KF prediction
steps are then followed to derive the densities of the predicted state and measure-
ment. Based on the predicted measurement y; and associated covariance Sy, each
obtained measurement undergoes a test given by

[ye(n) — $:17S; ye(m) — $il < v, (7.17)

where n denotes the nth measurment received.

The chi-square test threshold y is chosen to ensure a certain required probability
of the object-originated measurement to be within the validation gate. This proba-
bility is called the “gating probability” and is given by Pg. The region where the
test is satisfied is called the “validation region” or “gate.” Under Gaussian assump-
tion, theoretically this ellipsoidal region has a volume V; and is given by

Vi = e |y ISell'2, (7.18)

where n; is the dimension of the measurement and c,, is the volume of the n;
dimensional unit hypersphere (c; = 1, c; = &, c3 = 47 /3, etc.). The measure-
ments that satisfy the test, or in other words that are within the gate, are considered
as “valid” measurements and are used for the state update. Therefore, out of m
received measurements, m; valid measurements are chosen.

This subset of mj; measurements is used for the Bayesian recursion that results
in the PDA formulation of object tracking in clutter.

The Bayesian formulation for the augmented state approach to object tracking
in clutter is given by

pXilyk, m*) = pXilyk, mi, y 1, m*=h)
= p(Xilye (1), yx(2), - . ., ye(my), my, Y=L, m*=1), (7.19)

where yi(n) is the nth validated measurement at time ¢t = n, yk is the collection
of all validated measurements up to t = k, my is the number of validated measure-
ments at # = k and m”* is the collection of the number of validated measurements
until t = k.

The Bayesian definition of smoothing in clutter in (7.19) is the same as the
definition of the standard PDAF in (4.2) with the exception that the standard state
vectors are replaced by augmented ones. As a result the derivation will also be the
same as the standard PDAF. The result will be an algorithm for tracking in clutter
with smoothing of the past states along with filtering of the current one.
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7.5.3 Augmented state PDA smoothing equations

In an iterative manner, starting from the previous state estimate Xi_i lk—1 and asso-
ciated error covariance Py_jx—1 at time t = k — 1, the augmented state approach
updates the state by following the steps similar to the standard PDA filter. One
iteration of the AS-PDA smoother is described in Algorithm 42.

Algorithm 42 AS-PDA filter recursion equations at time k

1: Prediction:
[Xkuc—l, Pk|k—1] = KFp [Xk—uk—ls Pi—1jk—1, Fi, Qk] .
2: Measurement selection:
Yk, Vi] = MS; [Yk, Xklk—l, Prjk—1, Hk, Rk] .
3: Likelihoods of all selected measurements i:
[(pe ()] = MLy [ {96 @)}; - K-, Peer, Hi, R

4: if non-parametric tracking then
5: Vg calculated by equation:

ﬂn/Z

T2+

where |S(k)| is the determinant of S(k).
6:  Clutter measurement density estimation:

VIS [y 172,

Vi

p =my/ V.

7: end if
8: Single-object data association (sans object existence):

[{Bc ()}, ] = STDA [{pr()}1™,] .
9: Estimation/merging:
[Xk|k, Pk|k] — PDAp [Xk|k_1, Prit, (v OY™, L (Br(@)I™, , Hae, Rk] .

10: Output trajectory estimate:
e track mean value Xy and covariance Py .




278 Bayesian smoothing algorithms for object tracking

7.6 Smoothing with object existence uncertainty

IPDA and its derivatives (Sections 5.7.3 and 5.8.3) are the most effective algo-
rithms for tracking objects with existence uncertainty. Moreover, its theoreti-
cal connection with random set formalism (Section 6.4.4 and Appendix) has
extended the applicability of such algorithms to multiple-target tracking and other
more complex scenarios. Chakravorty and Challa (2004, 2005, 2006) developed a
smoothed version of the IPDA algorithm.

The IPDA smoothing follows the augmented state model for object dynamics
and sensor observations. For linear systems, the resultant models are as in (7.7)
and (7.9). The sensor receives clutter measurements and also detects objects with
a certain detection probability. These model parameters also hold the same as in
AS-PDA smoothing, described in Section 7.5.1. The IPDA filter models the object
existence as a Markov chain with two (Markov chain 1 model) alternative events
— “existence” (Ex = 1) and “non-existence” (E; = 0). (For clarity, only Markov
chain 1 is discussed here. The following discussion can easily be extended to
Markov chain 2.) In each time scan, an object can switch between the two events
with some certain probability. The switching probability matrix is given by

Loo Fm}
r= :
[Flo '

where I';; = p(Ey = jlEx—1 =1),i,j € {1,0}.

But smoothing spans N time intervals and an object may have several alternative
histories associated with its existence. Therefore, the core part of augmented state
IPDA is to model the object existence augmentations and to recursively update the
probabilities of these augmented existences. The state augmentation and recursion
is carried out in the same fashion as in the standard IPDA filter.

7.6.1 Recursion of augmented object existences

The object existence event denoted by E; = 1 and non-existence event E; = 0 for
lag N are augmented to give rise to the augmented object existences given by

EkZ[Ek:i,Ek,1=j,...,Ek,N=l]T,

where i, j € 1, 0. Therefore, the possible realizations for E; can be obtained
from all combinations of i, j, ..., [, taking values of either 1 or 0. However, in
IPDA, an existing object may cease to exist and an object would not come back
to existence once it becomes “non-existent.”” This is reflected in the transition
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probability matrix I', with ['g; = 0 and I'gg = 1. These conditions have an impact
on the augmentation of object existences. For example, let us consider a combina-
tion of the augmented existence:

o Era=1,...,Ex_p=0,....

Here, if kK — a > k — b, the probability of this augmented existence will be zero.
As a result, there exist N + 2 permissible combinations for the augmentation of
object existence. These are as follows:

e Object existed from timet =k — N tot =k —m but not fromt =k —m + 1
tot =k,

E =[Ex=0,.... B 1 =0,E_p=1,..., By =1]", (7.20)

wherem =0,1,2,..., N.
e Object did not exist anytime within the intervalt =k — N tot =k,

EV = [Ey=0,..., By =0]".

The augmented state IPDA smoother updates the p(E}' ly*=1) in time in order
to obtain the updated probability p(Ej’ ly¥). This is carried out using the Bayesian
recursion formula

pEMY) = pEP i, ¥

_ pkIER, YD . pEY Y
N A

, (7.21)

where

N+1
A=) pEY.
m=0

The predicted probabilities of augmented existences in (7.21), p(E’ |yk_1), are
obtained as below:

pEYYH = yp@E)_ Iy
pELY T = yiopEL_ 1y,
pELYTH = pE Ny,

wherem =2, ..., N, and

’

pENTY = pEY Iy + pEN Ty .
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These prediction equations for augmented existence probabilities can be summa-
rized by

pEy*1 pEY Iy ]
p(ELly) pE} Iy
p(EZlyF) p(E;_ Iy*™h
pEIYY | Z | pEL YD | (7.22)
pEN |y pEY Iyh
P& | pE YD |

where J is the Markov transition probability matrix, defined by

Y1 0 0 0 0 0 07
vio O 0 0 0O 0 O
0 1 0 0 0O 0 O
j=| 0 0o 1 0 0 00
0 o .- 0 1 0
L0 0 -~ 0 0 1 1]

The likelihood term in (7.21), p(yk|E}f, ykfl), is dependent on the existence
of the object. For m = 0, the object is assumed to be existing and therefore the
likelihood becomes

0 Jk—1\ _ _ k—l__imk _
PYKIELY ) =plEr=1,y ) =6= Po(mp) (1 — 6¢),

Vi
where: me
PpPg|1— Y S AL, if 0,
. Sp=14'"P G[ g l.; k] e = (7.23)
PDPG, if mi = 0;

e Pp, Pg are the object detection and measurement gate probabilities respec-
tively;

e my is the total number of validated measurements;

e Vi is the gate volume;

 my is the expected number of validated measurements, given by

. {mk — PpPgpEllyk—1), if mg >0,

myg = 0. if my = 0; (7.24)
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. A}; is the likelihood of the ith validated measurement;
e Pp(my) is the Poisson probability density function of the number of clutter
measurements.

For p(yx |EZ1, ykil), wherem =2, ..., N 4+ 1, the object is assumed to be non-
existing at k and hence the likelihood will contain only the clutter likelihoods. This
is given by

1\
p(yk|E$,yk—l>=(7) Po(my). (7.25)
k

Substituting these results in (7.21), the recursion of augmented existences is
completed:

x8 x pEJY*), if m =0,

1, 1\m mgk—1 : (7.26)
Z(Vk) kKPo(mp) x p(E'ly*™), ifN+1>m>0,

pELY) = :
where

_ 1\ _
A =8 x pEYy) + (Vk) Po(my) x p(EP Iy,

This operation is summarized in a functional form below:

[{P(Eflyk)}::;] = ASTEXg |:{p(Ekm_l|yk_1)}N+1i| .

m=0

7.6.2 Recursion of augmented state AS-IPDA smoothing

The state density conditioned on object existence (similar to IPDA formulation)
for smoothing estimation can be defined as

p(Xi[EL, ¥°). (7.27)
Using Bayes’ theorem the state density can be calculated as

PXLIEY, ¥ = p(Xk|EY, yi, Yi-1)

_ pIXe, B, yi ) pOXi B, yi—1)
p(YIED, yk—1)

This expansion is exactly same as the standard IPDA filter. Therefore, the
state estimation in AS-IPDA is done in the same manner as for the IPDA
filter.
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7.6.3 AS-IPDA smoothing equations

Algorithm 43 AS-IPDA filter recursion equations at time k

1: Time k inputs:

¢ set Yy of measurements delivered by the sensor;
N+1

0’ and

¢ probability of object existence { p(E, |yk_1)}
e object trajectory estimate mean value Xk|k_1 and covariance Py;_.
2: Track state propagation:

pEUY Y = yp@E)_ Iy

[Xk|k—1, Pk|k—1] = KFp [Xk—uk—h Pi_1jk—1, Fk, Qk] .

k)

3: Measurement selection:
(Y, Vil = MS; [Yk, Xk|k—l, Prji—1, H, Rk] .
4: Likelihoods of all selected measurements i:
[{pr()};] =ML, [{Yk )} » Xak—1, Prg—1, M, Rk] .

5: if non-parametric tracking then
6: Vi calculated by (5.77).
7:  Clutter measurement density estimation:

p = i) Vi = (mx — Pp PG p(ELy* 1))/ Vi

8: end if
9: Single-object data association:

[—, (Bx()},] = STDA[ p(ELY ™)), {pk (D}, ]

10: Augmented existence probability update:

|:{P(EZ1|yk)}Z:;] = ASTEXg [{p(E?_Hykl)}NH] '

m=0
11: Estimation/merging:
[Xklk, Pk|k] = PDAE I:Xk|k—1, Prk—1, iy O}, B}, Hi Rk] .

12: Output trajectory estimate:
e track mean value Xy and covariance Pyx.
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7.7 Illustrative example
7.7.1 Simulation scenario

A two-dimensional surveillance region with area 1000 m long and 400 m wide is
considered for simulation. Each simulation experiment consists of N = 1000 runs,
where each run consists of 30 scans. The scan interval 7 = 1 s.

In each run, a single object moves in the area with a constant speed perturbed
by a zero mean noise that accounts for small maneuvers. The object dynamics is,
in Cartesian coordinates, modeled by

Xy = Fxp—1 +w,
where:

e the object state consists of position and velocity in two dimensions, X; =

. 1T
[xx X% w v]:
e atransition matrix captures the constant velocity model by

F=

S O =N
S = O O
N - O O

1
0
0
0
¢ w is the zero mean, white Gaussian noise with covariance

T4/4 T3/2 0 0
732 T? 0 0
Q=a] 0 T4 T3
0 0 7132 T?
and ¢ is assumed to be 0.75.

At the start of each simulation run, the object reappears with state

x;=[130m 35m/s 200m Om/s] .

The sensor, if it detects the object, collects the position of the object in each scan.
The sensor observation model is given by

yi = Hxi + i,

where: 1 00 0
. H:[o 0 1 0];
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Figure 7.5 RMS position error: augmented state KS vs. Kalman filter.

¢ v, is the zero mean, white Gaussian noise with covariance

1 0] ,
R =
r[o l}m,

and r is assumed 25.

For each of the smoother algorithms, a fixed lag of 3 has been used. The perfor-
mances of the algorithms are measured in RMS error. Tracks are initiated using a
two-point differencing method. The RMS errors are integrated over 1000 runs.

7.7.2 Augmented state Kalman smoother

The performance of the AS-KS is compared against the standard KF filter. The
performance measure is given in Figures 7.5 and 7.6 for each component of the
state. Note that, as the simulation was performed usings a fixed lag of 3, the last
two time points did not have three measurements to obtain smoothed estimates.
Hence they exhibit higher RMS errors than the estimates at earlier time points.
(This applies to Figures 7.5-7.11.)
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Figure 7.6 RMS velocity error: augmented state KS vs. Kalman filter.

7.7.3 Augmented state PDA smoother

The clutter is generated in each scan using a Poisson distribution with density A =
1 x 10~%/m?/scan. The clutter is scattered uniformly across the entire surveillance
region. The sensor detects the object with a detection probability Pp = 0.9 (which
means the sensor may also miss the object at a certain scan). The probability of the
object originated measurement to be within the validation is set to be Pg = 0.99
and thereby the validation gate threshold is 9 for a two-dimensional ellipsoid.

The performance of AS-PDAS in comparison with the standard PDA filter is
reported in Figures 7.7 and 7.8.

7.7.4 Augmented state IPDA smoother

The clutter and the sensor detection model are the same as in PDA simulation. In
view of the discussion in Section 7.6.1, the only model parameter for the object
existence switching probability matrix I" is y; 1. For the purpose of the simulation
the parameter is assumed to be y;; = 0.98, which thereby sets yj0o=1— y11 =
0.02.

Figures 7.9 and 7.10 demonstrate the performance of AS-IPDA and compare it
with the IPDA filter.
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Figure 7.7 RMS position error: augmented state PDAS vs. PDA filter.
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Figure 7.8 RMS velocity error: augmented state PDAS vs. PDA filter.
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Figure 7.9 RMS position error: augmented state IPDAS vs. IPDA filter.
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Figure 7.10 RMS velocity error: augmented state [IPDAS vs. IPDA filter.
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Figure 7.11 Confirmed true tracks: augmented state IPDAS vs. IPDA filter.

Moreover, the IPDA algorithm (both smoother and filter) provides a track mea-
sure to distinguish between true and false tracks. In the simulation, 0.95 and 0.1
are the existence probabilities used for the IPDA filter to confirm and terminate a
track respectively. The probabilities for the AS-IPDA smoother were set to be 0.3
and 0.001 respectively. The setting of these probabilities is carried out in order to
make the false track statistics (469 and 497 per run for filter and smoother respec-
tively) so that the RMS error and true track detection statistics remain consistent
for comparison between algorithms. Figure 7.11 shows the confirmed true tracks
detected by each of the algorithms.

7.8 Summary

Smoothing is introduced in this chapter. First the optimal Bayesian formulation of
smoothing is presented. Then the smoothing algorithms for important scenarios —
maneuvering and non-maneuvering object tracking, object tracking in clutter with
and without existence uncertainty — have been discussed. Several example sets
also illustrate the improvements obtained by smoothing algorithms compared to
standard filtering algorithms.



8

Object tracking with time-delayed,
out-of-sequence measurements

Object tracking using delayed, out-of-sequence measurements is a problem of
growing importance due to an increased reliance on networked sensors intercon-
nected via complex communication network architectures. In such systems, it is
often the case that measurements are received out-of-time-order at the processing
computer. This problem has appeared in the literature under various names such
as the out-of-sequence measurements (OOSM) problem (Blackman and Popoli,
1999; Bar-Shalom, 2000), the problem of tracking with random sampling and
delays (Marcus, 1979; Hilton et al., 1993; Thomopoulos and Zhang, 1994), and the
problem of incorporating random time delayed measurements (Ravn et al., 1998).
In this chapter, we present a Bayesian solution to this problem and provide approx-
imate, implementable algorithms for both cluttered and non-cluttered scenarios
involving single and multiple time-delayed measurements. Under linear Gaussian
assumptions, the Bayesian solution reduces to an augmented state Kalman filter
(AS-KF) for scenarios devoid of clutter and an augmented state probabilistic data
association (AS-PDA) for scenarios involving clutter with modified measurement
equations and likelihoods. These smoothing algorithms were presented in the pre-
vious chapter (Challa et al., 2002c, 2003; Wang and Challa, 2003).

8.1 Optimal Bayesian solution to the OOSM problem
8.1.1 Object dynamics, sensor measurement equations
Usually the object dynamics are modeled by a discrete-time state equation,
Xi+1 = Fxg + w1, (8.1
and sensor measurements are modeled by
yir = Hxy + vy, (8.2)

where H is the sensor measurement matrix and F is the object transition matrix.

289
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Denoting a “standard” measurement sequence, yk = {y1,¥2, ..., Y}, the object
“standard” tracking problem reduces to the problem of computing the conditional
mean estimate of the object state,

R 2 E(xely"), (8.3)

and its associated error covariance,

Pk 2 El(x — Kepe) %k — Xign)' 1y, (8.4)

A key problem arising when dealing with multiple interconnected sensors with
communication links is the time delay between the sensor and tracking computer.
This problem can be defined as follows: when a measurement corresponding to
time t, expressed as

yr = Hex(7) + v(7), T <k, (8.5)

arrives at time #; after (8.3) and (8.4) have been computed, one faces the problem
of updating the state estimate and its covariance with the delayed measurement
(8.5), i.e., to compute

Rep 2 Exely”, o). (8.6)

and

Pk 2 El(x — ) (X6 — Kep)' Iy, y(0)1. (8.7

8.1.2 Optimal Bayesian filter

Let x; be the object state at time f;, y; be the set of delayed sensor measure-
ments, corresponding to time 7, and y* be the set of sensor measurement sequence
received up to time #.

Having processed all the measurements y*, the complete information about
the object state x; is described in the probability density function p(xi|y*). The
OOSM problem arises as a consequence of receiving a measurement set y, at time
tr that corresponds to time t < #¢. The solution to this OOSM problem seeks to
update p(xk|yk) with y; to obtain p(xklyk , Vo).

Invoking Bayes’ rule,

_ p(yelxe, YO p(lyF)

£y = 8.8
P(Xkly”, ¥e) Gy (8.8)
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Consider the numerator of (8.8) and introducing the object state at time 7, x,

P(yelxe, YO p(xely®) = / P(Ye, Xe Xk, YO p (i [y )dx,

= / p(yeIXe, Xp, YO p(xe Xk, ¥ p(xi [¥)dx, .
Since p(Xr, Xk|y¥) = p(Xc Xk, y5) p(xi[y*), we have
pye Xk, YO p(xily®) = / P(yeXe, Xp, YO p (X, X4 [bYN)dX,.  (8.9)

Substituting (8.9) back into (8.8) yields

[ p(yeIxe, Xk, YO p(Xr, X |y¥)dx,
p(y-1y%)

:/P(Y(T)IX(T),Xk,Yk)p(X(f),Xlek)d
p(Y(D)|Y")

pxily*, yo) =

x(7).
Using the inverse form of Bayes’ rule,

px|Y5, Y(2)) = / px(7), x| Y*, Y())dx (7). (8.10)

It is thus clear that solving the OOSM problem involves consideration of the joint
density of the current object state and the object state corresponding to the delayed
measurement.

Generalizing this, the OOSM problem involving multiple delays can be stated
as follows: let the delayed measurements received at time f; be denoted by
Y()={Y(11),Y(rp),...,Y(t4)}, where 7; < 1,Vi €{l,...,d}, and 14 is the
time corresponding to the maximum time delay. Then the solution to the OOSM
problem is to determine the density,

pOxelYE, Y(0)) = / L / PO XX, XV V()
x(1y x(ty

x(71)

x dx(11), dx(12), ..., dx(tq), (8.11)

which indicates that, in general, the solution involves a Bayes recur-
sion for the joint probability density of an augmented state vector Xj =

[x(t), x(11), ..., x(z)]7, ie.,
P X(11), X(12), ... () [Y, Y(1)) = p(Xi | Y¥, Y(1)). (8.12)
Consider a discrete time system where

T =l-1,T2=10-=2,...,Td = lk—d-
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Figure 8.1 Engineering approximation to delayed time t.

Note that, in general, the delayed measurement time 7 need not correspond exactly
to the times tx_q, fx—2, ..., tx—a4, .., T might fall within the intervals around
tv—i, I € [1,d]. If T falls inside the interval [f; — %, t + %) centered at 1, as
shown in Figure 8.1, we approximate 7 = fx. A =t — tx—1 V k gives the time
lag between successive states of the augmented state. The error caused by this
approximation is called the discretization error. For small A, discretization errors
are small, which leads to the consideration of more lags in the augmented state,
and hence to an increased computational load to cover the maximum time delay.
Therefore, striking a balance between the choice of A and the algorithm computa-
tional load becomes an important issue when the augmented state approach is used
to solve the OOSM problem.
From Bayes’ rule, (8.12) becomes

PXi, X(tk—1); - - -, X(e—a) [ YX, Y(7))

1
= EP(Y(T”Xk» X(tk—1), - - s X(tk—a), YO Xty X(t—1), - - -, X(te—a)| Y5,

(8.13)
for a normalizing constant §.
Denoting [xg, ..., x(tr—a)] as Xz , the Bayes recursion for (8.13) becomes
1
PGV Y (1) = Sp(Y (@)X, YO p(XIYY). (8.14)

If the two densities on the right-hand side of (8.14) are Gaussian, then the posterior
density on the left-hand side of (8.14) is also Gaussian and the solution reduces to
a standard KF with an augmented state (Ho and Lee, 1964).

In order to simplify the derivation/implementation of a number of algorithms
proposed in this chapter, it is desirable to include the current measurement along
with the delayed measurements even if it is not delayed, and thus the measurement
vector becomes

Y =[yk),yk —1),....y(k —d)]T. (8.15)

Hence, by changing notation, (8.14) can be rewritten as

_ 1 _ _
pX¢|Y* I,Yk>=gp<Yk|Xd,Yk Hpxd Yk, (8.16)
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Equation (8.16) is a fundamental relationship which leads to the development of
the AS-KF and AS-PDA algorithms proposed in this chapter.

8.2 Single- and multi-lag OOSM algorithms
8.2.1 Y-algorithm

This approach assumes that the measurement delay is less than one sampling
period, i.e., fx—; < T < t. Define a joint Gaussian random variable zj,

Zr = |:);((t:)) ] with covariance P, = [E’; g’;i i| , (8.17)
where
Poy = E[(xk — Ra) (X — %) T 1YF] = Py, (8.18)
Py, = E[(y() — 3(0)(y() — 3(x) T [¥] =Sy, (8.19)
Py = E[(x — Xk) (¥(1) — 5 [V =PT . (8.20)

The solution to the OOSM problem requires the conditional density
pXely(T), YH). Using the results in Bar-Shalom and Fortmann (1988), this density
is known to be Gaussian with mean

X(tk|e k) = Xk + nyPy_y1 (y(r) = ¥y(1)), (8.21)
and covariance
P(tjr k) = Poy — Py PPy, (8.22)
where the backward predicted measurement is expressed as
§(7) = HeFop[Rep — Qe(0HL S (i — § k1)1 (8.23)

In this expression, H; is the observation matrix at time 7, F; ¢ is the system back-
ward transition matrix! from # to 7, the last term, which is ignored in Hilton et al.
(1993), Blackman and Popoli (1999) and Mallick ef al. (2001a), accounts for the
effect of process noise (with covariance Q (7)) on the estimate Xy.

The cross covariance Pyy in (8.20) is given by

P, = [Py — P F] HT, (8.24)
where
A _
Py5 = Cov{xy, w(D)[y*} = Qu(t) — Pltrpe—DHL S "H P(tp—1).  (8.25)

The Y-algorithm, as pointed out in Bar-Shalom (2000), requires storage of the
last innovation and can be interpreted as a type of non-standard smoothing.

1 Although 7 represents time, it also is used to indicate corresponding time index whenever no confusion arises.
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8.2.2 M-algorithm

The M-algorithm, proposed in Mallick er al. (2001a, 2001b), extends the Y-
algorithm, in an approximate way, to account for multiple delays. The key idea
of this approach is to determine the cross covariance of (8.20) for each delayed
measurement and at each time interval. However, it fails to account for the non-
zero conditional mean of the process noise covariance and hence its extension of
the Y-algorithm is approximate. By expressing the delayed measurement y(7) as a
function of the current state xi, the multiple-lag OOSM problem can be solved by
computing the cross covariance Py, in a recursive manner for each time-delayed
measurement. For example, when the delay time t is more than n sampling inter-
vals, we have

nyln = _Mk—n+1Q(k —n+1,kk—n+1, k)

n
Y M Qk — i+ Lk —itk—i+1,k), (8.26)

i=1

where
B, i=1,

My—iv1 = . 8.27
kit {Ckck—l"'ck—i—i-sz—i—H, i=2,...,n, (8:27)
B =1 — K; Hj, (8.28)
Ci =BiFi_1, (8.29)

and the covariance of the process noise is
Qk—i+ 1L, k—isk—i+1,k)
éE{W(k—i+1,k—i;k—i+l)wT(k—i+l,k—i;k—i+l)}. (8.30)

Clearly, in the calculation of the covariance in (8.26), one needs to evaluate the pro-
cess noise from the time when measurement delay occurs to the current time and
all time steps in between. One also has to evaluate all corresponding filter gains.
The AS-KF solution presented below does not need to evaluate the process noise
explicitly. All that is needed is an augmented state and the standard KF computing
steps.

8.3 Augmented state Kalman filter for multiple-lag OOSM

For multiple delays, the measurement vector has the form (8.15), and the Bayes’
recursion of (8.16) reduces to the AS-KF with an augmented state Xg . The system
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dynamics model using the augmented state can be constructed from (8.1) and (8.2)

based on methods in Anderson and Moore (1979),
X¢ = FiX{ + Wy,
Y, = Hka + Vi,

where
_Ftklr 0 0 O
1 0 0 O
F, = 0 0
: 0 .0 0
| O 0 I 0]

F is the system transition matrix in discrete form, the observation matrix is

H, 0 0
H, = 0 Hy O ’
0
0 0 Hy

R, 0 0
Ro_| 0 R O

S

0 0 R

Td

The predicted density and the likelihood are given by
pXUY = NXE XY, P,
POYRIXY, YA = NV (Vi H XY 1, 8D,
and the updated density (Ho and Lee, 1964) is given by
PX{IY) = N (X XY, P,
with mean and covariance
iim = izucq + K Vi,

quc =I- Kka)lek—l’

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)
(8.39)
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where the innovation is
Yi=Yi— Hkiﬁk_], (8.40)
with covariance
Sk = HyPy— 1 H] + Ry, (8.41)
and the Kalman gain matrix is
K, =P{,_ H[S . (8.42)

Clearly, (8.35)—(8.42) are the standard Kalman filter equations for an augmented
state space model (Section 2.2). This approach solves the problem of incorporating
delayed measurements and also provides smoothed outputs (Anderson and Moore,
1979).

8.3.1 Iterative AS-KF

Apart from direct computation via the augmented vector and associated matrix
form, the AS-KF can also be implemented in a nested form, i.e., iteratively com-
puting (8.38)—(8.42) using measurements corresponding to different delays inde-
pendently. This is because the gain matrix is column independent with respect to
the time indices (see Appendix A for a proof), i.e.,

Ki=[Ki Kio1 -+ Ki—a]. (8.43)

Then, given the measurement set Yx = [y, y(t—1), - - -, y(tk_d)]T received at
time f, the update equations of the AS-KF state estimate and its covariance are
given by (8.38) and (8.39). These can be simplified into an iterative form given by

k—d
X =X + ) K'Y, (8.44)

Pl =P - > KHP_|. (8.45)

where H' is given by (8.33) with zero everywhere except for the ith partition com-
ponent. Y is the same dimension as Yy but produced by assuming only the ith
component of Yy is received and K is the Kalman gain produced using H', i.e.,

K =P, _H'S". (8.46)

The above equations provide an equivalent but efficient implementation of (8.38)
and (8.39). The equivalence is shown in Appendix A.
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A Augmented
D Normal state state vector
) B () ¢

Figure 8.2 The VDAS-KF process.

8.3.2 Variable dimension augmented state Kalman filter

The AS-KF presented in Section 7.4.2 uses an augmented state involving past
states up to the maximum delay. However, augmenting all the past states up to
the maximum delay leads to increased computational complexity. A more efficient
solution can be obtained that adaptively augments only essential past states and
removes the states that need not be a part of the augmented state. This variable
dimension AS-KF (VDAS-KF) is considered in this section.

The idea of the VDAS-KF is that the augmented state only carries the current
state and the past state for which there was a missing measurement. The filter will
reduce to a normal Kalman filter if there is no OOSM. The VDAS-KF processes
measurements are shown in Figure 8.2 for the following four cases:

e Case A: object state is augmented if current measurement is delayed.

e Case B: the augmented state reduces to the standard state vector if the delayed
measurement y(t) is received and has been processed.

e Case C: the augmented state will keep its dimension unchanged when
either:
— the delayed data y(t) has not arrived yet; or
— the delayed data has been received but the current data is delayed.

e Case D: no augmented state (standard KF) if there is no measurement delay.

For all the above cases, changes to the state dimension will lead to changes in the
associated covariance matrix.

The VDAS-KF algorithm is computationally more efficient than the standard
AS-KF. However, it is more complicated to implement and has a tracking perfor-
mance and computational load that are comparable with the Y-algorithm.

8.4 Augmented state PDA filter for multiple-lag OOSM in clutter
8.4.1 Clutter modeling for the augmented state PDA filter with OOSM

The OOSM problem in clutter, involving probabilistic data association (PDA),
presents some interesting challenges. In such situations, the measurement at time
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fr may include? a set of measurements (from object and clutter) corresponding
to the current time and sets of delayed measurements corresponding to earlier
times.

Thus, the data has the form

Yy Yi- R 4
(Y, Y (D11 = = : : . (8.47)
Yi—a Y (t—a), Y —a), - Y'(t—a)

All possible combinations of the current and delayed measurements form the
“measurements” in the augmented measurement space. For example, at time #,
let us assume that the following four measurements are received — two for each
time index:

1 1
_ yk’ Y(tk—a')]
¥ Y] = [yg, V(i) |

Then the total measurement set formed by exploring all possible combinations
is

Y: = {Y', Y2, Y, YY)

| EE B N I N TN
Y t-a) | |V t—a) | | ¥ t-a) | Y (te—a) ||

which should be used for computing the combined innovations and the data associ-
ation probabilities for the augmented state vector. Here we use Y' to denote the ith
combination of current and past measurements, i.e., it is “the measurement” in the

augmented space. The set of all such combinations is given by Y; and is formed
from the measurements received at time #, i.e., Yy C {Yx, Y(71), ..., Y(tq)}. The
augmented state approach can handle data association via the augmented state
probabilistic data association described below.

8.4.2 Augmented state PDA filter

Once the measurements in the augmented space are obtained, the standard PDA
technique shown in Section 4.3 can be used to obtain the state estimates for the
augmented state. Similar to the standard PDA (Section 4.3), the association prob-
ability parameter B (k) is defined based on the following mutually exclusive and
exhaustive events:

2 In this chapter, we use # to denote time with time index k. Sometimes we will use the time index on its own,
e.g., Iy is equivalent to .
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6o: None of the validated measurements is object originated and they are all
from clutter.

0;: The Ith combination of the measurement set in augmented space is object
originated, and the others are from clutter.

1=0,1,..., M. (8.48)
Thus, the B(k) can be expressed as
Bi(k) 2 PO (k)Y"). (8.49)

Mj, is the total number of measurements in the augmented space and B;(k) is
the data association probability for the /th measurement vector in the augmented
space, which are calculated using the standard PDA formula as in Bar-Shalom and
Fortmann (1988) by replacing the standard measurement with the measurement
vector in augmented state space.

The AS-PDA state update equation is then given by

X, =X + K, (8.50)
where

~ Mk -~
Yi =) Bi(Y] - Yy).
1=1

The covariance update is given by

Py = Bo(OPY,_y + (= Bo(k))P5 . + Py (8.51)
where
P, = - K:HOP], |, (8.52)
and
My
Po=Ki | Y Br0YY - V.Y, | K. (8.53)

I=1

Clearly, this implementation of AS-PDA requires combinations of all different
time-indexed measurements. The computational complexity grows exponentially
as the number of delayed measurements grows. An approximate, yet computa-
tionally efficient method of implementing AS-PDA is considered later in this
chapter.
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8.4.3 Iterative AS-PDA algorithm

Note that the hypothesis 8; (k) (bold face) in (8.48) corresponds to a set of hypothe-
ses which occur at their corresponding times denoted by their superscripts, i.e.,

0:(k) = (6],6]_,,....60_4). (8.54)

Thus the association probability B;(k) is a probability of the joint event (8.54),
which may be written as

B1(k) 2 P0; 1Y) = P@LO |, ....00 Y5 i j,1e€{0,1,2,..)). (855)

The subscript I on B denotes a particular combination of the measurement vector
given by (8.47). Similar to the notation A%, we use a superscript i on 8 to repre-
sent the data association probability associated with the (sub) event €', i.e., the
probability that the ith validated measurement in the measurement subset Yi_,
(n=20,1,...,d) is from the object. Under the assumption that the measurement
noises are white, and that the association events {6! 9,{_1, R Hli_ 4} are indepen-
dent, we have

1
B0 = = p(Yel6s (o), Y hP@ (oY)

c

1 i ! i i ! k—1
= S—P(yilw Vg Va0 ys - gy Y D)
C

x P6),6]_|,....60 Y

1 L. _ . _ . . _ . _
= 5—p<y,1|9,g,yk HrP@IY Hpol 18] ¥ HPO! 1Y

C

pOh g0l Y HP@ Y
= BB, Biar (8.56)

where 8. is a normalization constant based on the fact that ), My B k) =1.

Based on the relation (8.56) and given measurement set (8.47) at time k, an
equivalent evaluation of (8.50) and (8.51) may be written in the following iterative
form:

k—d

X{ =X{ +Y_KV, (8.57)
i=k

Pl =Pl =Y IKH - gKHHPY, | — P, (8.58)

i=k
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Figure 8.3 Augmented state PDA and its computation structure.

where (superscript and subscript) i serves as the time index and ,B? is the prob-
ability that none of the validated measurements from the subset Y; of (8.47) is
object-originated at time i:

h
Y=Y B ) -, (8.59)
=1
P O 0
hed 0 P O 0
P = | o, (8.60)
it : 0 K
0 0 Pk
where
5 S it wer | ey
Pi=kKi|Y B35 —-ny |k (8.61)
j=1

The result in (8.60) is established in Appendix B. The difference between the
ways that a standard AS-PDA and an iterative AS-PDA treat the measurements is
shown in Figure 8.3.
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The significance of (8.57) and (8.58) is that they provide an approximate, yet
efficient, implementation method for the AS-PDA algorithm in which all mea-
surements received at a particular time are only used once and no measurement
combination is required.

8.4.4 AS-PDA equations

Algorithm 44 Augmented state PDA filter equations at time k

1:

Prediction:

<d d <d d
|:Xk|k—1’ Pk|k—1:| = KFp [Xk—1|k—1’ P ip—1-F, Q} .

: Check received measurement set Y, for each time index i (here we describe

the algorithm iteration in the order of i = {k —d,k —d +1,...,k}.

: Check received measurement set Y for each time index i (here we describe

the algorithm iteration in the orderof i = {k —d, k—d + 1, ..., k}.
Step 3: If no measurement corresponding to time index i, i =i + 1, go to
Step 2.

: Generate H', R’ according to (8.33) and (8.34), respectively, with zeros

everywhere except for the ith partition components. For example,
R*"Y =Diag[0 --- 0 Ri_y],

where Rj_, is the usual observation covariance matrix for normal state KF.

: Measurements validation (gating):

[{B()}1™,] = STDA [{pe(i)}7,].
PDA update:

| R P | = PDAR [ R Py (v ON, (B, HLR].

8.5 Simulation results

In this section three numerical examples are presented. Algorithm performance
for OOSM tracking is compared. The tracking performance is characterized by
the root mean square (RMS) error over 500 Monte Carlo runs for each specific
scenario. In Example 8.1, it is assumed that the OOSM has a delay of only
one lag. The performance of the Y-algorithm, the VDAS-KF and a two-lag AS-
KF are compared. In Example 8.2, a more general scenario is considered where
OOSM tracking with multiple delays is allowed and the performance is compared
between the M-algorithm and the standard AS-KF. The OOSM problem in clutter
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Figure 8.4 Logic flowchart for the single-cycle iterative AS-PDA.

is presented in the final example, where the performance of the proposed AS-PDA
is investigated.

Note that the output of an augmented state filter can be taken either from the first
component of the augmented state, or from the last component of the augmented
state. The former involves “filtering” only> and the corresponding algorithm is
denoted using a suffix “F,” while the latter involves smoothing and is denoted using
a suffix “S.” For example, AS-KF2-F denotes an AS-KF with two lags and its
output is taken from the first component of the augmented state.

8.5.1 Example 8.1

This numerical example has been extensively used in many object tracking algo-
rithm comparisons, such as Bar-Shalom and Fortmann (1988), Bar-Shalom (2000)
and Mallick et al. (2001a, 2001b), because it involves the most commonly used

3 Despite the original meaning, we use “filtering” here to signify the filter output corresponding to the current
time.
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motion model in tracking with values of the maneuvering indices that cover the
entire motion range of practical interest.
The discrete time system equation is

x(k) = [(1) ﬂx(k— 1) + v(k), (8.62)

where T = 1 is the sampling interval, v(k) is a zero mean, white Gaussian noise
with covariance

Coviv®)} = O®K) = [;Z; 7 2} , (8.63)
and the observation is given by
yk)y=[1 0]x(k)+w(k), (8.64)
where w(k) is also a zero mean, white Gaussian noise with covariance
Cov{w(k)} = R(k) = 1. (8.65)

Based on the above model, we have developed a two-dimensional object state
model which is used for simulation. The maneuvering index is defined (in

Bar-Shalom and Li, 1993) by
laT?
A=,—. 8.66
R (8.66)

In the following, two cases (process noise, ¢ = 0.1 and 1) corresponding to A =
0.3 and 1 are examined, i.e., the underlying object performs straight line motion,
or is highly maneuvering. Data are generated randomly for each run starting with
an initial state,

x(0) = [200 km, 0.5 km/sec, 100 km, —0.08 km/sec]. (8.67)

A two-data point method is used to initialize the filters with

P(0|0):[f;0 20] where POZ[RI;T 2%;2], (8.68)

for the a priori error covariance or to form the initial error covariance for the aug-
mented state.

In this example, we assume that the OOSM can only have a maximum delay of
one lag, and the data delay is uniformly distributed within the whole simulation
period with a probability P, that the current measurement is delayed.
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Figure 8.5 RMS performance comparison in the case of a straight line motion
object (A =0.3) with single-delay OOSM (P, = 0.25 and 0.5) for the Y-
algorithm, VDAS-KF and AS-KF2.

Figures 8.5 and 8.6 show the simulation results for Example 8.1, where the
performance of the Y-algorithm, VDAS-KF and AS-KF2 are compared over 500
runs. A computational load comparison for these algorithms is listed in Table 8.1
in terms of the number of floating point operations normalized to that of a standard
Kalman filter.

The following observations can be drawn:

1. The Y-algorithm and VDAS-KF have similar RMS error performance within
the whole range of the maneuvering indices.

2. The AS-KF2-F always outperforms both the Y-algorithm and VDAS-KF. When
the probability of measurement delay (P,) increases, this performance differ-
ence is observed to be greater.

3. The AS-KF2-S (smoothed AS-KF output) is superior to all other methods tested
and has the least RMS error.

4. As shown in Table 8.1, the computational load of the VDAS-KF is comparable
to the Y-algorithm and the AS-KF algorithm needs twice the computation.
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Table 8.1 Computational comparison for Example 8.1.

P, Y-algorithm VDAS-KF AS-KF2-F AS-KF2-S

0 1 1 5.57 5.57
025 2.26 2.60 5.57 5.57
05 230 2.68 5.57 5.57
0.75 441 547 5.57 5.57

RMS POSITION ERROR COMPARISON FOR Maneuvering Index = 1
6 T T T T T T T
= AS-KF2-F
= * Y-algorithm H
' = VDAS-KF
ne ' AS-KF2-S ||

P,=025

10 20 30 40 50 60 70 80 9 100
Time

Figure 8.6 RMS performance comparison in the case of a highly maneuverable
object (A = 1) with single-delay OOSM (P, = 0.25 and 0.5) for the Y-algorithm,
VDAS-KF and AS-KF2.

8.5.2 Example 8.2

This example is the same as Example 8.1, except that multiple delays are allowed
for an OOSM. The delayed measurement sequence is generated randomly by
assuming they can be delayed by up to a maximum of three sampling periods,
i.e., tr — Tmax = 37T . The distribution of the delayed measurements is assumed to
be uniform in 1, 2, 3 lags with a probability P, that the measurements at time k
will be delayed.
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Figure 8.7 RMS performance comparison in the case of a straight line motion
object (A = 0.3) with multiple delay OOSM (P, = 0.25 and 0.5) for AS-KF4-F,
AS-KF4-S and M-algorithm.

Simulation results are shown in Figures 8.7 and 8.8. It is observed that:

. As shown in Figure 8.7, for non-maneuvering object tracking, both AS-KF4-
F and the M-algorithm have similar RMS performance regardless of OOSM.
In other words, the OOSM problem is not critical. This can also be seen from
Figure 8.5 in Example 8.1.

. AS-KF-F overall outperforms the M-algorithm, while the performance of AS-
KEFE-S is better than both because AS-KF-S corrects all components of its aug-
mented state vector using each delayed measurement rather than M-algorithm,
which can only make a correction to the current state.

. For maneuvering object tracking (A = 1), the average RMS error of the M-
algorithm is larger than AS-KF4. Such a performance difference is large when
the data delay probability (P,) increases as shown in Figure 8.8.

. The computational load of the standard four-lag AS-KF is about 11 times that
of the M-algorithm in the case of P, = 0.25. While the AS-KF remembers past
states, the M-algorithm needs to compute past gain sequences and non-standard
process noises in order to make a correction to the current state.
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Figure 8.8 RMS performance comparison in the case of a highly maneuverable
object (A = 1) with multiple delay OOSM (P, = 0.25 and 0.5) for AS-KF4-F,
AS-KF4-S and the M-algorithm.

The performance of the M-algorithm as presented in Mallick ef al. (2001a) is
expected to improve if the conditional mean of the process noise is appropriately
calculated.

8.5.3 Example 8.3

Example 8.3 focuses on the following aspects:

e Compare the performance of the proposed AS-PDA algorithm with a (fixed
lag) smoother of the same dimension. When there is no OOSM problem, AS-
PDA will reduce to the PDA smoother, from which better performance can be
expected because of smoothing.

e Compare the performance differences between the AS-PDA filtering (no delay)
output and its smoothing (delayed) output.

e Computational comparison between PDAF and AS-PDAF.
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Figure 8.9 AS-PDA algorithm RMS performance.

The simulation scenario is the same as that in Example 8.2 with a maneuver-

ing index of 0.7. In addition, clutter is added. Clutter is assumed to be uniformly
distributed over the surveillance region with a density Cp = 0.037/km?.

An AS-PDA filter with four lags is implemented and used in the simulation. The

simulation is based on 500 Monte Carlo runs for each of the following scenarios:

1.

An AS-PDA using “full” measurement sequence (without OOSM), denoted as

Scenario-A.

. An AS-PDA using OOSM with the probability of measurement delay Pr =
0.25, 0.5 and 0.75 respectively, denoted as Scenario-B.

. An AS-PDA which treats the delayed measurements as missing measurements,

denoted as Scenario-C.

Figure 8.9 compares the root mean squared (RMS) error for the three scenarios.
It is clear that:

e as the value of P, increases, the track performance becomes poor for all filters;
e the performances for Scenario-A and Scenario-B are nearly identical.
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Table 8.2 AS-PDA performance comparison.

P, =0.25 P. =05 P, =0.75

Scenario TL m TL m TL m

A 16% 2.6256 16% 2.6411 8% 2.8613
B 15% 2.6658 16% 2.6610 8% 2.8860
C 15% 2.1453 17% 1.6879 11% 1.3342

PDAF 15% 27821 12% 2.8942 10% 2.9509

RMS POSITION ERROR COMPARISON

I ‘ = AS-PDA filtering output

1.3 K = = STD PDAF output 7
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Figure 8.10 RMS performances of the filtered and smoothed estimation error of
an AS-PDA.

The statistics of tracking in clutter are listed in Table 8.2, where it can be seen
that the AS-PDA using OOSM is very close to a standard PDA in terms of the
average expected number of validated measurements / and track loss. A track is
deemed to be lost if there was no measurement update for eight consecutive sam-
pling intervals. In fact, a lost track in our simulations results in fairly large RMS
error and is unlikely to follow the true object trajectory. Therefore, we only count
the remaining tracks in the calculation of the RMS errors shown in Figure 8.9.

It is interesting to compare both the performance of the filtered output and the
smoothed output from an augmented state filter. The former acts like the output
from a normal state estimation algorithm (with certain memory), while the latter
is the output from the last lag of an augmented state estimation algorithm, which,
obviously, has a delay of dnax (here dmax = 4T) sample steps. Figure 8.10 provides
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the RMS error performance comparison for such a case. Results show that the
improvement of the tracking performance after smoothing is significant.

In order to highlight the performance of the proposed AS-PDA algorithm, the
RMS performance of a standard PDAF without OOSM is also shown on the figure.
It is worth noting that the performance of AS-PDA with OOSM is very close to
that of standard PDAF without OOSM.

8.6 Summary

This chapter discusses a solution to the very practical problem of real-time object
tracking. In a scenario where a large number of sensors are connected through a
network, measurements are received in a delayed time for a number of reasons.
Therefore, assumptions of measurement availability at a particular time are not
ensured and there is a need to incorporate that measurement when it is received
at some later time. This problem is addressed in this chapter through the proposal
of a Bayesian formulation of the solution. Several major algorithms — AS-KF, AS-
PDA, etc. — are presented along with some illustrative results.
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Practical object tracking

Chapters 1 to 8 introduced optimal (and suboptimal) Bayes tracking recursions and
associated approximations.

This chapter covers some points that are important when considering the prac-
tical implementation of object tracking. It can be viewed as a collection of sepa-
rate sections, each section dealing with a specific practical issue. Although object
existence is often mentioned in this chapter, with due diligence and prudence the
material presented can also apply to, or provide infrastructure for, other algorithms.

Section 9.2 introduces the linear multi-target method for suboptimal multi-
object tracking in clutter. As the name implies, the additional numerical complex-
ity of the linear multi-target method is linear in the number of targets and the num-
ber of measurements. This is followed by some practical methods for the clutter
measurement density estimation in Section 9.3. Bayes recursion needs to be initial-
ized; in the absence of prior target information, tracks are initialized using avail-
able measurements. Some track initialization methods and trade-offs are discussed
in Section 9.4. For various reasons, multiple tracks may end following the same
sequence of measurements; in Section 9.5 the track merging procedure detects and
solves this situation. Finally, Section 9.6 presents some (simulated) surveillance
situations and automatic target tracking solutions.

9.1 Introduction

In complex situations, involving a large number of objects and/or heavy clutter,
algorithms based on the optimal multi-object approach (Section 5.5.4) may not be
feasible due to its excessive computational requirements. The linear multi-target
procedure to efficiently convert single-object trackers into multi-object trackers is
detailed in Section 9.2. It is a sub-optimal multi-object tracking approach (Musicki
and La Scala, 2008) that has been tested in situations with a large (MusSicki and
La Scala, 2005) number of objects and substantial clutter. As implied by the name,

312
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linear multi-target procedure overheads are linear in the number of tracks and the
number of selected measurements. Therefore, it does not suffer from the combina-
torial number of possible joint (global) feasible measurements of track allocations.
A fringe benefit of linear multi-target tracking is that its algorithms retain the sim-
ple and elegant structure of the single-object tracking algorithms. This means sim-
plified (software) implementation, reliable programs and easy maintenance, which
all contribute to an improved bottom line.

The clutter measurement density was assumed to be known throughout Chap-
ter 5. In a majority of applications it is not correct, however, and the clutter mea-
surement density has to be estimated using measurements. Section 9.3 describes
some approaches to estimating the clutter measurement density for single- and
multi-object tracking algorithms.

The object tracking algorithms are derived using the Bayes’ equation. The
Bayes’ recursion assumes the existence of an initial track state. In the (usual)
absence of prior knowledge on object existence and position, new tracks have
to be initialized using measurements. Some useful approaches are presented in
Section 9.4.

Tracks are initialized using measurements. As a consequence, every object may
initialize a number of tracks, one per measurement scan, following it. Another
possibility is that a track (false or true) starts following an object already being
followed by another track. Whatever the reason, we may and often do end up in
a situation where a number of tracks follow the same object. The track merging
procedure in Section 9.5 describes the procedures used to recognize and correct
this situation.

Section 9.6 contains some well-chosen examples that show the effectiveness of
the techniques and algorithms presented in Chapters 5 and 9.

9.2 Linear multi-target tracking

Multi-object issues arise when tracks are close together, so that one or more
measurements are selected by more than one track. The optimal multi-object
approach described in Section 5.5.4 suffers from the combinatorial explosion in
the number of joint measurement to track assignments, as exemplified in (5.46).
Thus the optimal multi-object approach may easily become computationally
non-feasible when the number of tracks (objects) and the number of selected
measurements increase. A number of sub-optimal approaches which reduce the
multi-object tracking computational requirements have been proposed. Linear
multi-target tracking (MusSicki and La Scala, 2008) is one such approach.

Linear multi-target (LM) tracking is a procedure to convert single-object track-
ers into multi-object trackers with a number of operations that are linear in the
number of tracks and the number of measurements. Furthermore, the overheads
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of the conversion are negligible in most situations, amounting to just a couple of
percent of the processor’s time requirements. So far, only object-existence-based
trackers from IPDA to IMM-ITS have been used in conjunction with the LM con-
version. However, given proper consideration, other single-object tracking algo-
rithms may also be used.

The prefix LM is used to indicate that LM has been applied. Thus, LMIPDA is
the multi-object tracker obtained by applying the LM procedure to IPDA.

Linear multi-target tracking measurement assumes that all measurements are
produced by the sensor(s) having infinite resolution. In other words, each measure-
ment can have only one source. When a measurement is used to update a track, it
can be one of the following:

1. measurement (detection) of the object being tracked;
2. clutter measurement; or
3. measurement (detection) of an object being followed by some other track.

A measurement produced by an object not being followed by the track 7 being
updated is a spurious measurement and as such it really is part of the clutter
“observed” by track t. This additional clutter is not Poisson distributed. This is
the essence of the linear multi-target approach to tracking: “when updating one
track, clutter measurement density is modulated by the possible contributions from
objects being followed by other tracks.” The word “possible” is used as the other
objects may or may not exist, and even if they do their measurements exist only
with a certain probability of detection.

As in previous sections, denote by py (i) the likelihood of measurement yy (i)
with respect to track 7, and denote by P, and P(; the detection and selection
probability of track T respectively.

Denote by P (i) the a priori probability that measurement yy (i) is the detection
of object t at time k. This probability is approximated by

T, .
PTi) £ plof 1Y) & p( 1Y) P Py AP0
PNHONIA)
j=1
The a priori probability p(67 (0)[Y*~1) = p (x7IY*~!) P} P that object T will
cause a selected detection at time k equals the probability that the object exists,
that it is detected given that it exists and that it is selected given that it exists
and is detected. This probability is split in (9.1) between the selected measure-
ments proportionally to their likelihoods with respect to track . Please note that
(9.1) implies that a priori detection events are mutually exclusive given a single
track (which is correct), and mutually independent with respect to different tracks
(which is the essence of the linear multi-target approximation).

O.1
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From a strictly mathematical point of view, (9.1) seems to carry a contradiction.
How can a priori probabilities be calculated using values of measurements in the
current scan? Part of the explanation can be that it is only an approximation. The
other part lies in the way this expression is used. The values of P* (i) are used to
update other tracks, but not track . This prevents the multiple use of the same data
in an independent manner, or data incest as it is often termed.

Probabilities P* (i) are calculated for all tracks T and all measurements i. If
track T does not select measurement i, then

P (i) = p; (i) = 0.

Single-object tracking algorithms, such as IPDA and ITS, expressions for the a
posteriori probability of object existence and a posteriori data association proba-
bilities depend on the ratio

P} PEpE (i)
Pi (i)
in other words on the ratio of object measurement density and clutter measurement
density at the measurement coordinates.
Consider here the update of track t, and concentrate on the measurement yi (i).
Define by @ the set of all tracks excluding track 7. The event that measurement

¥« (i) is the detection of object T now includes the event that measurement yy (i)
is not a detection of any object from &:

PHPEpEG) =5 PR PGP (i) pE (i),
where
POG) =[] (1-P?G))
ped

denotes the probability that measurement yi (i) is not a detection of any object
being followed by any track from ®. When updating track t, the total clutter mea-
surement density at yi (i) is defined as the measurement density of all sources
excluding object 7, and is given by

(D) =% PO pr(i) + Y PP pl ) = POP ()T (),
ned

where:

o PO2()) ok (i) is the clutter measurement density multiplied by the probability
that measurement y (i) is not a detection of any object from set ®;
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o PT2(j) pZ(i ) is the contribution to the total clutter (as observed by track ) of
track » at point y (i);

e P"®(j) is the a priori probability that measurement yy (i) is the detection of
object 1 from track set ®:

. . . . P"(@)
, P _ _ po _ p0,®
P73y = P"(l)}l)(l P?(i)) =P DT P
dFn
and
o A . P")
Q7 (i) =pk<z)+ZpZ(z)1_—P,,(i). 9.2)

n#T
Therefore, applying LM is obtained by the following transition:

PLPGpi() v PRPGPYT@pi() _ PhPGpi(M)
A0) PO*MHQTG) QT()
which is equivalent to simply replacing the clutter measurement density o (i) with
the modulated (with respect to track t) clutter measurement density Q° (i), when
updating the state of track 7. In this context, Q7 (i) is termed the equivalent LM
clutter observed by track 7 at the coordinates of measurement yy (i).
To recap, applying LM to a single-object tracker consists of two LM steps,
performed before the single-object data association step:

’

e For each track t and its selected measurements, calculating prior probabilities
P7(i), using (9.1). Please note that for measurement j not selected by track ,
PT(j) = p;y(j) =0.

e When updating track 7, replace the clutter measurement densities of selected
measurements pg (i) by the LM modulated clutter measurement densities 27 (i),
calculated using (9.2).

Another way of viewing LM is as a predictor/corrector method. The initial prob-
abilities of measurement allocations are calculated under the single-object assump-
tions for each track (9.1), which are then corrected by applying the modulated
clutter measurement density equation (9.2).

To illustrate how LM works in practice, assume that two tracks, t and »n, share
one measurement yi (i). Further assume that track n is a “strong” track which
selects only measurement yj (i), thus Pl.’7 — 1. When updating track t, the mod-
ulated clutter measurement density Q°(i) — oo. Thus, track 7 will effectively
ignore measurement yy (i), which is a desirable outcome.

LM approach has been applied to both single-object single-scan trackers, such
as IPDA and IMM-IPDA (to obtain LMIPDA and IMM-LMIPDA) (Musicki and
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Suvorova, 2008), and to single-object multi-scan trackers, such as ITS and IMM-
ITS (to obtain LMITS and IMM-LMITS) (MuSicki et al., 2005a; Musicki and
Evans, 2008). The results obtained so far indicate a negligible, and in some
cases undetectable, loss of performance between LM-based trackers, and track-
ers based on the optimal (‘“joint””) multi-object approach. The difference is almost
undetectable for the single-scan-based trackers (LMIPDA, IMM-LMIPDA ver-
sus JIPDA, IMM-JIPDA), and is (barely) noticeable for multi-scan-based track-
ers (LMITS and IMM-LMITS versus JITS and IMM-JITS). Of course, due to the
combinatorial explosion in the computational requirements of the “joint” multi-
object trackers, in many situations “joint” multi-object tracking is not feasible, and
LM (or some other sub-optimal approach) remains the only published possibility.

Both additional LM steps are linear in the number of tracks and the number
of measurements (hence the name linear multi-target) and with a minimal amount
of careful implementation add only a small percentage to computational require-
ments. LM has been successfully tested in difficult situations with large numbers
of (maneuvering) objects and heavy clutter (MuSicki and La Scala, 2005).

Given a fixed number of objects and fixed clutter statistics, the peak to average
ratio of required computational requirements for LM is very low compared to the
optimal, joint multi-object approach. Given that hardware computational capabil-
ities have to conform to peak demands, this is a very significant benefit of LM.
Additionally, LM implementation logic is much simpler compared to the optimal,
joint multi-object approach; e.g., one does not have to implement joint hypothesis
enumeration and evaluation. This simplicity results in faster development and a
more robust application which is less difficult to maintain.

9.3 Clutter measurement density estimation

Estimation of the clutter measurement density is an often neglected aspect of track-
ing in clutter. Yet, as the examples in Section 9.6 show, better knowledge of the
clutter measurement density may result in turning near-useless results into a suc-
cess. It is almost impossible to over-emphasize the importance of better clutter
measurement density knowledge.

As is detailed below, given no prior knowledge of clutter measurement density
(non-parametric object tracking), clutter measurement density is estimated on-line
using selected measurements. In this case, the volume Vj of the selection gate is
important. The bigger the selection gate, the more precise our estimate of the clut-
ter measurement density will be, as, statistically speaking, more selected clutter
measurements will give us a better clutter measurement density estimate. On the
other hand, if the clutter is non-homogeneous, the larger gate volumes will give
us more biased, and therefore detrimental, estimates of the clutter measurement
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density. These effects on the correctness of the clutter measurement density esti-
mates in many environments far outweigh other considerations on the selection
gate size, including the probability that object detection may not be selected.

One may suggest having two selection gates. One selection gate, usually
smaller, selects measurements used to actually update tracks. The other selection
gate, usually larger, selects measurements used to estimate the clutter measure-
ment density. The parameters of both can be independently adjusted to optimize
both the clutter measurement density estimation, and the number of measurements
used to update the track state. These considerations, however, will not be further
pursued in this book.

The selection gate volumes of different object tracking algorithms will be dif-
ferent, even given the same probability of section Pg. Gate volume depends also
on the shape of the a priori measurement pdf, as well as on the various approx-
imations used. As an example, Musicki (1994) compares the selection gate vol-
umes of IPDA and IMM-PDA. A fair comparison between these (non-parametric)
algorithms is only achieved once the gate sizes are corrected to be (statistically)
similar.

Generally speaking, the clutter measurement density is more often than not a
priori unknown. For example, one may be able to calculate the a priori probability
of a false alarm and therefore the clutter measurement density in the rare case when
the only source of false signals is the thermal noise (the radar receiver antenna
points to empty space). These and similar situations do not happen often.

If the clutter is “almost stationary,” meaning that the parameters of clutter sig-
nal change slowly in time, the clutter measurement density in the surveillance
space may be estimated (averaged) using a clutter map (MusSicki et al., 2005b).
In many cases this assumption is not possible. Some examples include rapidly
moving sensors, and/or a fast-changing environment, fast warm-up time, etc. In
these cases clutter mapping is not possible and one must assume no a priori clutter
measurement density information. Tracking in this situation is described here as
non-parametric object tracking, and the clutter measurement density estimation in
this situation is the subject of this section. Although the assumption is that tracking
is performed by one of the object-existence-based trackers, which are described in
Chapter 5, with the possible LM extension described in Chapter 9, these results
with appropriate modifications can also be used with other algorithms.

Non-parametric object tracking carries an additional assumption: “the clutter
measurement density within the surveillance area of interest is uniform.” The
“surveillance area of interest”” depends on the object tracking algorithm. For single-
object tracking, the area of interest is the selection gate area of the track under
consideration. For multi-object tracking, the area of interest is the current cluster
area.
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In non-parametric tracking, the clutter measurement density estimation is per-
formed after the measurement selection operation, and the surveillance area of
interest is established. The estimated clutter measurement density is used by the
data association operation (Sections 5.5.3 and 5.5.4).

Inputs to the clutter measurement density estimation at time k are, for each
object trajectory model o of each component c_1 of each track t:

e the number m,ﬁ (ck—1, o) of selected measurements; and
o the volume V/f (ck—1, o) of the selection gate; and
» the a priori probability of object existence, p(x; YA 1.

The output of the clutter measurement density estimation operation at time k for
each surveillance area of interest is:

e the clutter measurement density at the location of each measurement yi (i),
which is in thAis case identical for each measurement in the surveillance area
of interest, p = i (i).

The clutter measurement density is estimated as
Hik

0
where my, is the estimate (statistical mean) of the number of clutter measurements
in the surveillance area of interest, and Vj is the volume of the surveillance area of
interest.

The track selection gate is a union of the selection gates of the individual com-
ponents, each of which is the union of the selection gates of the individual models
of the component. For single-object tracking, the track selection gate is the surveil-
lance area of interest. For multi-object tracking, the cluster area is the surveillance
area of interest, and is the union of the selection gates of constituent tracks. Thus,
in both cases, the surveillance area of interest boils down to a union of individual
selection gates of trajectory models of individual track components of individual
tracks; which we term the “elementary selection gate” in this section.

As discussed in Section 5.5.2 on measurement selection, each elementary selec-
tion gate is a hyper-ellipsoid in the observation space. Thus the volume Vj is the
volume of a union of intersecting hyper-ellipsoids. To the best of the authors’
knowledge there is no closed expression for the volume of the surveillance area of
interest. Instead, we use an approximation, published in Musicki and Evans (2002)
and MusSicki and Morelande (2004). Assume that the volume V} is the union of H
intersecting hyper-ellipsoids, indexed here by &, and denote by Vi (h) and my(h)
the volume and the number of selected measurements of the elementary hyper-
ellipsoid h. Then, with a slight abuse of notation, the total number of selected
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Figure 9.1 Multi-object situation.

measurements is
mi = |_Jm(h) <Y my(h),
h h

and the V} approximation is

Vi ~ max Z Vi(h) ————  max Vi) |, 9.4)

zmk

where the max operations ensure that the approximated volume is at least as big as
the volume of the largest elementary selection gate, and

o= "k 9.5)

> mi(h)
h

approximates the overlapping ratio defined as the ratio of volume of union
of overlapped hyper-ellipsoids divided by the sum of volumes of individual
hyper-ellipsoids. The larger the number of selected measurements (the higher
the true clutter measurement density is), the more precise approximation (9.4)
becomes. Nevertheless, Musicki and Evans (2002) and MusSicki and Morelande
(2004) show that the approximation works well enough even with a small number
of selected measurements.

To illustrate, consider the multi-object situation with one cluster, depicted in
Figure 5.4, repeated here for convenience as Figure 9.1. In this situation:

¢ there are four selected measurements in the cluster, m; = 4,
¢ each track selects two measurements, my(h) =2, h=1,...,3;
* the overlapping factor (9.5)is 0 =4/6 = 2/3; and
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¢ given that the volumes of individual selection gates are equal, Vi (1) = Vi (2) =
Vi (3), cluster volume is approximated by Vi &~ 2 Vi (1), which is a reasonable
approximation.

Clutter measurement density is of interest only in the case where the track
selects at least one measurement. Thus in this section the case of my; =0 is
ignored, and the denominator in (9.4) is never zero.

For single-object tracking, (9.4) becomes

i=Vi=J W (1.0

T
&1

T
my

A max Z Vi (ck—1,0) , max Vk (ck—1,0) |, (9.6)

10
and for multi-object tracking, (9.4) becomes

Vk—UVk —UUUVk(Ck 1,0)

Tsklﬂ

mig
~ max Z Z Vk (ck—1,0) , max Vk (ck—1,0)|, 9.7)
T .0 szk(ck 1,0) DO

T g0

where 7 indexes all tracks in the cluster under observation.
The estimated number of selected clutter measurements, needed to complete
(9.3), is calculated in a different manner for single- and multi-object tracking.
Single-object tracking ignores the possibility of other objects. The a priori prob-
ability that one of the selected measurements is object detection is

Pp Pop(Oul Y,

which is also the statistical mean of the number of selected object measurements.
Therefore, for single-object tracking (IPDA (MusSicki, 1994; Musicki ef al., 1994),
IMM-IPDA (Musicki et al., 2004a; MusSicki and Suvorova, 2008), ITS (MusSicki et
al., 2003, 2007) and IMM-ITS (MusSicki et al., 2004b, 2007))

g = my — PpPepOul YD), (9.8)

Multi-object tracking (JIPDA (Musicki and Evans, 2002, 2004b), IMM-JIPDA
(Musicki and Suvorova, 2008), JITS (Musicki et al., 2003; MusSicki and Evans,
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2008) and IMM-JITS (Musicki and Evans, 2008)) assumes that the events of mea-
surement yx (i) not being the object detection are independent across tracks which
select the measurement yi (i). The probability that measurement yi (i) is a detec-
tion of track t is approximated by (see Section 9.2; (9.1))

Pk()

Zpk(])

where the prior probability Pp Pg p(x; |Y*~1) that one measurement is the detec-
tion of track 7 is divided among the selected measurements, proportionally to the
measurement likelihood. The probability that measurement y (i) is not a detection
of object T becomes 1 — P[;, the probability that yj (i) is a detection of no object
becomes (due to the assuméd/approximated event independence)

Pkt’\’l_[ Pkl

and the total number of expected clutter measurements equals the sum of the clutter
probabilities of individual tracks in the surveillance area of interest:

mg my
n%k=ZP,3j~Z]_[(1—P,§j>. 9.10)
j=1

j=1

P~ PpPop(xf 1Y) (9.9)

Equations (9.9)—(9.10) are denoted by the pseudo-function

i = MTTyv ((pOE I D, (PF (Do) 9.11)

For a single-track cluster, the multi-object tracking formulae for Vi and
my — (9.7) and (9.10) — revert to the single-object tracking formulae, (9.6) and
(9.8) respectively, as they should.

As originally published, some of the algorithms detailed in Chapter 5 use
somewhat different formulae for the clutter measurement density estimation. The
difference was highlighted, and the authors are of the opinion that the formulae
presented here yield better results in the majority of implementations.

9.4 Track initialization

To start the Bayes’ recursion, tracks have to be initialized. Barring some human
intervention, the only way to initialize tracks is using measurements. The new track
initialization sometimes bears the highly scientific name “track birth process.”
Track initialization is even less of an exact science than the track update. In this
section some, by no means exhaustive, possibilities are explored. The practitioner
needs to carefully evaluate the various approaches, preferably first by detailed
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simulations. Choosing the wrong way to initialize tracks may result in either the
saturation of computational resources (too many initialized false tracks), or poor
tracking performance (true tracks not initialized or not timely initialized). Either
result spells object tracking problems.

The track initialization procedure should take place at each measurement time
k after the track state update operations. At that point, the measurement usage by
existing tracks is known and may be utilized to tune the track initialization.

Inputs to the new track initialization process at time k are (not all of them are
used by all procedures suggested):

¢ The sets of measurements Y;_; and Yy returned by the sensor at previous time
k — 1 and at current time k respectively. In this case Y;_; and Yy refer to all
measurements returned by the sensors.

e For each measurement Yy_1 (j) and Yy (i) from Y;_; and Y respectively, the
a posteriori data association probabilities P,?_ k=1, and P,?‘ r.; that the measure-
ments are not detections of any object followed by existing tracks.

Outputs of the new track initialization process are new tracks (indexed by super-
script 7), defined by their probability of object existence, p(x; |Y¥), and the object
trajectory state pdf, p(x|x;, Y5).

This section describes two track initialization techniques that are often imple-
mented. One is termed “one-point track initialization,” and the other “two-point
differencing.” The one-point track initialization is conceptually simpler, and
requires only measurements Yy from the current scan k. However, the new tracks
will have no a priori speed information, which results in a (relative to two-point dif-
ferencing) large selection gate area at the subsequent scan k + 1. This may be detri-
mental in a heavy clutter situation as potentially more clutter measurements will
be selected. These additional clutter measurements will not only increase the com-
putational requirements, they will increase the estimation errors and may cause
the true track to “lose” its object or may cause the confirmation of false tracks.
The two-point differencing is more complex; however, the initial speed informa-
tion results in a much smaller selection gate area in the subsequent scan k + 1
for newly initialized tracks, which helps in a heavy clutter environment. There is
no universal clear winner between these techniques; depending on the situation
sometimes one and sometimes the other will be advantageous.

The trajectory state estimate Xx; usually consists of position ry, speed v; and
sometimes acceleration a, each of which has n components. For two-dimensional
tracking n = 2, and for three-dimensional tracking n = 3, and (omitting the track
superscript)

=l ),
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Therefore, the a posteriori object trajectory estimate at time k, given track com-
ponent ¢ and trajectory model o is defined by

Tk (ck, 0)
Xk (cr, 0) = | Vi (ck, 0) |,
agk(ck, 0)

and

Prriii(ck, 0)  Pryrk(ck, o) Pragr(ck, o)
Pri(ck, 0) = | Pyrkk(ck, o) Pywre(ck, o)  Pyagp(ck, o)
Parkjk(ck, 0)  Paykk(ck, 0)  Paakji(ck, o)

If the acceleration is not used, the corresponding elements from X, Xk (cx, o) and
Py i (ck, o) should be simply removed.

9.4.1 One-point track initialization

As the name implies, each measurement used for track initialization at time k inde-
pendently results in a new track. We thus concentrate here on one measurement
Y (i), with corresponding measurement covariance matrix R. The procedure is
repeated for each measurement in Yy (7).

Based on one position measurement, one has no information on object speed
and acceleration. If the maximum object speed and acceleration are v,k and apax,
the uniform distribution of object speed and acceleration with appropriate bounds
may reflect our ignorance. This uniform distribution is replaced by a Gaussian pdf
with mean zero and covariance v2 I,/3 and a2, I,,/3 for speed and acceleration
respectively:

Y (i)
Xik (e, 0) = | 0,1
L 0n,1
-~ (9.12)
R 0,1 0,1
Pklk(ck’ o) = 0n,n Vlznaxln/:)’ On,n
_0n,n On,n arznaxln/3

with 0, ,, denoting an n - m zero matrix, and I,, denoting the identity matrix of
order n. For n = 3, (9.12) may be modified in an obvious manner for the case
where the maximum speed and acceleration in the vertical direction are different
from the maximum speed and acceleration in the horizontal plane. One should note
that (initially) position, speed and acceleration errors are mutually uncorrelated.
The new track has only one component, with relative probability
pcklxx, Yk (i) = 1. All trajectory models o have an identical state estimate pdf
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with mean and covariance defined by (9.12). The a posteriori trajectory model
probabilities |k (ck, o) may be proportional to their expected life; another often
reasonable initiation choice is gk (cx, 0) =1/ M, 0 =1,..., M.

The initial probability of object existence, p(xx|Yx (i)), for a new track, can be
calculated by

RR:1¢ (10)
Kkt 5 (Y (D) + pr (Ye ()

POl Y (1) = (9.13)

where P,?l x.i 18 the probability that measurement Yy (i) is not a detection of any
object being followed by already existing tracks (Section 9.4.3), and p;(y) denotes
the new object spatial density at y. However, in most cases the new object density
p:(y) is not known, and the prior clutter measurement density estimate p (y) is also
often either unknown, or calculated with large relative errors. Thus, it is reasonable
to ignore the second factor in (9.13). The initial probability of object existence then
becomes

pOGIYk (i) = Py Po. (9.14)

with Py denoting the initial probability of object existence for measurements which
are not detections of objects being followed by existing tracks. In practice, Py
becomes a tuning parameter for the false track discrimination procedure.

9.4.2 Two-point differencing

Two-point differencing (Bar-Shalom et al., 1990) uses measurements from consec-
utive scans to initialize tracks. The object speed estimate may be initialized using
measurements at two different times, but not the acceleration.

This procedure is repeated by all measurements from time k — 1, we thus con-
centrate on tracks initialized based on measurement Y;_; (j), received at time
k — 1. In the following scan, at time k, a rectangular selection gate centered at
Yi—1 (j), is created with a side at dimensiond =1, ..., n equal to

2 (ATk Vs + 2V/RW, D)) .

where AT} is the time interval between scan k and k — 1, and R(d, d) is the d-th
diagonal element of R. In this case the gating probability is Pg =~ 1. Denote by Vi
the volume of the rectangular selection gate, and by y; the set of measurements
selected by the rectangular selection gate at time k. In this case

Y =Y (D), YR = (Y1 (), yih-
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A new track is initialized by measurement Y;_1 (j) and each selected measure-
ment yi (i);i = 1, ..., mg. The a posteriori object trajectory state estimate of the
new track, given measurements Yx_{ () and y (i) has a Gaussian pdf, with mean

Vi (0)
Xk (e, 0) = | (Y (1) — Yi—1 ())/ ATy |, 9.15)
On,l

and covariance

R R/AT} 0,
Pii(ck, 0) = | R/AT, 2R/ATE 0y, . (9.16)
On,n On,n arznaxln/3

Our no a priori knowledge of object velocity is modeled by assuming the uni-
form a priori measurement pdf at time %,

PIxe Y = 1/Vie = pr(@).

The probability of object existence for the first measurement is given by (9.14):
POt IY) = P) i Po,

which will then propagate as (Section 5.3.1)

pOwIYS ™) = TEXp[ p (1 1Y), p].

The a posteriori probability of object existence p(xx|Y*) and a posteriori data
association probabilities conditioned on object existence Bx(i), i =0, ..., mg,
are calculated by the data association operations (MusSicki and Evans, 2004a).
Whether we use single- or multi-object tracking for the existing track update, for
the computational requirements reason we recommend using the single-object data
association here (5.82):

[P IY), (B0 ) = STDA [ pOul Y. { e PO | ]

Multi-scan trackers

Multi-scan trackers retain a number of a posteriori track components. They initial-
ize one track for each measurement Yi_; (), and one track component for each
selected measurement in the subsequent scan yi (i). Number of components at
time k equals my + 1, one for each selected measurement yy (i), and one for the
“null” measurement, i = 0.

For each component, all object trajectory models o are initialized with identical
state estimate pdfs. Thus, the initialized component state estimate pdf is identical
to the state estimate pdfs of its object trajectory models.
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Component i = 0 still has a (mostly) uniform position pdf as it was created by
the single measurement yx_1 (j). For various practical reasons it is advantageous
to now convert its pdf into a Gaussian pdf with mean

Yio1(j)
Xpk(cr, 0) = | Oy : 9.17)
0n,l
and covariance
R+ (A Tkaax)ZIn/3 0n,n 0n,n
Py (ck, 0) = 0, v2.1,/3 0., |. (9.18)
On,n On,n al%mxln/3

The mean and covariance of the object trajectory state estimate pdf of compo-
nent i > 0 are specified by (9.15) and (9.16) respectively.

The relative probabilities of the track components are calculated as in Section
5.5.5; using (5.90), the relative probability of the a posteriori component i equals
Bi(@),i =0,...,my.

Using (5.91), the a posteriori probability of the object trajectory model o is
equal to the single-scan initialization o model probability; a reasonable initia-
tion choice often is pik(cx, 0) =1/M, 0 =1, ..., M. Another often reasonable
choice is to initialize the trajectory model probabilities pik(ck, o) to be propor-
tional to their expected life.

Single-scan trackers

Single-scan (PDA-based) trackers in principle merge all the a posteriori compo-
nents into one, which would completely negate any advantages of the two-point
differencing. Instead of track component merging we implement “track compo-
nent splitting,” where each a posteriori track component incorporating yx (i > 0)
is split to form an independent track. This procedure is described in MusSicki and
Evans (2004a).

After performing the multi-scan tracker initialization, each component i > 0
becomes a new single-component track with probability of existence equal to
Bi(@)p( Xlek ). In most cases the new track corresponding to i = 0 is terminated.

9.4.3 Calculation of P,?| ki

Pl?l «i 18 the probability that measurement Y (i) is not a detection at time k of
any object being followed by already existing tracks. If no existing track selects
measurement Yy (i), then P,?| vi=1
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Single-object tracking
Single-object tracking processes each track separately. The probability Pktl’ko, ; that
measurement Yy (i) is not a detection of the object followed by track 7 is the com-
plement of the a posteriori probability that the object exists and that its detection
is measurement Yy (i),

,0 .
Piii = 1= p(x{ 1Y) BE ).
Single-object tracking assumes the independence of object non-detection and

Poe =125 =TT( = p(xf 1Y) B @)

T

Multi-object tracking

Multi-object tracking processes all tracks in a cluster jointly. Allocations of mea-
surement Yy (i) to various tracks are mutually exclusive (rather than independent
as in the single-object tracking case above). The logic of Section 5.5.4 is also fol-
lowed here and extends the joint multi-object data association operation.

Set E(z, i) is defined as the set of feasible joint events which allocate measure-
ment i to track t; the set E(0, i) is therefore the set of feasible joint events which
does not allocate measurement yy (i) to any existing track. The event that no track
in a cluster selects measurement yy (i) is the union of all (mutually exclusive) fea-
sible joint events in E (0, i), and thus

Pli= Y. peYH

ecE(0,i)

=1-Y Y pelYH =1-Y p(xf. 6 (DIYH)

T ee&(r,i)
= 1= pOfIYOBLG),
T

as in the multi-object tracking case, elementary joint events are mutually exclusive.

9.4.4 New track initialization measurement choice

Which measurements should be used to initialize new tracks? So far, the obvious
answer to this question is to use all measurements returned by the sensor(s). If the
measurement is also used by a (strong) existing track, the newly initialized track
will start with a low initial probability of object existence and will (most likely) be
quickly terminated.

Things are usually not this simple, although we would sure like them to be!
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First consider the case of single-object tracking, where each track is updated
separately. Further assume that there is one object in the surveillance area. In each
scan when that object is detected, a new track is initialized following the same
object. As the new tracks are true tracks, and each track is updated separately,
their probability of object existence is going to quickly grow until they are con-
firmed. We end up with a number of confirmed tracks following the same object.
Additional logic must be employed to clear up this undesirable situation.

Next consider the number of initialized false tracks. In the heavy clutter, we
would like to employ two-point differencing. If we are using single-scan (PDA-
based) algorithms, the number of initialized false tracks per scan is proportional
to the square of the clutter measurement density, and is also proportional to v} ..
Pretty soon we may find ourselves in danger of saturating available computational
resources.

These problems can be alleviated, and in some cases solved, by a proper choice
of measurements to use for initialization of new tracks.

One may imagine a number of approaches briefly listed below. In practical
design, they should be tested by simulating the most difficult conditions in which
the tracker is expected to perform (the highest clutter measurement density, the
highest object maximum speed vyx, maximum number of objects, .. .).

Some of the possible approaches to the choice of measurements used for new
track initialization are:

¢ brute force, use all available measurements in all scans;

« use all available measurements, apart from the “nearest neighbor measurements”
used by confirmed tracks, and apart from the “nearest neighbor measurements”
used by tentative tracks (H. A. P. Blom and E. Bloem, personal correspondence
with D. MusSicki, 2007). The nearest neighbor measurement of track t is the
measurement yy (i) with highest 8/ (i);

¢ use all available measurements, apart from the “nearest neighbor measurements”
used by confirmed tracks;

¢ use all available measurements, apart from the measurements selected by con-
firmed tracks;

e use all available measurements, apart from the measurements selected by exist-
ing tracks;

¢ for two-point differencing procedure used in single-scan (PDA-based) tracking
use all available pairs of measurements yx_1 (j) and yi (i), provided that they
are not both selected by the same existing track.

9.5 Track merging

Multiple tracks may end up following one object.
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As described in Section 9.4.4, in single-object tracking one existing object may
initialize a new track in every scan. All these tracks are true tracks (they will follow
the object) and are therefore likely to get confirmed eventually.

In multi-object tracking a similar situation will also arise. However, due to joint
data association, the strongest track (usually the first initialized track following the
object will have the highest probability of object existence) will generally be allo-
cated the object measurements with highest probability. Due to the mutual exclu-
sivity of the measurement allocation to tracks, the weaker tracks will be allocated
the object measurements with reduced probability. This will in effect force these
weaker tracks to ignore object measurements. As a consequence, the probability
of object existence for these weaker tracks will decrease in time, forcing the false
track discrimination procedure to eventually terminate them.

Nevertheless, even in the multi-object tracking case, the additional tracks use
up valuable computational resources. This is especially problematic if the opti-
mal (“joint”’) multi-object tracking approach is used on all tracks. Computational
requirements for the joint multi-object trackers grow combinatorially with the
number of tracks. Additional tracks can cause saturation of available computa-
tional resources, even when only a small number of objects exist in the surveillance
volume.

There are many other reasons why we may end up with multiple tracks fol-
lowing the same object. A false track may start to follow an object already being
followed by an existing track, or a true track may switch objects and start to follow
an object being followed by another existing track. This may happen when tracks
cross trajectories, or due to unfavorable object detection/clutter measurement posi-
tions combination. If the additional track is strong, even in multi-object tracking
it may take some time for the tracks to sort out which is to continue, and which
is to be terminated. In the meantime, valuable computational resources are being
wasted, and (even worse) the operators get a wrong picture of the objects in the
surveillance area.

This is obviously undesirable, and something should be done about it — enter
the track merging procedure. The track merging procedure involves the detection
of track pairs that are likely to follow the same object, and merging the tracks.
It is potentially a surprisingly computationally intensive operation, especially if
implemented in a theoretically optimal manner. We limit ourselves here to present
this procedure from a more practical viewpoint.

The track merging procedure has two conceptual parts: merge test and (only if
the pair of tracks has passed the merge test) the actual track merging. The track
merge test is applied to every pair of tracks. If the number of tracks is denoted
by T, the number of pairs of tracks is T (T — 1)/2, potentially a large number. In
many practical situations it is therefore imperative to make the track merge test



9.5 Track merging 331

as efficient as possible. Here we illustrate the procedure as applied to two tracks,
denoted by superscripts t and 5. Of course, this procedure must be repeated for
every pair of tracks.

9.5.1 Track merging test

Optimal track merging test should find out how close the a posteriori trajectory
estimate pdfs of track t and track 5 are. As both pdfs are Gaussian mixtures,
a closed form for, say, Kullback-Liebler distance (relative entropy) (Cover and
Thomas, 2006) may be applied. In real-life applications, with numerous tracks, this
would inflict prohibitive computational penalty. We recommend using just mean
Xk and covariance Py ; of tracks t and 7. These values are calculated for track
output (5.93).
A proper, although computationally intensive, track merging test is

T -1
(ﬁlglk - §Z|k> (Pz§|k + PZ|k> (ﬁlrc\k - ’A‘Zuc) < Tm,
where 1, is a suitably chosen track merging threshold. A conceptual problem with
this test is that, especially due to the presence of clutter measurements, a track may
end up having a large covariance matrix, which would let it pass the merging test
prematurely. Additional concern is due to the fact that inversion of the state covari-
ance matrix is a computationally intensive operation, which needs to be performed
a large number of times (once for each pair of existing tracks).

For reasons of efficiency, the track merge test may be split in two: the crude
track merge test and the fine track merge test. The fine track merge test is applied
only if the pair of tracks passes the crude track merge test.

The fast and crude track merge test may be testing the distance between esti-
mated means of tracks 7 and 7,

T
oT o ST on 2
(B, — Y ) (B, - Bk, ) <R3,

where R,Zn is the minimal distance test, and H, selects just the position coordinates
from Xy ¢. This test may also be repeated for the velocity components of Xg|-s.

The small number of tracks which pass the crude track merging test are sub-
jected to the fine track merging test,

T —1
(& — Bk ) (B HE ) (HaRE, — Bkl ) < o

where H,, selects the states which are used in the test. Position and velocity
are often used (and are often part of the track state), whereas in most appli-
cations the acceleration estimate is deemed not accurate enough to be used for
this purpose. Using a value of P,, independent of actual P,El . and le  prevents
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a premature pass of the test by tracks with large covariance matrices, as dis-
cussed above. The value of P, may be chosen a priori and depend on the aver-
age distance (and angles) between tracks t and 5 and the sensor. Using precom-
puted values of (H,,,P,,, HMT1)_1 further increases the computational efficiency of the
procedure.

The merging threshold 73, may be chosen as a trade-off between early detection
of the track merging condition, and premature merging of legitimate tracks which
follow different objects with close trajectories. The threshold is therefore applica-
tion dependent, although, all other things being equal, multi-object tracking algo-
rithms require smaller values of t)s than their single-object tracking counterparts.

This two-tier structure, with suitable modifications, may also be applied to
increase the computational efficiency of the measurement selection procedure.

9.5.2 Track merging execution

Optimal track merging also becomes a computationally intensive operation, partic-
ularly for multi-scan object tracking algorithms, whose a posteriori trajectory state
estimate pdf is a Gaussian mixture. Tracks 7 and 1 have passed the track merging
test, and are assumed to follow the same object. Over the last number of scans,
tracks T and n have been updated, one would presume, with an almost identical set
of measurements, and thus their estimation errors are highly correlated.

If this is true, then optimal merging will not reduce the estimation errors much,
at least not enough to justify extensive use of computational resources. The fol-
lowing approach may be used instead:

e Only one track is kept, the other is simply terminated.

e If one or both of the tracks are confirmed, than the remaining track also remains
or acquires the confirmed status.

e The higher probability of object existence is used for the remaining track.

One possibility is to retain the track with the higher probability of object existence.
The authors have found, however, that retaining the track with a smaller (determi-
nant of) estimation error covariance matrix often yields better results.

Thus the track merging procedure as described here is actually a misnomer, as it
is actually more of an elimination of surplus tracks. Track merging is the operation
which could be done in a proper theoretic sense. In a practical world the optimal
approach is often not justified.

9.6 Illustrative examples

Two simulation studies are presented here. Both are designed to highlight the false
track discrimination properties of the object-existence-based algorithms presented
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in Chapter 5, and the second one also demonstrates the capabilities of the linear
multi-target procedure, described in Section 9.2.

Each simulation experiment consists of a number of simulation runs, and each
simulation run consists of a number of scans. In each simulation run, the objects
repeat their trajectories; however, the detection sequence, measurement noise sam-
ple and clutter measurements are random and independent for each simulation
run, and for each simulated scan within simulation runs. Random number gener-
ators are initialized, so that each simulated algorithm in a given simulation study
receives an identical set of measurements.

In both instances, automatic object tracking situations are simulated. The object
tracking algorithms have no prior information on the existence, number and posi-
tion of possible objects within the surveillance area. Tracks are initialized using
measurements, as proposed in Section 9.4. The two-point differencing (Section
9.4.2) procedure is used to initialize tracks. The first scan probability of object
existence for new tracks is calculated by (9.14). After initialization, each track
state is updated according to the algorithm simulated.

A simple but efficient false track discrimination procedure is applied, as
described in Section 5.1 and depicted in Figure 5.1. After each scan, false track
discrimination is applied and track status updated. Terminated tracks are then
removed from computer memory. At the end of each simulation run, true tracks
are removed from memory, and false tracks are retained. The purpose of this is
to simulate a continuous surveillance operation and establish a stationary field of
false tracks.

The false track discrimination procedure is defined by three parameters:

¢ Py denoting the initial probability of object existence for measurements which
are not detections of objects being followed by existing tracks (9.14);

e the track confirmation threshold ¢, (Section 5.1); and

e the track termination threshold #; (Section 5.1).

For a given algorithm and given surveillance situation, the false track discrimi-
nation performance becomes a function of these three parameters. For each sim-
ulation experiment, and for each simulated object tracking algorithm, false track
discrimination is optimized. The goal of this optimization was to find the set of
false track discrimination parameters which maximizes the confirmed true track
statistic, subject to a predefined and acceptable false track statistic common to
all algorithms in an experiment. One exception to this strategy is noted in Sec-
tion 9.6.2.

The optimization constraint of the false track statistic is the number of scans
in which a confirmed false track exists. For the system to be actually used, par-
ticularly by the human operators, this number has to be small. Each occurrence
of a confirmed false track amounts to a false alarm, and too many false alarms
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will easily lead to the operators distrusting the results. In extreme cases, includ-
ing some defence applications, each confirmed false track may trigger a costly
and unnecessary response. Here we aim for a value of less than one such scan
in a thousand scans. This is achievable in the first simulation study described in
Section 9.6.1. However, in the multi-object simulation (Section 9.6.2), this objec-
tive is much more difficult to achieve. In the multi-object study, confirmed false
tracks are mostly initialized and maintained by cross-pollinating different objects.
These confirmed false tracks appear together with a large number of existing con-
firmed true tracks. Thus, whilst still undesirable, these confirmed false tracks will
not cause a general false alarm situation by themselves, and the confirmed false
track constraint can be somewhat relaxed. The lesson is clear: one must deduce
the object tracking requirements from the application and avoid any unnecessary
grief caused by over-designing the tracker.

Please also note that each confirmed false track will exist for a number of scans
before it gets automatically terminated by the false track discrimination procedure.
Thus, typically, the total number of confirmed false tracks is about an order of
magnitude smaller than this constraint.

The true confirmed track statistic that is to be optimized in the case of the single-
object tracking comparison (Section 9.6.1) is the total number of scans when the
confirmed true track is present. For the multi-object tracking comparison (Section
9.6.2), this statistic equals the sum across objects of the total number of scans when
the corresponding confirmed true track is present.

As noted in Musicki and Suvorova (2004), it is not easy to optimize false track
discrimination. To start with, the false track discrimination, as a function of the
three parameters, has numerous local peaks, where the optimization process may
prematurely end. Also, the only way to obtain the false track discrimination per-
formance is via lengthy simulations.

In all simulation experiments, track merging has also been applied to remove
duplicate tracks. The pragmatic track merging procedure, described in Section 9.5,
has been implemented.

Both simulation studies assume a two-dimensional surveillance situation. One
linear sensor is assumed in both cases. The object measurements contain object
Cartesian coordinates, each corrupted by mutually independent, zero mean, white
Gaussian measurement noise, with covariance matrix R = 25Iym?. Objects are
detected with a fixed and known probability of detection. Clutter measurements
follow a Poisson distribution.

9.6.1 Single-object tracking simulation study

This single-object tracking in clutter simulation study is designed to demonstrate:
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Figure 9.2 Simulation 1 environment.

¢ advantages that may be accrued using multi-scan object tracking;

« the importance of improved knowledge of clutter measurement density; and

e the false track discrimination trade-off between true track confirmation success
rate and false track confirmation rate.

In a single-object tracking environment, we compare IPDA and ITS, the principal
single-object trackers described in Chapter 5, across a range of detection proba-
bilities, Pp = 0.7, 0.8, 0.9. The number of ITS components is limited to 20 per
track. Both non-parametric and parametric versions of the algorithms are included
in this simulation study.

In the experiments described in this section, track initiation is carried out using
all measurement pairs from consecutive scans, subject to the maximum speed con-
straint, and given that both measurements were not selected by the same already
existing track. The latter constraint assumes that measurements not satisfying the
constraint are likely to be detections of an object already being followed by an
existing track. Thus this criterion is designed to reduce the number of duplicate
tracks. Whilst the logic seems to be working in a sparse object environment,
as noted in Section 9.6.2, it seems to be inadequate in a dense object environ-
ment where measurements from objects in close mutual proximity may systemat-
ically initialize and confirm false tracks. The maximum object speed constraint is
Vmax = 25 m/s. Object acceleration is not part of the object state, thus no maximum
object acceleration value was required.

The simulated environment is depicted in Figure 9.2. A single object is moving
with uniform velocity during 50 scans of each simulation run, each scan time being
1 s. Initial object position in Cartesian coordinates is [75 200]7m, and initial
velocity is [15 017 m/s.
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Clutter measurement density is non-uniform. The base clutter measurement
density equals 10™*, with a heavy clutter area, shown on Figure 9.2, having a
clutter measurement density equal to 7 x 10~%. This is a high clutter measurement
density, which would, comparatively speaking, favor ITS over IPDA.

During each simulation experiment, the simulation run is repeated 500 times,
for a total of 25 000 scans. The false track discrimination parameters are tuned to
deliver a confirmed false track in approximately 25 scans per simulation experi-
ment. The tuning procedure was terminated when an insignificant difference in the
true track statistics was found between the last experiments with confirmed false
track statistics crossing the desired value of the false track statistic. Due to the
small number of the false track statistic, the simulation results should be taken with
a grain of salt. The only way to increase the confidence in simulation results was
to significantly increase the number of simulation runs per simulation experiment,
although this would result in a somewhat exorbitant use of resources. However,
whilst the simulation results themselves could and should be regarded critically,
the reported performance differences between algorithms are of such magnitude
that it is safe to believe in the relative algorithm ranking delivered by this simula-
tion study, at least in this situation.

The false track statistic amounts to having one confirmed false track visible
every 1000 scans, which gives an approximate confirmed false tracks rate of one
in 4000 scans. This should also be compared to the number of initialized false
tracks of approximately 450 000, or approximately 18 per scan. A vast majority of
false tracks get terminated without being confirmed in the meantime.

You will note that, even in the case of Pp = 0.9, the success rate of confirmed
true tracks for the non-parametric version of IPDA leaves something to be desired.
Additional experiments have been performed for non-parametric IPDA with the
confirmed false tracks statistic relaxed to approximately 60 scans during which a
confirmed false track exists.

The true track confirmation success rates are shown in Figures 9.3, 9.4 and 9.5,
for the case of Pp = 0.9, Pp = 0.8 and Pp = 0.7 respectively.

e The curves “ITS exact” and “IPDA exact” correspond to the parametric ITS and
IPDA algorithms respectively, using perfect prior knowledge of clutter measure-
ment density.

e The curves “ITS np” and “IPDA np” correspond to non-parametric ITS and
IPDA respectively, where the clutter measurement density is estimated based on
the selected measurements in the current scan.

e The curve “IPDA np+” corresponds to non-parametric IPDA with the increased
number of confirmed false tracks constraint.
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Figure 9.5 Confirmed true tracks success, Pp = 0.7.
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Figure 9.6 Root mean square errors, Pp = 0.9.

First note the importance of clutter measurement density information. For Pp =
0.9 and 0.8, knowledge of clutter measurement density is more important than
using multiple components; “IPDA exact” has better performance than “ITS np.”
Only for Pp = 0.7, the performance of “IPDA exact” is worse than “ITS np.” In
all cases, there is a substantial improvement going from “np” to “exact” imple-
mentation of the same algorithm.

Second, note that the performance of IPDA deteriorates faster than the ITS.
Indeed, it would seem that in this environment, IPDA should not be used for
PD < 0.8.

Finally, comparing the curves labeled “IPDA np” and “IPDA np+,” one can
observe the trade-off between the false track rejection performance, and true track
confirmation. By allowing more confirmed false tracks, the true track confirmation
performance significantly improves. The system designer should allow a certain
rate of confirmed false tracks, depending on the system application and overall
requirements. Decreasing the average rate of confirmed false tracks will also have
a detrimental effect on the success rate of true track confirmation. How detrimental
needs to be determined by simulations. In this case, increasing the confirmed false
track statistics has improved non-parametric IPDA in this environment, and the
results for Pp = 0.9 appear to be satisfactory; however, the improvement was not
enough for Pp < 0.8.

For low Pp, ITS offers further tuning capabilities by increasing the number of
track components. One can also further experiment with various track initialization
methods.

Root mean square position estimation errors for Pp = 0.9, Pp = 0.8 and Pp =
0.7 are shown in Figures 9.6-9.8. For a given Pp, the estimation errors do not
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Figure 9.8 Root mean square errors, Pp = 0.7.

differ between algorithms in any significant manner. The estimation errors are, as
expected, larger for smaller values of Pp.

9.6.2 Multi-object tracking simulation study

This multi-object tracking in clutter simulation study is designed to demonstrate
false track discrimination and track retention capabilities in a multi-object situa-
tion. The environment is depicted in Figure 9.9.

A multi-object situation with a significant number (20) of objects with inter-
secting trajectories is simulated. This number of objects simultaneously being in
proximity of each other precludes tracking of objects using any of the “joint”
multi-object trackers presented in Chapter 5. The problem lies in the computational
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Figure 9.9 Simulation 2 environment.

requirements, as the number of feasible joint events becomes huge. Our choice is
either to use a single-object tracker in this situation, or to use a sub-optimal multi-
object tracking approach. As the objects are not maneuvering, we compare here the
ITS and IPDA single-object trackers presented in Chapter 5, as well as their sub-
optimal multi-object (linear multi-target — Section 9.2) transformations, namely
linear multi-target ITS (LMITS) and linear multi-target IPDA (LMIPDA).

The scan time was fixed to 1 s. In each simulation run 20 objects start their
trajectory from the edge of a circle with radius of 450 m. The objects start with an
angular separation of 15 degrees. Each object follows a uniform (constant velocity
vector) motion toward the center of the circle, scheduled to reach in 20 scans, and
then continue trajectories for a total of 40 scans in each simulation run. Random
components are added to the initial speed vectors of each object, to ensure a more
difficult situation where all objects trajectories do not intersect at the same point,
but are close enough to form one big cluster.

Each object is detected with the probability of detection Pp = 0.9. A significant
clutter in the surveillance area is present with a uniform clutter measurement den-
sity of 10™*. All object tracking algorithms have perfect knowledge of the value
of the clutter measurement density.

The maximum object speed constraint on the track initialization procedure is
defined to be 30 m/s. The object acceleration is not part of the object state, thus no
maximum object acceleration value was required.
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Table 9.1 Multi-object algorithm summary.

Filter CFtStats nCTtracks nOk [%] nSwitch [%]
LMITS 73 4518 97.6 2
LMIPDA 143 4292 97.1 2.7
ITS 294 4450 57 9
IPDA 285 3812 73 5
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Figure 9.10 Confirmed true tracks success, simulation 2.

In this environment, a large number of false tracks may be initialized by mea-
surements (detections) from close objects when they converge near the center of
the surveillance area. A large number of these tracks can get confirmed by moving
“sideways” from object to object (particularly in the case of the single-object track-
ers IPDA and ITS). Initializing new tracks using only measurements which are not
selected by any existing track in this situation greatly reduces the number of ini-
tialized and confirmed false tracks. All algorithms simulated in this study use this
logic for initializing tracks using the two-point differencing procedure described
in Section 9.4.2. Despite this precaution, a total of approximately 280 000 false
tracks are initialized, or approximately 28 per scan.

Trackers are compared with respect to the false track discrimination and track
retention in this environment. Results are integrated over the simulation experi-
ments consisting of 250 simulation runs for each tracker. False track discrimina-
tion and track retention results are presented in Figure 9.10 and Table 9.1. The
columns of Table 9.1 show:

o “CFtStats”: confirmed false track statistic, consist of the number of scans in the
simulation experiment with existing confirmed false track (out of the total of
250 % 40 = 10000 scans).
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e “nCTtracks” denotes the total number of confirmed true tracks at scan 16. Theo-
retical maximum number equals 20 * 250 = 5000. Each track contributing to
this number is noted together with its object, and at scan 39 it is examined
whether this track is still following the original object.

¢ “nOK” denotes the percentage of tracks contributing to “nCTtracks” which after
scan 39 still follow the original object.

¢ “nSwitch” denotes the percentage of tracks contributing to “nCTtracks” which
after scan 39 follow some other object.

e Tracks which contribute to “nCTtracks”, and do not contribute to either “nOK”
or “nSwitch” have either by scan 39 become false tracks by losing their object
and were subsequently terminated, or were merged with some other dominant
track and thus also terminated.

Departing from the procedure described in Section 9.6.1, we no longer strive
to tune the algorithms for approximately equal confirmed false track statistic. The
false track discrimination parameters have been tuned to deliver a substantial num-
ber of entries in the “nCTtracks” column of Table 9.1, for the purpose of reliable
track retention statistics. Thus, the effectiveness of the false track discrimination
statistics can be ranked by comparing columns “nCTtracks” and “CFtStats” of
Table 9.1. In this complex multi-object situation, LMITS has the best false track
discrimination statistics, followed by LMIPDA. Then comes ITS and, finally,
IPDA. The confirmed false tracks statistics should be taken into context by the
total number of initialized false tracks (approximately 280 000) and the total num-
ber of scans (10 000) in each simulation experiment.

Consulting Figure 9.10, we also conclude that LMITS and LMIPDA do not
have significant problems due to mutual proximity of objects. ITS and IPDA, on
the other hand, lose a significant percentage of confirmed true tracks after scan
20. This is also confirmed by Table 9.1, where LMITS and LMIPDA have almost
perfect track retention statistics, and ITS and IPDA do not. This vindicates the
need for multi object tracking, and also vindicates the use of the linear multi-target
procedure.

IPDA, although significantly worse than ITS with respect to the false track dis-
crimination procedure, has significantly better track retention properties in this
situation. The reason is that, during the objects’ cross-over, different ITS track
components latch onto different objects, and not always the original object wins
this tug of war.

The bottom line is that one should not use single-object tracking algorithms in
multi-object situations, particularly as the linear multi-target procedure provides
excellent multi-object capabilities with very little cost to either computational or
algorithmic (structural) complexity.
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Figure 9.11 Root mean square errors, simulation 2.

Finally, the root mean square position estimation errors over time are presented
in Figure 9.11. There is statistically insignificant difference between LMIPDA and
LMITS in this respect, whilst single-object trackers have significantly larger esti-
mation errors. These increased errors are mostly due to the large estimation error
of tracks which are starting to lose their respective objects. Before these tracks
finally lose their true track status, they contribute significantly to the estimation
root mean square errors.

9.7 Summary

This chapter deals with a number of technically important subjects of implemen-
tation of any object tracking algorithms — such as clutter measurement density
estimation, track initialization and merging. Important linear multi-target tracking
is also presented in this chapter as a computationally efficient solution to multiple-
object tracking. Simulated examples are also presented pointing out the major fea-
tures of different trackers.



Appendix A

Mathematical and statistical preliminaries

A.1 Probability laws and distributions
A.1.1 Sample space and events

The sample space

The sample space is the set of all possible values, or outcomes, of a realization that is not
known, be it in the past, present or future. In the Bayesian probabilistic framework, every
unknown quantity is treated as a random quantity.

Examples:

1. When tracking an object in 3D space, the position of the target at some point in
time in the future is not known. The 3D space is the sample space.

2. The exact position of that object in the past may not be known. In many track-
ing situations, the exact position is never observed, only estimated. In that case,
although in the past, the exact position of the target is a random quantity and the
3D space is the sample space.

3. Measurements in object tracking are the results of observations by sensing
devices. They are subject to random fluctuations. Measurement errors are attached
to the measurements, making them random quantities. The focus is on the errors
and they are treated as random values. Their sample space is problem dependent,
but often is the value space of the measurements.

The sample space is the mathematical set of all values that can be taken by an unknown
quantity of interest. One of the simplest examples would be the tossing of a coin. The
sample space is {H, T'}, where H is the outcome of a head in the tossing and 7 is tail.

A random event

An event is a subset of the sample space. Any set of values contained in the sample space
is the mathematical representation of a corresponding event.

Examples:

1. A target moves along a straight line. The sample space is 2 = R = (—o00, 4+00).
Any interval on the real line or union of intervals on the real line represents an
event. For example, the target being in the vicinity of 1 can be represented by the
event [0, 2]. The event of the target being even closer to 1 could be [0.8, 1.2].

344
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2. In the coin-tossing example, E = H is the event that the coin turns up a head.

3. If we consider the case of tossing two coins, then the sample space is made up of
the basic outcomes {H, H}, {H, T},{T, H}, {T, T}. The event that the first coin
turnsup aheadis E = ({H, H}, {H, T}) .

If E and F are two events in the sample space, then the union of E and F' is E | J F and
consists of all the outcomes that are in E or in F.

If E and F are two events in the sample space, then the intersection of E and F is
E () F and consists of all the outcomes that are both in £ and in F.

Examples:

1. Rolling a dice can resultin 1, 2, 3, 4, 5 or 6. These are the outcomes that make up
the sample space. If we let E be the event that the outcome is even, and F the event
that the outcome is less than 3, then E | F = {2, 4, 6} ({1, 2} = {1, 2, 4, 6.

2. ENF ={2}.

E and F are said to be disjoint events if E (] F is the empty set . We write E (| F = @.
The empty set ¥ is the representative of the null event &. The null event is the event that
cannot occur, the impossible event.

Example:

1. A target moving along a straight line cannot be both at the same time in [1, 3] and
[7, 12] since [1,3]1([7, 12] = @.

A setof events Eq, E», ..., E, are said to be mutually exclusive if all the sets are pair-
wise disjoint, that is E; (| F; = @ for all (i, j).
A set of events Eq, E», ..., E, are said to be mutually exclusive and exhaustive if the

sets are mutually exclusive and Ey |J E2---|J E, = Q.

A.1.2 Probabilities, conditional probabilities and independence

Probabilities

To measure our uncertainty about a random event, we use probabilities. This is the funda-
mental tenant of the probabilistic framework.

If E is a random event, then given all our knowledge and history background H, we
assign a number p(E|H) to all events E, such that:

* 0<p(EH) <1
* p(QH) =1,
e for any sequence of events Eq, E3, ..., which are mutually exclusive,

p (U Ei|H> =) p(EilH).
i=1 i=1

It is through this quantification, the use of numbers called probabilities, that the probabilis-
tic framework allows for the resolution of problems with random events. A large body of
scientific work, throughout centuries, was needed to arrive at the above three axioms. They
need to be satisfied by probabilities. The discussion of this topic is beyond the scope of
this book. It can be found in any literature material treating the definition and meaning of
probability. As readers of this book, it is enough to know that p(E|H) defines a probability
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attached to the event E, given all acquired knowledge H up to the time of the assessment
of p(E|H).

This probabilistic way of representing uncertainty makes it possible for two people with
different knowledge to have two different assessments for p(E|H) as ‘H is different for
both of them.

Example:

1. In the case of two stations tracking the same target, the assessment of the prob-
ability of the target’s position may differ for both stations. This may be due to
the difference in information received by both stations, and to the knowledge in
tracking of the engineers in the two tracking stations.

2. If T am cheating and tossing a coin, I know that the probability of head, say, is
higher. Whereas the person I am cheating may still assume that the coin is fair
and that the probability of a head is 1/2.

In the reminder of the text, p(E|H) will be written p(E). We drop the (.|H) for simpli-
fication purposes. H is always assumed to be present in the assessment of a probability.

Conditional probabilities

p(E|F) is the conditional probability of E given F. It is the probability of event E occur-
ring were we to assume that F' has occurred:

_p(ENF)
p(F) =

Note that F does not need to have actually occurred. We are simply assessing p(E) in
the hypothetical case where F has occurred.

p(E|F)

Examples:

1. Rolling a dice, if we let E be the event that the outcome is even, and F the
event that the outcome is less than 3. Then E [ F = {2} leading to p(E|F) =
PENF) _ 1/6 1/2

p(F) T I3 T
2. A more intuitive example is the following: consider drawing a card out of a deck
of 52 (ace, king, queen, jack, 10, ..., 2) in the four usual suits; hearts, clubs,

diamonds, spades. Consider the event E = {K, Q, J}, that is drawing that card
as either a king, queen or jack. Let F be the event that the card is a diamond. Then,

_p(EF) _3/52
- op(F) 14

It is clear that the result is intuitive. There are 13 diamond cards and {K,Q,J} make
up 3 out of 13 possibilities. Note also that p(E) = 12/52 = 3/13.

p(E|F) 3/13.

Independent events

Two events E and F are said to be independent if

P(E[)F) = p(E)p(F).
Similarly,

P(E|F) = p(E),
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which has a nice interpretation, since knowing that F' has occurred, or in the case it will
occur, does not change our assessment of p(E).

Example:

1. Drawing a card out of a deck of 52 (ace, king, queen, jack, 10, ..., 2) in the four
usual suits, hearts, clubs, diamonds, spades, we let the event £ = {K, O, J} be
that of drawing that card as either a king, queen or jack. We let F be the event that
the card is diamond. However, in this example, we throw away the ace of clubs
before drawing the card. Then,

p(EMF) _ 3/51
p(F)  13/51

p(E|F) = = 3/13.

It is still 3/13. However, p(E) = 12/51 > 12/52 = p(E|F). This means that E

and F are not independent. It is clear that the suit of the card affects the probability
of getting a king, queen or jack.

Note: at times, and in most of the material in the book, we note p(E (| F) as p(E, F).
This is a standard notation in most textbooks.

A.1.3 The multiplication law

Given two events E and F, the conditional probability of event E given the observation of
event F is

p(E, F)
E|F)=""_=.
p(EIF) G

It is equal to the joint probability of events E and F, p(E, F), normalized by the uncon-
ditional probability of event F, p(F). Using the multiplication law in the above equation
twice, we arrive at Bayes’ theorem, which can be written as

p(F|E)p(E)
E|F) = 2———22 7 Al
p(E|F) o (F) (A.1)

Many target tracking quantities of interest such as the number of targets and/or their states
can be modeled as event(s) £ and many types of sensor outputs, e.g., radar returns or
infrared images as event F. Bayes’ theorem in (A.1) is applied to obtain the conditional
probabilities p(E/F).

A.1.4 Law of total probability

The Chapman—Kolmogorov equation or law of total probability is essential in target track-
ing. Let F1, F», ..., F, be a set of mutually exclusive and exhaustive events. Then

p(E)=Y_ p(E|F)p(F)).

i=1

This is also called the law of extension of conversation as consideration is extended to the
set {F1, F2, ..., F,} when assessing p(E).
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Using the Chapman—Kolmogorov equation, we can rewrite Bayes’ theorem,

F|E)p(E
D(EIF) =  PEIEDE)
> iz P(FIE)p(E;))
where this time Eq, E», ..., E, is a set of mutually exclusive and exhaustive events.

A.1.5 Random variables

A random variable is a mathematical function that maps events to real numbers. For exam-
ple, a random variable can be used to allocate to each face of a rolled dice a number in {1,
2,3,4,5, 6}. By mapping events from the real world into real numbers, we are able to
apply the theory of probability to real-world problems.

A random variable X takes the sample space €2 into the real line

X:Q—>R.

Depending on whether the function X is discrete or continuous, or a mixture of the two,
that is X(€2) is discrete/continuous, the random variable X is said to be a discrete random
variable or a continuous random variable.

Note that most often, the term “random variable” applies to the image of X rather than X
itself. For example, in the case of the toss of a coin, if we let X(head) = 0 and X(tail) = 1,
then often we call the set {0,1} the random variable. It is a short cut in notation used by all.

A.1.6 Discrete random variables

In target tracking, we may be interested in identifying a target. For example, the target
could be a commercial flight, a surveillance helicopter, a friendly fighter jet or an enemy
fighter plane. We model the target state Si at time & to be 1, 2, 3 or 4 respectively. In this
case, S is a discrete random variable that takes values in the set {1, 2, 3, 4}. We refer to
p(Sk =10),i =1,2,3, 4 as the probability that the target is a commercial flight, a surveil-
lance helicopter, a friendly fighter jet or an enemy fighter plane, respectively. These four
values constitute the probability distribution of the discrete random variable S;. Often we
write this distribution as p(Sx) when there is no ambiguity.

A.1.7 Continuous random variables

Similarly, we may be interested in determining the position of a target. Sy may refer to the
coordinates of the target. In the one dimensional case, Sy takes values in the real line. In
higher dimensions, Sy is a vector that takes values in R x R or R3.

In the case where the target state includes the velocity as well as the position, then Sk
is a vector that takes values in R” x R” where n is the dimension of the space in which
the target evolves. We can also augment the vector S; with the acceleration vector and
SO on.

Because Sy is continuous, we write p(Sy = x) for the probability density function (pdf)
of Sy at the point x. Let f be a non-negative function such that

fAf(X)dx = p(Sk € A),
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where A is a subset of the sample space, and | is meant to be a multiple integral if need
be. In this case, f is the pdf of Si. In the book, we often refer to f as p(Sk).

Most introductory mathematical statistics books offer a good explanation of the con-
cepts of a pdf. For example, see Hogg and Craig (1995) for an excellent treatment of the
material.

A.1.8 Expected values

Expected value existed before probabilities. Christian Huygens (1629-1695) wrote a book
in 1657 that contained the first published study of mathematical expectations. Because of
the inherent appeal of games of chance, the first problems in probability theory were treated
through the notion of expected value.

In probability theory the expected value (or mathematical expectation) E(X) of a ran-
dom variable X is the sum of the probability of each possible outcome of the experiment
multiplied by the value of the random variable for that outcome

EX)=) xpX=x).

all x

For a continuous random variable, the sum is the integral
EX) = /xf(x)dx.
x
The expected value can also be defined for any function of X, say g(x) as
E(g(X)) = /X g(x) f(x)dx.

See Hogg and Craig (1995) for a comprehensive treatment of the subject.
In the mathematical derivations of the book, we use E (-) to mean the expected value of
(-) whenever there is no ambiguity.

A.1.9 Joint, marginal and conditional distributions

The joint probability distribution of the discrete random variables X, X, ..., X, is
denoted by p(Xi,X>, ..., X,) to represent the multivariate function p(X| = x1, Xy =
X2, ..., X, = Xxp), forall (x1, x2, ..., x,) possible values.

p(Xi, Xa, ..., X)) is also used to denote the joint probability density function in the
case of continuous random variables. It is again used in the case when some random vari-
ables are discrete and some are continuous. It is a notation that allows for simpler derivation
of mathematics where it would be tedious to write everything explicitly. It is a common
practice in probabilistic and statistical work. For a more elaborate explanation of the Joint
distributions and pdf’s, see Hogg and Craig (1995).

The marginal probability distribution of X; in the case of the discrete random variables
X1, Xo, ..., X, is

pPX) =) o Y Dy pXi X, Xy,

allX; allX;_ a||X,'+1 allX,,
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All the random variables except X; are averaged out of the joint probability distribution
to obtain the marginal probability distribution of X;. A similar averaging is done through
integration in the case of continuous variables.

For two discrete random variables, X; and X;, we write p(X;|X;) to mean the con-
ditional probability distribution of X; given X;. It is the probability distribution for the
events (X; = x;|X; = x;) for all (x;, x;). Recall that

pXi =x;, Xj =xj)
p(Xj = xj)

pX; =x|X; =x;) =

For two continuous random variables, X; and X;, we write also p(X;|X;) to mean the

conditional probability density function of X; given X;. It is defined as
rXi, X;)
pXilXj) = —_—
p(X;)

A.1.10 Bayes’ theorem and the Chapman—Kolmogorov equation

Bayes’ theorem

Bayes’ theorem in the case of two continuous random variables, X; and X, is

p(X;1X;) p(X;)
p(X;) )

It is the twice application of the definition of conditional densities. This notation, by choice,
applies in all cases, be the random variables both discrete, both continuous or one discrete
and the other continuous.

In target tracking we are interested in estimating the target state Sy after knowing all the
measurement vectors Y = (v, ..., yk_1, yx). We seek the probability distribution or pdf

pX;|X;) =

P(SEIYF).

It is a conditional distribution and is often derived using Bayes’ theorem,

PS5 p(Sk)

Sk k —
p(STIy) 205

Using the same theorem on a set of random variables, we can have, for example,

POk )

2O P(Sklri),

k
P(Sklre, y*) =
where ry stays in the background, that is, ¢ is always given.
Sometimes, it is necessary to write explicitly the value of a random variable such as that
of r; in Section 3.2.2:

pGlre = i, Y5 = palre = i, ye, Y5
- k—1
POklxe, re =i, y7) .
= " p(lre =i, Y1),
pklre =1, y=1)
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where this time, it is given y"’1
e =1.

A reader familiar with probabilistic or statistical work will have no difficulty grasping
this notation. Other readers can review some fundamentals in Bayesian probabilistic mod-
eling and will find it easy to follow this notation. Starting with Dennis V. Lindley’s book on
Bayesian statistics (1972), a series of excellent treatises of the subject can be found in the
work of Box and Tiao (1973), Bernardo and Smith (1994), Berger (1985), Berry (1996),
Gelman et al. (1995), and many others.

, meaning its value was when it was observed, and given

The Chapman—Kolmogorov equation

The law of total probability can be written as
pX) = /Y pX,Y)dy,

where the integration is taken over the whole range of Y and fY can be a multiple inte-
gration, summation or mixture, depending on the nature of Y. The above can be written
as

p(X) = /Y P(XIY)p(Y)dY. (A2)

and is often known as the Chapman—Kolmogorov equation.
In target tracking, the conditional density that most algorithms compute or seek to
approximate is (1.5)

PkISK) P(SkISk—1) p(Sk—11y* " Hd Sk—1.

1
pSiyH) = ———
P()’kb’k_l) Sk—1

The integral
/ P(SklSk—1) p(Sk—11y* " Hd i1,
Sk—1

is the Chapman—Kolmogorov equation for the problem, where Sy is X in (A.2),
(Sk—1, yk_l) is Y. Note that a simplification was made, where

P(SkISk—1, Y1) = p(SklSk—1).

A.2 Markov chains

Markov chains are a class of probability models in a discrete-time with the Markov prop-
erty. In such a model, the knowledge of the current state is enough for predicting a future
state.

Markov chains have a wide variety of applications in the real world. A Markov chain
describes a system in a discrete time. The system can be in a number of states. At the next
time, the system changes from the present state to a different state, including the present
one. The changes of state are called transitions. The Markov property means that the system
probabilistic description at the next transition time depends only on its present state, and
not its past states.
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Let {ri}{2, be a sequence of random variables indexed over time i,i =0,1,2,....
{rk}?io is a stochastic process where r;,i =0, 1, 2, ... represents the value of a random
quantity at time i. For example, in maneuvering target tracking (see Chapter 3), ry repre-
sents the mode of the target dynamics model, that is, the dynamics model in effect at time
k. Let us say that after rearrangement and labeling of the values that can be taken by r;, r;
takes values in {1, 2, ..., d}, and these are called the states of r;.

{ri}2,, is said to be a Markov chain if

plrk =ilrg—1 = j.rk—2 = jr—2,....,11 = j1) = plrx =ilrg—1 = j) =T1j,

for all k > 1. The conditional probabilities I';; are called the transition probabilities. In
Chapter 3, they are introduced in the target dynamics model in Section 3.2.1.

The transition matrix I' = [I';;] characterizes the Markov chain. Along with initial con-
ditions p(rp), the stochastic process is completely defined:

d
po=i)=Y plx=ilr1=j)pri-1=j)
j=1

d
=Y Tij plri1 = ).
j=1

For an introduction to the subject, see Ross (2003).

A.3 The delta function

The delta function 5(x) is sometimes called Dirac’s delta function or the impulse symbol.
The delta function can be viewed as the derivative of a step function H (x),

dH
S(x) = dix).

The main property of the delta function used in the book is

f F)8x —xNdx = £(x0).

For an intuitive understanding of the delta function, one can think of a function which
is zero everywhere except at the origin, where it is infinite and such that

/00 S(x)dx = 1.

No function has the above properties, but the delta function can be thought of as the limit
of a sequence of functions so that the above two conditions are met.
In Chapter 2, the delta function is used in

n
pOkly®) ~ Y wis(xx — xp).

i=1
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A.4 Gaussian distribution theorems

The Gaussian distribution is the normal distribution. For a single variable, it is defined in
terms of its mean  and variance o2 as

1 —(x —w)?
N(x; u, 2y = .
(x; u,0%) e exp 752

A Gaussian distribution in an n-dimensional vector x is denoted through its mean vector p
and covariance matrix P in the following way:

1 -1 _
N(x;u, P) = WeXPT(x - P x — ).

The following theorems are special cases of the one-dimensional results that the product
of Gaussians is another Gaussian, and the integral of a Gaussian is also another Gaussian.

Theorem 1

N (x2; Hx1, P))N(x1; 1, Pr)
N(x2; Huy, P3)

= N(x; u, P),

where
w=p1+ K2 — Hpuy),
P=P —KHP,
K =P H'(HPHT + P~ .

The method of proving the above theorem is relatively well known, being first shown in
Ho and Lee (1964) and later appearing in a number of texts. The proof of the next theorem,
which deals with the Chapman—Kolmogorov theorem, is given in Challa and Koks (2005).

Theorem 2
/N(xz; Fxi, P))N(x1; i1, Pr)dx; = N(xp; w, P),
where

n=Fpi,
P =FPF" +P,.



Appendix B
Finite set statistics (FISST)

B.1 Introduction

The statistics of finitely varying random sets depends on the mathematics of finite sets. In
this appendix, the finite set mathematics will be presented. This appendix is reconstructed
principally from Mahler (2004b).

B.2 Random set model for target dynamics and sensors

Random set notation for target motion model is give by
i1 = Pe(Xk, Vi) U Bi(X), (B.1)

where ®(.) represents the change of target dynamics from time t = ktot =k + 1. B(.)
caters for the target birth process in the multiple-target case.
Similarly, the sensor model in random set notation is given by

Y = T(X)UC(X), (B.2)

where 7'(.) defines the measurements originated from true targets while C(.) accounts for
clutter measurements.

The models (B.1) and (B.2) give rise to multi-target Markov transition densities and
global likelihood for randomly varying set.

B.3 Belief-mass function of sensor model

The probability mass p(S|x) = Pr(Z € S) captures the statistical behavior of observation
set Z. In random set domain, the statistics of ¥ is characterized by its belief-mass function
B(S]X). The belief mass measure is given by

B(SIX) = Bir(SI1X) = Pr(X < S). (B.3)

This belief mass measure is the toral probability that all observations in a sensor (or multi
sensor) scan will be found in any region S. The belief-mass function in (B.3) provides the
global likelihood density.

354
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B.4 Belief-mass function of target motion model

The probability mass p(S|xx) = Pr(Xx4+1 € S), which is the probability that the target
state Xy will be found in the region S conditioned on previous state xi, provides the
statistical measure of the target dynamics. For a randomly varying finite length set I'y1,
the sufficient statistics is captured in the belief mass function given by

Bri (S1Xi) = Pr(Tiqp1 S 9). (B.4)

The Markov transition density is calculated from the belief-mass measure in (B.4).

B.5 Basics of FISST mathematics

Unlike probability mass, belief mass functions are non-additive measures. In general, if
S1 N Sy = ¢, while joint probability mass p(S; U S2|x) = p(S1]x) + p(S2|x), the joint
belief mass B(S1 U Sz2|x) > B(S1]x) + B(S2]x). It is also noted in Mahler (2004b) that the
belief-mass measure behaves like probability mass on certain abstract topological spaces.
This additional property introduces some additional complexities in calculating densities
from belief mass functions.

In general, the relation between the belief-mass measure of a certain randomly varying
set (the probability of the random set being in the region §) is given by

B(S|B) = Pr(A € S|B) / F(AIB)SA, (B.5)
S

where A denotes either the target dynamic set 'y or the sensor observation set X. The
integration in (B.5) refers to the sum of densities or likelihoods of all possibilities suggested
by the random set.

B.6 Set integral rule

The integration in (B.5) follows FISST “set integeral” rule. An illustrative example (fol-
lowing Mahler, 2004b), will be useful to demonstrate the “set integral.”

Assuming a function F(Y) is given for a finite set variable ¥, F(Y) can have the fol-
lowing forms:

F(¢) = probability that ¥ = ¢,
F({y}) = likelihood that ¥ = {y},
F({y1, y2}) = likelihood that ¥ = {y1, y2},

F({y1,y2,...,y;}) = likelihood that Y = {y, y2, ..., y;}. (B.6)
In general, this F(Y) can be a likelihood F(Z) = f(Z|X) or Markov density F(X) =
Sk+1k (X | X) and the forms refer to the possible sets. The “set integral” suggests that
e.¢]
1
[rowr=r@+ Y5 [ Fvandn ey,

|
S jl‘]' ..
SX-~-XS]tlmes
N’

= F(@)+ Fs() + Fs2) +---, (B.7)
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where

1
Fs) =+ / F(y1. yau ooy Dy - dy;

S X --- X S jtimes
N—

denotes the total probability that Y contains j elements.

B.7 Set derivative rule

In (B.5), a procedure is suggested to build the belief mass measure of a finite set from
its density. For building density or likelihood from belief-mass functions, an operation
opposite to “set integral” is needed. This operation is termed as “set derivative” and also
follows FISST rules.

IfY = {y1, y2, ..., ym}, the set derivatives are defined as follows:
) 8 SUE,) —B(S
P (5) = 2 ps) = lim EELEN ZPE)
3yj 8yj AEy MEZ)
% (8) = " B(S) = ° ° B(S)
8Y T Sy 8ym - Sy1 Sym
5p
—(S) = B(9).
8¢( ) = B(S)

B.8 Calculating likelihoods and Markov densities

According to the “set derivative” and “set integral” rules, the belief-mass measure and
densities are related to each other as

_ [ 2
ﬁ(S)—fﬁ(qb)SX, (B.8)
S
F(X) = ) F(Y)8Y B.9
X) = ﬁ/ ) . (B.9)
S S=¢

The expressions in (B.8) and (B.9) are the key to calculating multi-target likelihoods and
Markov densities under random set formalism.

¢ The true likelihood f(Z|X) is given by

5p
fZIX) = 5_z(¢|X)' (B.10)
¢ The true Markov density is given by
5B
S X1 X0) = @K, (B.11)
k+1

Based on the target dynamic model and sensor model, the densities can be calculated
after constructing the belief-mass measure of the appropriate sets. After the likelihood and
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Markov density are obtained, standard Bayesian recursion updates the target state in the
usual manner.

B.9 Standard rules of FISST calculus

Like ordinary differential calculus, FISST calculus follows some rules. These are summa-
rized below for reference (for details, see Mahler, 2004b, p. 31).

B.9.1 Sum rule
3p1 Yo%)

8
57 @h1S) +afa(S] = a17=(S) + a7 (S),

/[alFl(S) +arF>(S5)]6Z =a1/F1(S)5Z+a2/F2(S)(3Z.

B.9.2 Product rule

—[/31(5)/32(5)] = ﬁ(S)ﬂz(S) + ﬁ1(5)ﬁ(5)

5B1 362
—[,31(5)/32(5)] = LLis)—22 ().
87 V%:Z §(Z —W)

B.9.3 Constant rule

8
—K =0.
8Z

B.9.4 Chain rule

8 _df 3p
gf(ﬂ(S)) = E(ﬂ(s))g(s)’

) "9 :
gf(ﬁl (8) -+ Bu(S)) = Z a—)]:_(ﬂl(S) ﬂn(S))ﬁ(S)

i=1

B.9.5 Power rule

Let Z = {z1, ..., zx} and let n > 0 be an integer. Let p(S) be a probability mass function
with density function f},(z). Then,

3 sy = | @ pS T @) Sy, k=,
Z 0, ifk > n.



Appendix C

Pseudo-functions in object tracking

C.1 Kalman filter prediction
[Xkk—1. Prjx—1] = KPp [Ke—1jk—1, Pro1p—1. F, Q] ,
which is defined by

Xik—1 = FXe_15—1,

Pii—1 = FP_ 14— 1F7 + Q.

C.2 Measurement prediction
[Jxik—1. Sk] = MP [Rgj—1. Peje—1, HLR] .
The measurement prediction is defined by

Vie—1 = HRXgpk—1,

Sk = HP_ H” +R.

C.3 Kalman filter estimation
[Xiis P ] = KFe [y, Reje—1, Pege—1, HLR]
[Jiik—1. Sk] = MP [&eje—1, Prje—1, H, R],
K =Py H'S. ',
Kek = Keje—1 + Kie (¥ — Frp—1) »
P = 0 — KeH)Py—1,

where I denotes the identity matrix.
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C.4 Gaussian mixture
[Reik. Prje ] = GMix [{Repe (), P () e ()}, ] -

d
Xk = Z X i ke (@),

i=1
d . . .
P = Z kel O P + R — X Xy — Reel” )

i=1

C.5 Single-object tracking data association
[P G Y5, (B ()] = ISTDA[p (e Y1), {pe (D)2, ],

where

1
Buli) = p@ (e YN = —
k

{ 1— PpPg, i =0,
Pn P, Pk(l:) .
pFe ey 170
Axp (el Y1

Y = ,
PO ) = A ) Y

Pi (i)
pr()’

M
Ar=1-PpPG+PpPs )
i=1

where Ay is the measurement likelihood ratio at time k.

C.6 Multiple-object tracking data association

PO Y9, ABE ()=o), ] = IMTDA[{ p(x{ Y™, {pf ()}ix0}, ],

pelY®) = ¢! ]_[ (1 — PLPEP{XTIY* 1)

teTp(e)

RN AUCA))
< [1 (PngP{x,ﬂY" )
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where the normalization constant ¢ is calculated by utilizing the fact that feasible joint
events are mutually exclusive and that they form an exhaustive set

> pelYH = 1.
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Note that product operation on an empty set equals 1.
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